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PREFACE 


In  the  present  edition  a  vast  number  of  exercises  hate 
been  added,  that  no  rule,  however  trifling,  might  be  left 
without  80  many  illustrations  as  should  serve  to  make  ifc 
sufficiently  familiar  to  the  pupil.  And  when  it  was  feared 
that  the  application  of  an/  rule  to  a  particular  class  of  cases 
might  not  at  once  suggest  itself,  some  question  calculated 
to  remove,  or  diminish  the  difficulty  has  been  introduood 
among  the  examples. 

A  considerable  space  is  devoted  to  the  "nature  of  num 
bers,"  and  "the  principles  of  notation  and  numeration;" 
for  the  teacher  may  rest  assured,  that  the  facility,  and  even 
the  success,  with  which  subsequent  parts  of  his  instruction, 
will  be  conveyed  to  the  mind  of  the  learner,  depends,  in  a 
great  degree,  upon  an  adequate  acquaintance  with  them. 
Hence,  to  proceed  without  securing  a  perfect  and  practical 
knowledge  of  this  part  of  the  subject,  is  to  retard,  rather 
than  to  accelerate  improvement. 

The  pupil,  from  the  very  commencement,  must  be  made 
perfectly  familiar  with  the  terms  and  signs  which  are  intro- 
duced. Of  the  great  utility  of  technical  language  (accu- 
rately understood)  it  is  almost  superfluous  to  say  anything 
here :  we  cannot,  however,  forbear,  upon  this  occasion,  re- 
calling to  remembrance  what  is  so  admirably  and  so  effec- 
tively inculcated  in  the  "Easy  Lessons  on  Reasoning." 
•*  Even  in  the  common  mechanical,  arts,  sc^methlng  of  a 
technical  language  is  found  needful  for  thoa*  who  are  learn- 
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!ng  or  ezeroising  them.  It  would  be  a  very  great  in. 
oonveiiienoe,  even  to  a  common  carpenter,  not  to  have  a 
precise,  well  understood  name  for  each  of  the  several  opera- 
tions he  performs,  such  as  chiselling,  sawing,  planing,  &c., 
and  for  the  several  tools  [or  instruments]  ho  works  with. 
And  if  we  had  not  such  words  as  addition,  subtraction, 
multiplication,  division,  &c.,  employed  in  an  exactly  defined 
sense,  and  also  fixed  nles  for  conducting  these  uud  other 
arithmetical  processet  it  would  be  a  tedious  and  uncertain 
work  to  go  through  even  such  simple  calculations  as  a  child 
very  soon  learns  to  perform  with  perfect  ease.  And  after 
all  there  would  be  a  fresh  difficulty  in  making  other  per- 
sons understand  clearly  the  correctness  of  the  calculations 
made. 

• 

"  You  are  to  observe,  however,  that  technical  language 
and  rules,  if  you  would  make  them  really  useful,  must  be  not 
only  distinctly  understood,  but  also  learned  and  remembered  aa 
familiarly  as  the  alphabet,  ^and  employed  amstanily,  and 
with  scrupulous  exactness  ;  otherwise,  technical  language  will 
prove  an  encumbrance  instead  of  an  advantage,  just  as  a 
suit  of  clothes  would  be  if,  instead  of  putting  them  on  and 
wearing  them,  you  were  to  carry  them  about  in  your  hand.'* 
Page  11. 

What  is  said  of  technical  language  is,  at  least,  equally  true 
of  the  signs  and  (haraders  by  which  we  still  further  facilitate 
the  conveyance  of  our  ideas  on  such  matters  as  form  the 
subject  of  the  present  work.  It  is  much  more  simple  to  put 
down  a  character  which  expresses  a  process,  than  to  write 
the  name,  or  description  of  the  hitter,  in  full.  Besides,  in 
glancing  over  a  mathematical  investigation,  the  mind  is 
able,  vrith  greater  ease,  to  connect,  and  understand  its  dif- 
ferent portions  when  they  are  briefly  expressed  by  familiar 
signs,  than  when  they  are  indicated  by  words  which  have 
nothing  particularly  calculated  to  catch  the  eye,  and  which 
cannot  even  be  clearly  understood  without  considerable 
attention.  But  it  must  be  borne  in  mind,  that,  while  such 
a  treatise  as  the  present,  vnll  seem  easy  and  intelligible 
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enmigh  if  the  signs,  which  it  contains  in  alttiost  every  page, 
are  as  familiar  as  they  should  be,  it  must  neoewnrily  appear 
more  or  less  obscure  to  those  who  have  not  been  hfebltufited 
to  the  use  of  them.  They  are,  however,  so  few  and  »o  simple, 
that  there  is  no  excuse  for  their  not  being  perfectly  vmAer^ 
stood— particularly  by  the  teacher  of  arithmetic.         ^ 

Should  peculiar  circumstances  render  a  different  Orrfenge- 
ment  of  the  rules  preferable,  or  make  the  Omission  of  aHf 
of  them,  for  the  pj-esent  at  least,  advisable,  th^  judlcfods 
master  will  never  be  at  'los^  how  to  katr'-iheTe  rhay  M 
instances  in  which  the  shortness  of  the  tlni'e,  or  the  limi^ 
intelligence  of  the  pupil,  will  render  it  necessary  to  confine 
his  instruction  to  the  more  important  branches.  The  teacher 
should,  if  possible,  make  it  an  inviolable  rule  to  receive 
no  answer  unless  accompanied  by  its  explanation,  and  its 
rcMon.  The  references  which  have  been  subjoined  to  the 
different  questions,  and  which  indicate  the  paragraphs  where 
the  answers  are  chiefly  to  bo  obtained,  and  also  those  refer- 
ences  which  are  scattered  through  the  work,  will,  be  found 
of  considerable  assistance  ',  for,  as  the  most  intelligent  pupil 
will  occasionally  forget  something  he  has  learned,  he  may 
not  at  once  see  that  a  certain  principle  is  applicable  to  a 
particular  case,  nor  even  remember  where  he  ha«  seen  it 
explained. 

Decimals  have  been  treated  of  at  the  same  time  as  integers, 
because,  since  both  of  them  follow  precisely  the  same  laws, 
when  the  rules  relating  to  integers  are  fuUy  understood, 
there  is  nothing  new  to  be  learned  on  the  subject— particu- 
larly  if  what  has  been  said  with  reference  to  numeration  and 
notation  is  carefuUy  borne  in  mind.  Should  it,  however,  in 
any  case,  be  preferred,  what  relates  to  them  can  be  omitted 
until  the  learner  shall  have  made  some  further  advance. 

The  most  usefhl  portions  of  mental  arithmetic  have  been 
introduced  into  "Practice"  and  the  other  rules  with  which 
they  seemed  more  immediately  connected. 

The  different  rul^s  should  be  very  carefully  impressed  on 
the  mind  of  the  learner,  and  when  he  is  found  to  have  been 
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guilty  of  any  inftocuraoy,  he  should  be  made  to  corred  km 
telf  by  repeating  each  part  of  the  appropriate  role,  and 
exemplifying  it,  until  he  perceives  his  error.  It  should  be 
owtinually  kept  in  view  that,  in  a  work  on  such  a  subject 
as  arithmetic,  any  portion  must  seem  difficult  and  obscure 
without  a  knowledge  of  what  precedes  it. 

The  table  of  logarithms  and  article  on  thd  subject,  also 
the  table  <rf^  squares  ard  cubes,  square  roots  and  cube  rooti 
of  numbers,  which  have  been  introduced  at  the  end  of  the 
work,  will,  it  is  expected,  prove  very  acceptable  to  the  mor* 
■dvaiioed  arithmotioian. 
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TSlEATLSi:  ON  ARITHMETIC: 


IH 


ITHEORY  AND  FRACTICK. 


SIGNS  USEP  IN  THIS  TREATISE. 


+  the  sign  of  add'.tion ;  as  5+7,  or  5  to  be  added 
to  7. 

•—  the  sigh  of  subtraction ;  as  4—3,  or  3  to  be  sub- 
tracted from  4. 

X  the  sign  of  multiplication;  as  8X9,  or  8  to  be 
multiplied  by  9. 

-r  the  sign  of  division ;  as  18-r  6,  or  18  to  be  divided 
by  6. 

the  vinculum,  which  is  used  to  show  that  all 

the  quantities  united  by  it  are  to  be  considered  as  but 

one.  Thus  4-f-3~7X6  means  4  to  be  added  to  3,  7 
to  be  taken  from  the  sum,  and  6  to  be  multiplied  into 
the  remainder — the  latter  is  equivalent  to  the  whole 
quantity  under  the  vinculum.  «. 

=  the  sign  of  equality;  as  5+6=11,  or  5  added  to 
6,  is  equal  to  II. 

I  >|,  and  f  <|,  mean  that  f  is  greater  than  |,  and 
that  I  is  less  than  f . 

:  is  the  sign  of  ratio  or  relation ;  thus  5 : 6,  means 
the  ratio  of  5  to  6,  and  is  read  5  is  to  6. 

: :  indicates  the  equality  of  ration  ;  thus,  5  :  6  : :  7  :  8, 
means  that  there  is  the  same  relation  between  5  and  6 
as  between  7  and  8 ;  and  is  read  5isto6as7isto8. 

^  the  radical  sign.  By  itself,  it  is  the  sign  of  the 
square  root ;  as  /^  5,  which  is  the  same  as  5^,  the  square 
root  of  5.  ^6,  is  the  cube  root  of  3,  or  3*.  ^4,  is 
the  7th  root  of  4,  or  4*,  &c. 


£xAMPLE.-V8~3+7  X  4  -f.  6+31  X  /^^  9  -^  10^  X  5"= 
641*31,  &c.  may  be  read  thus :  take  3  from  8,  add  7  to  the 
difference,  multiply  the  sum  by  4,  divide  the  product  bv  6, 
take  the  square  root  of  the  quotient  and  to  it  add  31,  then 
multiply  the  sum  by  the  cube  root  of  9,  divide  the  product 
by  the  square  root  of  10,  multiply  the  quotient  oy  the 
square  of  o,  and  the  product  will  be  equal  to  641'31,  &o. 

These  signs  are  fully  explained  in  their  proper  places. 


ARITHMETIC. 


PART  I. 


TABLES. 


MULTIPLICATION   TABLE. 


Twice 

8  times 

4  times 

6  times 

6  times 

7  times 

1  are   2 

1  are  8 

1  are   4 

1  are  6 

1  are  6 

1  are  7 

2—4 

2—6 

2—8 

2  —  10 

2—12 

2  —  14 

8—6 

8—9 

3  —  12 

3  —  16 

8  —  18 

8  —  21 

4—8 

4  —  12 

4  —  16 

4  —  20 

4  —  24 

4  —  28 

6  —  10 

6  —  15 

6  —  20 

5  —  25 

6  —  80 

6  —  35 

6  —  12 

6  —  18 

6—24 

6  —  80 

6  —  86 

6  —  42 

7  —  14 

7  —  21 

7—28 

7  —  35 

7  —  42 

7  —  49 

8  —  16 

8  —  24 

8  —  32 

8  —  40 

8  —  48 

8—66 

9  —  18 

9  —  27 

9  —  36 

9  —  45 

9  —  64 

9  ^  68 

10  —  20   1 

0  —  30 

10  —  40 

10  —  60 

10  —  60 

10  —  70 

11  —  22  1 

1  —  33 

11  —  44 

11  —  65 

11  —  66 

11  —  77 

12  — 24  1 

2  —  36 

12  —  48 

12  —  60 

12  —  72 

12  —  84 

8  times 

9  times 

10  times 

11  times 

12  times 

lare  8 

1  are     9 

lare   10 

1  are   11 

lare   12 

2  —  16 

2—18 

2—20 

2—22 

2—24 

8  —  24 

8—    27 

8—80 

3—33 

8—36 

4  —  82 

4—86 

4—40 

4—44 

4  —    48 

6—40 

5—46 

5—60 

6—66 

5—60 

6  —  48 

6—64 

6—60 

6—66 

6—    72  1 

7—66 

7—63 

7—70 

7—77 

7—84 

8  —  64 

8  —    72 

8—80 

8—88 

8—96 

9  —  72 

9—81 

9—90 

9—99 

9  —  108 

10  —  80 

10  —    90 

10  —  100 

10  -    110 

10  —  120  1 

11—88 

11  —    99 

11  —  110 

11  —  121 

11  —  132 

12  —  90 

12  —  108 

12  —  120 

12  —  132 

12  —  144 

lit  upp^MkTo  irova.  laiB  laule,  zasx  line  muirapucaaoa  oi  taQ 
same  two  numbers,  in  whatever  order  taken,  produces  tiio 


MULTIPLICATION    TABLE. 


iame  resuU ;  thuB  5  times  6,  and  6  times  5  are  30  :—the 
reason  will  be  explained  when  we  treat  of  multiplication. 
There  are,  therefore,  several  repetitions,  whioh,  although 
many  persons  oonoeive  them  unnecessary,  are  not,  perhaps, 
quite  unprofitable.  The  following  is  free  from  suoh  an 
objection:—  * 


Twice 
*» 


t* 


» 


>» 


t* 
>» 
»» 
»> 
>* 
>> 


»* 
»> 

t» 

M 


are    4 

—  6 
~    8 

—  10 

—  12 

—  14 

—  16 

—  18 


8  times  8 
4 
6 
6 
7 
8 
9 


9 
12 
16 
18 
21 
24 
27 


times  4 
6 
6 
7 
8 
9 


16 
20 
24 
28 
82 
86 


6  timed  6—26 
,,      6—80 


6  times  7  are  86 
„      8—40 
9—46 


f 


6  times  6   — 


>» 
•» 


7 
8 
9 


86 

42 
48 
64 


7  times  7 
..      8 

M       9 

—  49 

—  66 

—  63 

8  times  8 
..      9 

—  64 

—  72 

9  times  9 

81 

10  times 


are  20 

—  80 

—  40 

—  60 

—  60 

—  70 


10  times  8  are  80 
.,9  —  90 
„  10  —100 
11   —110 


»» 


11  times  2 
8 
4 
6 
6 
7 
8 
9 


*> 
*> 
*> 
>» 


22 
88 
44 
66 
66 
77 
88 
99 


12  times  2 
8 
4 
6 
6 
7 
8 
9 
10 
11 
12 


*> 
*• 

M 
*> 

>> 
it 
»t 
1» 
»* 


~   24 

-  86 
-   48 

60 

-  72 

-  84 

-  96 
-108 
-120 
-182 
-144 


I 


"  Ten,"  or  "  aleven  limes,"  in  the  above,  soai'cely  require* 
to  be  committed  to  memory;  since  we  pereeive,  that  to 
multiply  a  number  by  10,  we  have  merely  to  add  a  cypher  to 
the  right  hand  side  of  it :— thus,  10  times  8  are  80 ;  and  to 
multiply  it  by  11  we  have  only  to  set  it  doWn  twice :— thus, 
11  times  2  are  22. 


TABL£  or  HOtXMJ. 


The  following  taUef  are  required  for  redacUon,  the 
eoiDpound  rules,  &e.,  aod  nuj  be  oommitted  to  memorj 
aa  QOfiYOBif^iQe  sugg^ets. 

TABLE  OF  HOVIT. 
A  farthing  is  the  smalleat  coin  generally  naed  in  thi» 
country,  it  is  represented  by  .  .         .    ^    .        i 

Fftrthioft 

J 1,        •  •  .  .     |W*«  1  kaU^Maa/,  i 

*  -1  ptmij,       4iii 

,.  lsUiUn^4^^,$ 


4«r 

48 

9eo  , 

1,008 


-:*.• 


24   or 

480 
604 


nr 


240  or 
252  or 


20 
21 


1  poaad, 
1  guinea. 


£ 


The  iyp>b<>ta;of  powda,  ahilUngs,  and  penee,  are  phMsed 

©▼or  the  nuttbttrai  whioh  exprefis  them.  Thus,  -8  „  14  „  6^ 
DiouiM,  three  pounds,  fourteen  shillings,  and  sizpeaee.  Sobm- 
times  only  the  symbol  for  pounds  is  used,  and  is  plaeed 

before  4he  wh«le  ^nanliiy  j  thus,  £3  „  14  „  ft.  3  9*  VMans 
three  shillings  uid  ninepence  halfpena^.  Si.  6|d.  mauui  two 
shiHings  and  «xpeilee  three  farthings,  &e. 

When  learning  the  above  «nd  ^otWing  tsibles,  the  pupil 
should  be  requived,  at  first,  to  oooiAiit  to  «»emoiT  only  liMMe 
portions  wbieh  are  over  th^  4hiek  angular  rines;  thus,  in  the 
one  just  gifen :— 2  farthings  nu&e  one  lialfpenny^,  t  hOt- 
pence  one  penny;  12  pence  «oe  shilling ;  ^^^an  one 
pound ;  and  21  shiUings  one  guinea. 
J,  I,  I,  really  mean  the  quarter,  half,  and  three  quarters 
of  apenny.  d.  is  used  asasymbol,  beeanse  it  ia  4e  frst 
letter  of  "denanus,"  the  Latin  word  ttnifjiog  •  nenn^ ;  «. 
was  ad(^ted  for  a  similar  reason—"  soiidus,''  meaning,  in 
the  same  language,  a  shilling ;  and  f.  also—"  Libra,"  aiei^» 
mg  a  pound.  -^w**^. 

:    d 

2    6  make  one  half  Crown* 
8    0  one  Crown* 

18    4  one  Mark. 


if 


ii 


I 


WEIGHTS. 


AVOIRDUPOISE  WEIGHT. 
Its  name  is  derived  from   French— and  ultimateljjT 
from  Latin  words  aignifyinsr  "to  have  weight."    It  is 
used  in  weighing  heavy  artioles 


Drams 
10 


2&6  or 

7,168 

28i672 

678.440 


ouncM 
16 


448  <Mr 

1.792 
86,840 


ponods 

28 


112  or 
2,240 


quarters 
4 


SywoMi 

mak«  1  oimoe,  os. 
.  1  poand,  lb. 
•  1  quarter,  q. 
.    1  hundrediOwU 


hundreds 
80  or   I     20  .    1  ton,        t. 

14  lbs.,  and  ia  somt  cases  16  lbs.,  make  1  stone. 
20  stones  .  .  .  1  barrel. 


TROY  WEIGHT. 
It  is  SO  called  from  Troyes,  a  city  in  France,  where 
it  was  first  employed ;  it  is  used  in  philosophy,  in 
weighing  gold,  &c. 

,i,  i--*"'  ■         '        ^"'-  « -  '  '  __- " 

make  1  panny weiglt,  'wk 

ptnnjweifhM,   , 

20         n  •  <•  .         looaeot 


Grains 
24 


480  or 
6,760 


euneas 


I  ou»« 
!    12 


«„w  240  or     j    12        .1  pound,       .     lb. 

A  grain  was  originally  the  weight  of  »  grain  of  oon^ 
taken  fit)m  the  middle  of  the  ear ;  a  pennyweight,  that  of 
the  silver  penny  formerly  in  use. 

AP0THECABIB8  <  WEIGHT. 
In  mizins  met'icines,  apothecaries  use  Troy  weight, 
but  subdivi^  it  as  follows:^— 

Oraios 

20 _. 

seruplas 

8 

drans 
24  or  1    8 

T 


60  or 

480 

6,760 


1 

I 


«Nlne«s 
12 


ByiaW* 

nakelserupU.d 
•^       1  dram,     3 
1  ounce,    S 
1  pound,  lb. 


288      !    9G  or 

The  "Carat,'*  ^i^hMh  is  '^ual  to  four  grains,  is  used  in 
— ^:^l:.^    <i:»»%.vv...,  ^^       ^tt    .  t^vm    t*.amt   ia  alfin  annlied   in 

estimating  the  fias'^eea  of  gc^dj  the  hitter,  when  perfectly 

•1 


MiAttjim. 


pint,  If  Mid  to  be  '' 94  oarate  lae  »  If  ihoro  mn  23  parta 
coM,  mad  one  fMurt  «ome  oihor  BMtMkl,  the  mixture  b  Mid 
to  bo  '5  «»»»*•  ftno;"  if  22  parto  out  of  th«  24  am  jeold, 
it  io  »»  MTftto  fine,"  ke.  j-^ko  whole  ohm  it,  m  tM  mm 
•upiMoed  to  be  divided  into  24  parte,  of  which  the  number 
coneiiting  of  gold  ia  apeoifled.  Our  gold  ootn  ie  22  oerata 
Jne;  pure  gold  being  veiy  aoA  would  too  aooii  wear  out. 
The  degree  of  fineneaa  of  cold  articlea  ia  marked  mxm  them 
at  the  Goldamith'a  Hall ;  thua  we  generally  pereeive  "  18  "  on 
the  oaaea  of  gold  watohM ;  thie  indieatea  t£at  they  are  "  18 
earata  fine  "—the  lor  net  degrM  of  purity  whieh  ia  stamped. 

A  Xsoy  ouoee  eoniaMM       .     ^   Iw' 
AiA  avr  rdupoiM  ouiiee  437j 

A  Troy  pound  .       6,7flO 

An  aToirdnpoiae  pound  7»000 

A  Troy  pound  ia  equal  to  372*965  French  grammesr 

175  Troy  poonds  are  equal  to  144  avoirdupoise ; 
175  Troy  are  equal  to  192  avoirdupoiee  ounoee. 


laehM 
24 

•   *  • 

9  or 

4 

86 
27 
46 
M 

16  or 
12  or 
20  or 
24  or 

CLOTH  ICEASUBB. 

make  1  nail. 


/ 


qnurton 
4 
8 
6 
6 


Iquartiv. 

lya*d. 
1  Flemish  eU 
1  Ei^liah  eU. 
1  French  eU 


1*^ 


144  m 

in 

2,876 
8;Q24 

120JM0 

7604(20 
•67,680 


inehwi. 

fMl 

:^  or 


LONG  MBASURB. 
(It  ia  used  to  measure  Length.) 

!^^  iMke  1  indi. 


>i,ti 


m 

212 

7J»28 
10»680 

W4t60 
89.6i8 


mm 

810 

6.280 
6,720 


•ymri* 

P«B«llW 

40 
40 


220  or 
Jl80er 


I 


I  AirLuMM 


1  notb 

1  yard. 

1  BagUsh  perch 
X  Irian  penih. 

IKsglfihflirloBg 
1  Ir&h  fiurleng. 


1,700   820  ofl     8      1 
2,240   820  ozl     8      1 


it 


I 


if 


I!  ■ 


,9 


§ 


^^BBfaaw-; 


6 


VEASURftS 


Thwe  miles  maJw  one  league.  69^^  English  miles  jotike 
€0  nautiool,  or  geographioal  miles ;  which  are  equal  tp  ope 
degree,  or  the  three  hundred  and  sixtieth  part  of  Ae  ^ 
omnfereuoe  of  the  globe-^-as  raeasuved  on  the  equator.       v 

4  inches  make  1  hand  (used  in  measuring  horses). 


8  inches 
3  palms 
18  inches 
5  feet 
dfaet 
120  fathoms 


1  palm. 

1  span. 

1  cubit 

1  pace. 

1  fathom. 

1  cable's  length. 


100  links,  4  English  perches  (or  poles),  22  yards,  66  foot, 
or  792  inches,  make  one  chain.  £la($h  link,  therefore,  is 
equal  to  7^  inches.  11  Irish  are  equal  to  14  English 
miles.  The  Paris  foot  is  equal  to  12-792  English  inches; 
the  Roman  foot  to  11*604;  and  the  French  metre  to  39-S83. 

■-    ■    »f  ■     "  ■        ,■ . 

MEASURE  OF  aURF ACES. 

A  surfooe  is  called  a  eguare  when  it  has  four  equal 
sides  and  four  equal  angles.  A  square  inch,  therefore, 
is  a  surface  one  inch  long  and  one  inch  wide ;  a  »9[ttare 
foot,  a  surface  one  foot  long  and  one  foot  wide,  k,e. 


Square  inches 
144 

fqasre  fast 


or 


1,996 

S9,304 
69,604 

1,66S.I«0 
9,640,160 


6.973,640 
30,160,640 

4,014,489,609 


•p-n 


«:*■ 


9t9j 


or 
or 


10,890 
17,640 

43,660 
70,660 

sr,«76,«)0 


•q.  T«rds 
80| 
49 


1.410  or 
1,960  or 

4.S40 
7,840 

3,097,600 
6,017,600 


Kl.  pctchM. 

40 

40 


160 
160 


or 
or 


109,400 
109,400 


9,660  ei 
9,660  o 


J  6 
i|  6 


B:«ike  I'sq.  foot. 

1  «qaare  j»xA. 

■  1  tq.  Enc.'peroh. 
1  «q.  Irira  porch. 


1  »q.  Enc.  rood. 
I  sq.  Iriak  rood. 

1  statute  aer«i 
1  plantntkmMre. 

1  kq.  1^.  Mt^ 
1  cq;  'IriM  mile. 


640 
640 


6,609,809,600,96,166,400 

The  £n||H8h,  called  also  the  statute  acre,  oolnsists  of  10 
square  chains,  or  100,000  square  tinks.^ 

The  ^0Bh.  acre  being  4,840  square  jirds,  and  the  bkih, 
or  plantairon  acre,  7,840',  196  square  English  are  of^ld  to 
121  square  Irish  acres.  .^^ 

.The  SWlisfa  square  mile  1)eii»  3,097,600  tsiMtf^  yitrds, 

M      ^1..      wZi^V.      e  AIT  AAA.       ini!      CT IIJL.      -^ JL     _tl.w>     ^.mj^ 

equal  to  121  Irish : — ym  have  seen,  howeT9r,  H^tt  14  English 
«rt  eqtlvl  to  U  Irii^ /^lear  snilM 


URAi^naai, 


MCAStRK  or  d:>t!p3. 

The  tefttiher  will  explain  that  a  cube  is  a  nolid  having 
six  equal  square  surfaces ;  and  will  illustrate  this  by 
models  of  examples — ^the  more  familiv  the  better.  A 
cubic  inch  is  a  solid,  each  of  whose  s$«  sides  or  faces  is 
a  xquare  inch ;  a  cubic  foot  »  solii  ev4i  of  whose 
sides  is  a  squartfooty  &o. 

Citbie  inches 

1,728  .  .  .  .      mM.^  1  euUi*  f<»<^; 

I  cubic  feet 
27  .  •  *.  lcnbi»>fiiv 


WINE  MEASURE. 


statute  eerAi 
plantDtioaMre. 


lODnsts  of  10 


Gilb  or  nRgglns 


8     or 
82 


820 

576 

1.841 

2,016 

2,688 

4,032 

8,064 


pints 

2 

a 

quarts 

8    or 

80 

4 

40  or 

144 

72 

386 

168 

604 

252 

672 
1,008 

836 
504 

2,016 

1,008 

gallons 

10 

18 

42 

63 

84 


h<%aheads 
126orl2 


'2 


1  ga«Iok\ 

1  anker. 
1  runlet. 
1  tierce. 
1  hogsheM 
X  puncheon 


4   or- 


pipes 
2 


1  pipe  or  butt 
1  tun. 


In  some  places  a  gill  is  equal  to  half  a  pint. 
Foreign  wines,  &o.,  are  o£len  sold  by  measures  differing 
from  the  above. 


ALE  MEASURE. 


Gallons 
8 


16  or 

flrklns 
2 

• 

82 

4    or 

■ 

6 

8 

12 

kilderkins 
2 

48 
64 
96 

8       or 
4       or 

6      t. 

barrels 

Ik 

2 

8 


teakelfi^ldn.    -.  m 

1  kilderkin.  H 

1  barrel. 

1  hogshead. 
1  puncheon. 
1  butt. 


»-•■—"-*»-*  -jpwwsiB^ai^ 


MM 


u    \ 


B 


» 


BSBR  MSISUBI. 


18  or 


64 

72 
106 


AMm 
2 


or 


lUldarkiBi 
2 


;...• 


6 

8 

or 

butd 

8 

4 

or 

2 

12 

6 

or 

8 

■mIm  1  iikia. 

1  kildorkin 

1  bwrreL 

1  liogihoftd. 
1  panohooB. 
1  butt. 


PRY  MEASURE. 
(It  is  used  for  wheatt  and  other  dry  goods.) 


Pinti 

4  or 

8 

16 

8^1 

192 
256 
676 

612 

2,048 
2,660 

6,120 


quarts 
2 


4  or 

8 

82 

96 

ITU 

288 

266 

1,024 
1,280 

2,560 


potUM 
2 


4  or 

10 

48 
64 
144 

128 

512 
640 

1,280 


2 


8  or 

24 
32 
72 

64 

256 
320 

640 


pecks 

4 


128 
160 

820 


bushels 
12or|  8 
16oT   4 
86oil9 

82 


iDAke  1  pottlo. 

1  gallon. 

Ipoek. 

1  bushel. 

Isaek. 
1  eoonb. 
1  vat. 


8  or 

82 
40 

80 


coombs 
2 


8  or 
lOor 

20 


quarters 

4 
6 


I  quartan 

1  ehaldroB. 
1  wey. 


W9JB 

10or|2   llast. 


The  pint  dry  measure  contains  about  34|  cubic  inches ; 
277^  cubic  inches  was  made  tke  standard  gallon  for  both 
liquid  and  dry  goods,  by  an  Act  of  Parliament  which  came 
into  operation  in  1826. 

Coals  are  now  sold  by  weight;  140  pounds  make  one  bag; 
16  bags  (no  toa. 


% 


THilL 


Third! 
60 


MEASURE  OE  TIME. 


3000,         or 
316,000 


S,184,000 

M.9l8e,000 
146,lft2,000 
l,99d,UKI,000 
1,697,344,000 

1,893,160,000 


make  1  leeord  " 


••eondf 
60 


9600     or 


86,400 

604,800 
9.419,300 
91,536,000 
31,643,400. 

31,636,000  i 


minutef 
60 


1,440  or 

10,080 
40,330 
635,600 
637,0^ 

935,600 


hours 
34 


168    oi 
673    or 


8,760  or  366 


8,784  or 


day* 

38 


366 


calendar  mon. 
8,760     |865or  13 

lunar  montha 
13 


1  minuta  * 

1  week  w. 
1  lunar  month. 
I  common  year 

Ueapy||f.3i 
1  year. 


The  following  will  exemplify  the  use  of  the  above  symbMs : — ■ 
The  solar  year  consists  of  365  d.  5  h.  48'  45"  30'";  read  "three 
hundred  and  sixty-five  days,  five  hours,  forty-eight  minuttM, 
forty-five  seconds,  and  thirty  thirds. 

The  number  of  days  in  each  of  the  twelve  calendar  months 
will  be  easily  remembered  by  means  of  the  well  known  lines, 

"Thirty  days  bath  September, 
April,  June,  and  Norember,  • 

February  twenty -eight  alone 
And  all  the  rest  thirty-ene." 

The  following  table  will  enable  us  to  find  how  many  days 
there  are  from  any  day  in  one  month  to  any  day  in  another. 


From  «my  Dat  m 

.   1 

5 

Q 
>■ 

K 

Jan. 

Feb. 

Mar 

April 

May 

June 

July 

Aug 

Sept. 

Oct. 

Nov 

Pee 

Jan. 

365 

834 

306 

376 

345 

314 

184 

163 

133 

93 

61 

SI 

Feb. 

31 

365 

337 

306 

376 
304 

345 

315 

184 

153 

133 

93 

63 

Mar. 

69 

36 

365 

334 

373 

3«3 

313 

181 

161 

190 

>d 

April 

90 

09 

31 

365 

335 

304 

374 

943 

313 

183 

161 

131 
IM 

May 

130 

89 

61 

80 

365 

334 

304 

373 

343 

913 

181 

June 

151 

130 

93 

61 

31 

365 

335 

304 

373 
803 

343 

313 

MQ 

July 

181 

150 

133 

91 

61 

30 

365 

334 

373 

343 

313 

Aug. 

319 

181 

163 

133 

93 

61 

31 

365 

834 

304 

373 

34S 
374 

Sept. 

343 

313 

184 

1S3 

133 

93 

62 

31 

365 

3H» 

804 

Oct. 

373 

343 

,314 

183 

153 

133 

93 

ffl 

30 

365 

884 

304 

Nov. 

304 

373 

345 

314 

184 

163 

198 

93 

61 

81 

865 

886 

Deo. 

334 

308  375 

341 

314 

188 

153 

133 

91 

61 

80 

■4Mm'-''^. •"'  - 


■ 


10 


Tiait. 


; 


!■= 


To  find  bj  this  table  tlie  distanoe  between  anj  two 
days  in  two  different  months : 

lluLB. — ^Look  along  that  vertioal  row  of  figures  at 
the  head  of  which  stands  the  first  of  the  giren  months  ; 
and  also  along  the  horiiontal  row  whieh  contains  the 
second ;  the  number  of  days  from  any  day  in  the  one 
month  to  the  same  day  in  the  other,  will  be  found  where 
these  two  rows  intersect  eiach  olheY.  If  the  given  day 
in  the  ktter  month  is  eai'lier  ^sm  that  in  the  formery> 
find  by  how  much,  and  mhtrad  the  amount  from  the 
number  obtained  by  the  table.  If,  on  the  eontrary,  it 
is  later,  ascertain  by  how  much,  and  add  the  amount. 

When  February  is  included  in  the  given  time,  and 
it  ia  a  leap  year,  add  one  day  to  the  resujlt. 

ExAMPLK  l.~liow  many  doys  are  there  between  th^; 
fifteenth  of  March  and  the  fourth  of  October  T  Looking 
down  tbe  vortical  row  of  figures,  at  the  head  of  which  March 
is  placed,  and  at  the  same  time,  along  the  horizontal  row  at 
the  left  hand  side  of  which  is  Ootober,  we  perceive  in  their 
intersection  the  number  214 :— so  many  days,  therefore,  in- 
tervene between  the  fifteenth  of  March  and  the  fifteenth  of 
October.  But  the  fourth  of  October  is  eleven  days  earlier 
than  the  fifteenth.;  we  therefore  subtract  11  from  214,  and 
obtain  2i)3,  the  number  required. 

£xAMPL£  2.~-How  many  days  are  there  between  the 
third  of  Janfiarv  and  the  nineteenth  of  May  ?  Looking  as 
before  in  the  table,  we  find  that  120  days  intervene  between 
the  third  of  January  and  the  third  of  Mot  ;  but  as  the  nine- 
teenth is  dxteen  days  later  than  the  third,  we  add  16  to  120 
and  obtain  136,  the  number  requirodkf  * 

Since  February  is  in  this  case  inohidedi  if  it  were  a  leap 
year,  as  that  month  would  then  contain  29  days,  we  should 
add  one  to  the  136,  and  137  would  be  the  aiiswer. 

Baring  the  lapse  of  time,  the  calendar  became  inaocu* 
rate :  it  was  corrected  by  Pope  Gregory.  To  understand 
how  this  became  necessary,  it  must  be  borne  in  mind  that 
the  Julian  Calendar,  formerly  in  use,  added  one  day  every 
fourth  year  to  the  month  of  February ;  but  this  being' 
somewhat  too  much,  the  days  qf  the  months  Were  thrown 
out  of  their  proper  places,  and  to  snoh  an  este«t.  that 
Mcb  had  become  ten  days  too  much  in  advance.  Pope 
Gre^rj,  to  remedy  this,  ordajijed  t}|at  yffy^t,  f^ocor^i^^ 


A 


Tint 


fl 


Ut  the  Juliaik  ^le,  yKSttU  hxife  iM^tt  ^0  5t1i  of  Oet6b«t 
t68»,  BhottM  be  coAMdeMd  as  tlie  l5tk ;  tMd  to  pf^itm 
the  rectiitetio6  of  eueh  ii  misteke,  be  detired  that,  in 
place  of  the  last  year  of  every  century  Being,  as  hitherto, 
a  leap  year,  only  the  kst  year  of  every  fourth  oeutury 
should  be  deemed  such. 

The  "  New  Styley**  as  il  is  called,  Was  not  introduced 
into  England  until  1752,  when  the  error  had  become 
eleven  days.  The  Gregbrian  Galendsar  itself  is  slightly 
inaeeurate. 

To  find  if  »Bj  given  year  be  a  leaf^  yew.  If  »ot  the 
last  year  of  a  eentury : 

Rule. — Divide  the  number  which  representlr  the 
given  year  by  4/and  if  there  be  no  remainder,  it  is  a 
leap  year.  If  there  be  a  remainder,  it  expresses  how 
long  the  given  year  is  after  the  prececUng  le»p  yew.      ' 

Example  1.— 1840  was  a  leap  year,  because  1840  divided 
by  4  leaves  no  remamder. 

Example  2. — 1722  was  the  second  ytJir  after  a  leap  year, 
because  1722  divided  by  4  leaves  2  as  remainder. 

If  the  given  year  be  the  last  of  a  century : 

Rule. — ^Divide  the  number  expressing  the  centuries 
by  4,  and  if  there  be  no  remainder,  the  given  one  is  a  leap 
year ;  if  there  be  a  remainder,  it  indicates  the  number 
of  centuries  between  the  given  and  preceding  hist  jeir 
of  a  century  which  was  a  leap  year. 

Example  1.— -1600  was  a  leap  yeW,  because  16,  being 
divided  by  4,  leaves  nothing. 

Example  2.-^1800  was  two  eenturies  after  that  last  year 
of  a  oentury  which  was  a  leap  year,  becairae,  divided  by  4, 
it  leaves  2. 
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DEFINITIONS. 


1.  Artthmetie  may  be  considered  either  m  a  science 
or  as  an  art.  As  a  science,  it  teaches  the  properties  of 
numbers ;  as  an  art,  it  enables  us  to  apply  this  know- 
ledge to  practical  purposes ;  the  former  may  be  <^ed 
theoretical,  the  latter  practical  arithmetic.  fr?W 

2.  A  Unity  or  as  it  is  also  called,  Unity ^  is  one  of  the 
mdividuals  under  consideration,  and  may  include  many 
units  of  another  kind  or  denomination  ;  thus  a  unit  of 
the  order  <^led  "  tens"  consists  of  ten  simple  units.  Or 
it  may  consist  of  one  or  more  parts  of  a  unit  of  a  higher 
denomination ;  thus  five  units  of  the  order  of  "tens"  are 
five  parts  of  one  of  the  denomination  called  "  hundceds ;" 
three  units  of  the  denomination  called  "  tenths"  are 
three  parts  of  a  unit,  which  we  shall  presently  term  the 
"  unit  of  comparison." 

3.  Number  is  constituted  of  two  or  more  units; 
strictly  speaking,  therefore,  unity  itself  cannot  be  con^ 
sidered  as  a  number. 

4.  Abstract  Numbers  are  those  the  properties  of 
which  are  contemplated  without  reference  to  their  appli- 
cation  to  any  particular  purpose— as  five,  seven,  &o.  • 
abstraction  being  a  process  of  the  mind,  by  which  it  sepal 
rately  considers  those  qualities  which  cannot  in  reaKty 
exist  by  themselves ;  thus,  for  example^  when  we  attend 
only  to  the  length  of  anything,  we  are  said  to  abstract 
from  its  breadth,  thickness,  colour,  &c.,  although  these 
are  necessarily  found  associated  with  it.  There  is  nothing 
inaccurate  in  this  abstraction,  since,  although  l^n<Hh 
cannot  exist  without  breadth,  thickness,  &c.,  it  I^  pro- 
perties  independent  of  them.   In  the  same  way,  five,  seven, 

mind,  as  not  applied  to  indicate  some  particular  things. 

5.  Applicate   Numbers  are  exactly   the  Jreyerse  of 
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abstract,  Uin^  applied  to  indicate  particular  object*— 
as  five  men,  six  houses. 

6.     The    UnU  of  Cmpantm,     In  every  number 
there  is  some  unit  or  individual  which  is  used  as  a 
standard :  this  we  shall  henceforward  call  the  "  unit 
of  comparison."    It  is  by  no  means  necessary  that  it 
should  always  be  the  same ;  for  at  one  time  we  may 
speak  of  four  objects  of  one  species,  at  another  of  four 
objects  of  another  species,  at  a  third,  of  four  dosen,  or 
four  scores  of  olfBCts;  in  all  these  cases  /m*r  is  the 
number  contemplated,  though  in  each  of  them  the  idea 
conveyed  to  the  mind  is  different— this  difference  ansmg 
from   the  different  standard  of  comparison,  or  unity 
assumed.     In  the  first  case,  the  "  unit  of  comparison" 
was  a  single  object ;  in  the  second,  it  was  also  a  single 
object,  but  not  of  the  same  kind  ;  in  the  third,  it  became 
a  dozen  ;  and  in  the  fourth,  a  score  of  objects.     Increas- 
mg  the  "  unit  of  comparison"  evidently  increases  the 
quantity  indicated  by  a  given  number ;  while  decreas- 
ing it  has  a  contrary  e&et    It  wiUW. necessary  to 
boar  all  this  carefully  in  mind.  <    ?  i-  . 

t,  4W  NumUrs.  One,  and  every  succeeding  alter- 
nate number,  are  termed  odd  ;  thus,  three,  five,  seven,  &c. 

8.  Even  Numbers.  Two,  and  every  succeeding  alter- 
nate  number,  are  said  to  be  even;  thus,  four,  six,  eig'it, 
&o.  It  is  scarcely  necessary  to  remark,  that  after  taking 
away  the  odd  numbers,  all  those  which  remain  are  even, 
and  after  taking  away  the  even,  all  those  which  remain 

are  odd.  ,  . 

We  shall  introduce  many  other  definitions  when  treat- 
ing of  those  matters  to  which  they  relate.  ^  A  clear 
idea  of  what  is  proposed  for  consideration  is  of  the 
greatest  importance ;  this  must  be  derived  from  the 
definition  by  which  it  is  explained. 

Since  nothing  assists  both  the  understanding  and  the 
memory  more  than  accurately  dividing  the  subject  of 
instruction,  we  shall  take  this  opportunitv  of  remarking 
to  both  teacher  and  pupil,  tliat  we  attach  much  impor- 
tance to  the  divisions  which  in  future  shall  actually  be 
mad'?,  or  shall  be  implied  by  the  order  in  which  the 
different  heads  will  be  examiood. 

b3' 
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SECTION  I. 

ON  NOTAttOSf   AND  HtrilEAATlOir. 

1.  To  ttvitl  ouMelves  of  th«  pro^rties  <4  wnohetBp 
we  must  be  ible  both  to  fonn  an  ideft  of  them  ourselves, 
and  to  omivey  ih\»  idea  to  others  by  i^ken  anfd  by  written 
language  ; — thai^is,  by  the  yoioe,  and  by  charaeters. 

The  expression  of  number  by  ebaraoters,  is  called 
notaiiony  the  reading  of  these^  ftumttatioi^.  Notation, 
therefore,  and  numeration,  bear  the  same  relation  to 
eftoh  other  as  writing  and  reading,  and  though  often 
confounded,  they  are  in  reality  perfectly  distinct. 

2.  It  is  obnoiis  that,  for  the  purposes  of  Arithmetic, 
we  re(]^irire  the  power  of  designating  tSi  possible  num- 
berjE^;  it  i^  equally  obvious  that  we  cannot  give  a  dif- 
ferent name  or  charactOr  to  eadi,  as  then^  Variety  is 
boundless.  We  must,  thereftH^e,  by  some  means  or 
another,  make  a  limited  system  Of  words  and  signs 
suffice  to  express  an  unlimited  amount  of  niHnerical 
quantities: — ^with  what  beautiful  simplicity  and  clear- 
ness this  is  effected.  We  shall  better  undersfculd  presently. 

3.  Two  modes  of  attaining  such  an  Ol^ct  present 
themselves;  the  one,  that  of  comlnMTig  words  or  cha- 
racters already  in  use,  to  indioate  new  quantities ;  the 
other,  that  of  representing  a  variety  of  different  qu«i^ 
tities  by  a  singU  word  or  character,  the  danger  of 
mistake  at  the  same  time  being  prevented.  The  Romans 
simplified  their  eystem  of  notation  by  adopting  the  prin- 
ciple of  combination  ;  but  the  still  greatenr  perfection  of 
ours  is  due  also  to  the  expression  of  many  numbers  by 
the  $aiM  character.  *^ 

4.  It  will  be  useful,  and  not  at  all  difficult,  to  eiEplain 
to  the  pupil  the  mode  by  which,  as  we  may  suppose,  an 
idea  of  considerable  numbers  was  originally  acquired, 
and  of  which,  mdeed,  although  unconsciously,  we  still 
avail  ourselves ;  we  shall  see,  at  the  same  time,  how 


ineibocia  of  simpiifying   both 
were  naturally  suggested. 


numeration  and  notation 
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ifiiLeiwi  Btppoae no  •ystem of  iMBibeM  to  be m roi oon- 
sfcraoted,  tad  that  a  heap,  fcr  OMWiple,  of  pebbte«,  k 
placed  before  us  that  we  im^  disooTor  their  anownt. 
If  this  is  %on8iderable,  we  eaimot  aseertain  it  by  look* 
ing  at  Ihem  all  to^;edier,  nor  otoh  by  aeparatoly  ia- 
Bpectiog  ^m;   we  must,  therefore,  hnt  reeourse  to 
that  oontrivanoe  which  the  ntaid  always  lum  when  it 
deflirei  to  gtaap  what,  taken  as  a  iHiole,  is  too  great  for 
its  powers.     If  wo  examine  an  extensivo  badseue,  as 
the  eye  eaaaot  take  it  all  in  at  one  view,  we  look  sue* 
cesatvely  at  its  different  portions,  and  form  our  jndg- 
flwnl  optsfi  ikeok  m  detail.     We  must  aet  similarly  with 
reference  to  hurgermttmbears;  sinee  we  eannot  eom|^|^ 
hend  Ifaem  Mkia^nigle  glaiee,  we  must  dinde  ihem  iflto 
a  suflwien*  nnmfaer  of  parts,  and,  examinmg  ^ese  m 
sttooession,  ae||mre  an  indnieot,  b«t  aeonrate  idea  of 
the  entire.     This  process  becomes  by  habit  so  rapid, 
that  it  seens,  if  earelesaly  observed,  but  one  aet,  though 
it  is  made  up  !of  maaky :  it  is  indispensable,  whenever  we 
desire  lo  have  a  ekir  idea  of  numberS'^-^whioU  is  boIi 
however,  every  time  they  are  mentioned.  ^^  ♦  ^    ^ 

5.  Had  we,  then,  to  form  for  ourselves  a  nnmerieid 
system,  we  would  naturally  divide  the  individuals  to  be 
reokoned  into  equal  groups,  each  group  eonsisting  <^ 
some  nnmibsr  qmte^itbin  il^  limit  of  our  oompreh^i* 
sion ;  if  the  groups  were  few,  our  object  would  be  attained 
without  any  f«^*her  icffori,  since  we  should  have  aequired 
2SL  aee«v|fc''  '  '^'^  oC  the  niumber  <^  grovips,  SAid  of 
the  n^KMfSr  >iffsaiis  m  eaeh  ffiQ^p,  and  ibeFefors 

a  eatisfiietcHry^  '^H  iiidureet  estimate  cf  ihe  irh<4e. 

We  ou^  i>  mark,  tfeat  dilferent  persons  bftvo 
very  di^HNliit  Units  to  th^  pefCeet  ooBi»rdl»entton  4»f 
number ;  ti^  iwlrfjy^nt  csn  eonceive  with  esM  *  co»- 
paratively  iMge  one ;  there  are  sava^  so  rude  ••  to  be 
incapable  of  forming  an  idea  of  one  ^kaA  »  eKtremcdy 

sma£« 

e.  Iiot  »ie<U  tjie  wwwfar  of  individuals  frat  we  choose 
to  eonstit^  a  gioup,  iUie  r^ifi;  it  is  eirident  that  the 
larter  the  »tio,  the  smaller  the  number  of  groups,  an^' 

but  the  smaUer  the  ftumber  of  groups  ^  better. . 


•.   « 
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^7;  H  tha  gK>iqi»  into  which  wt  hm  aiyided  the 
objaete  to  be  reekoned  evoeed  in  amotint  that  niimber 
of  whuih  we  have  a  porfeet  idea,  we  miut  eontinie  the 
proeeas,  and  eonsidenpa;  the  groups  themaehes  m  indi- 
▼idaaJa,  moat  form  with  them  new  groups  of  a  higher 
order.  We  moat  th«a  proceed  ontU  the  number  of  our 
highest  group  ia  aoffieieiitlj  amaU.  ,>,u; 

8.  The  rojw  uaed  for  groupa  of  the  aeoond  and  Uf^ 
orders,  would  naturaUj,  but  not  neoesaarily,  be  thi   ^^me 
aa  that  adopted  for  the  lowest;   that  ia,  if  seven  indi- 
Tiduahi  oonatetute  a  group  of  the  firat  order,  we  would 
probably  make  aeven  groupa  of  the  firat  order  eoBatatote 
ft  group  of  the  aocond  alao ;  and  ao  on. 
-  9.  It  mirfit,  and  very  likely  would  happen,  that  we 
ahottld  not  have  ao  many  objecta  aa  wovU  exactly  form 
a  oertam   number  of  groupa  of  the  highest  order— 
aome  of  die  next  lower  might  be  left.     The  same  might 
occur  m  forming  one  or  more  of  the  other  groupa.     We 
might,  for  example,  in  reckoning  a  heap  of  pebbles, 
hare  two  groups  of  the  fourth  order,  three  of  the  third! 
none  of  the  second,  five  of  the  first,  and  seven  indi- 
viduala  or  "  units  of  comparison. " 

10.  If  we  had  made  each  of  the  first  order  of  groups 
consist  of  ten  pebbles,  and  each  of  the  aeoond  ordSr 
oonwat  of  ten  of  the  firat,  each  group  of  the  third  of  ten 
of  the  aeoond,  and  ao  on  with  the  rest,  we  had  selected 
the  decmal  system,  or  that  which  is  not  only  used  at 
present,  but  which  was  adopted  by  the  Hebrews,  Greeks, 
IComans^  &o.  It  is  remarkaUe  that  the  language  of 
every  civUiaed  nation  gives  names  to  the  d^erent 
groups  of  this,  but  not  to  those  of  any  other  numerical 
■y^*«f ;  >*■  ▼«»7  general  diffusion,  even  among  rude 
and  barbarous  people,  has  most  probably  arisen  from 
tb«  habit  of  counting  on  the  fingers,  which  is  not 
altogether  abandoned,  even  by  us. 

11.  It  was  not  indispensable  that  we  should  havtf 
used  the  same  nOio  for  the  groups  of  lOl  the  different 
orders;  we  might,  for  example,  bave  made  four  pebbles 
form  m  group  of  the  first  order,  twelve  groupa  of  the 

«f  the  aeoond  a  group  of  the  third  order:— in  wich  • 
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case  we  had  adopted  a  system  ezaetly  like  that  to  be 
found  in  the  table  of  money  (page  3),  in  which  four 
farthings  make  a  group  of  the  order  perutf  twetV* 
pence  a  group  of  the  order  thiUingt^  twenty  shillinpg  a 

Soup  of  the  order  fownds.  While  it  must  be  admitted 
at  the  use  of  the  same  system  for  applieate,  as  for 
abstract  numbers,  would  greatly  simplify  our  arithmetical 
processes — as  will  be  very  evident  hereafter,  a  glance 
at  the  tables  given  already,  and  those  set  down  in  treat- 
ing of  exchange,  will  show  that  a  groat  variety  of  systems 
have  actually  been  constructed. 

12.  When  we  use  the  same  ratio  for  the  groups  of  all 
the  orders,  we  term  it  a  common  ratio.  There  appears  to 
have  been  no  particular  reason  why  ten  should  have  been 
selected  as  a  *^  common  ratio"  in  the  system  of  numbers 
ordinarily  used,  except  that  it  was  suggested,  as  already 
remarked,  by  the  mode  of  counUng  on  the  fingers  ;  and 
that  it  is  neither  so  low  as  unnecessarily  to  increase 
the  number  of  orders  of  groups,  nor  so  high  as  to  exceed 
the  conception  of  any  one  for  whom  uie  system  was 
intended. 

13.  A  system  in  which  ten  is  the  '*  common  ratio'* 
is  called  decimal,  from  *|  decem,"  which  in  Latin  signifies 
ten : — ours  is,  therefore,  a  *^  decimal  system"  of  nun^rs. 
If  the  common  ratio  were  si^ty,  it  would  be  a  sexagesi- 
mal system  ;  such  a  one  was  formerly  used,  and  is  still 
retained — as  will  be  perceived  by  the  tables  already 
^ven  for  the  measurement  of  arcs  and  angles,  and  of 
time.  A  quiiuiry  system  would  have  five  for  its  **  com- 
mon ratio  ;"  a  duodedmaly  twelve  ;  a  vigesimal^  twenty, 
&c. 

14.  A  little  reflection  win  show  that  it  was  useless 
to  j^ve  diflferent  names  and  characters  to  any  numbers 
except  to  those  which  are  less  than  that  which  consti- 
tates  the  lowest  group,  and  to  the  diffarent  orders  of 
groups;  because  all  possible  nuiabers  miist  consist  of 
mdividuals,  or  6i  groups,  or  of  both  individuals  and 

•groups : — ^in  neither  case  would  it  be  required  to  specify 
more  than  the  number  of  individuals,  and  the  number 
of  each  species  of  group,  none  of  which  numbers — as  Is 
evident-Hoan  be  greater  than  the  common  ratio.    This 


:*    ^ 
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k  jiwt  vkai  we  have  done  in  our  numerieid  ijftem, 
exoopt  tb»t  we  have  formed  the  names  of  some  of  the 
group*  by  combination  of  those  already  used ;  thus, 
^  tens  of  thousands,"  the  group  next  higher  than  thou- 
lands,  is  designated  by  a  combination  of  words  already 
applied  to  express  4)thw  groups—which  twids  yet  further 
to  simpUfioation. 

'15.     ARABIC   8T8TEM   OF   I«>TATION  ! — 


|J«Ht  ofiCoiapurtoou. 


i  I 


~'{ 


Firit  mmtf,  or  «bH«  •'*5*.'*???i*'^' 
Second  group,  or  uMti  of  the  third  order, 
Third  f  re  jp,  *r  unKt  of  the  ftmrth  order, 
Fourth  s>oup,  Of  lutt*  of  U»e  fifth  order, 
Fifth  croup,  or  units  of  the  sixth  order, 
Sixth  f  roup,  or  unite  of  the  lieventli  order. 


>•  ■ 


Ntmti.  CkmtMfrt. 

One         .       •  1 

Two        .       .  9        ,. 

Three     .  3     . 

Four       .       .  4  - 

Six  .      .     '.  '• 
Se^es      ^>i!  it.    V 

XiM      '       '  i 

Nu.e  • 

Te»        .       .  1« 

Hundred  100 

Thoutend  1.00t 

Ten  thousand  10,000 
Hundred  thousand  100,000 

MilUon   .  1,000,000 


16.  The  characters  which  express  the  nine  fii^t  Wum- 
bers  are  the  only  ones  used  ;  they  are  called  digits,  from 
the  custom  of  counting  them  on  the  fillers,  already 
noticed—"  dimtus"  meaning  in  Latin  a  fin^r ;  they  are 
also  called  ngnifiwnt  JiewrtSy  to  distinguish  them  from 
lihe  cypher,  or  0,  which  is  used  merely  to  give  the  dibits 
their  proper  voiium  wiOi  reference  to  the  dmrnaZ  pnnt. 
The  pupil  wiU  4bt»nctly  rein^mber  that  the  place  where 
the  "units  of  comparison"  are  to  be  found  is  that  imme- 
diately to  the  left  hand  of  this  point,  which,  if  not  ex- 
pressed, is  supposed  to  stand  to  the  right  hand  side  of 
fdl  the  digits— thus,  in  46876  the  8  expresses  units 
of  commSson,"  being  to  the  left  of  the  decimal  point ; 
in  49  the  9  expresses  "  units  of  comparison,*'  the  deci- 
mal point  being  understood  to  the  ri^ht  of  it.      ^ 

17.  We  find  by  the  table  ^ust  ^ven,  that  ifler  the 
lime  first  numbers,  the  same  digit  is  constancy  reputed, 
its  position  with  reference  to  the  decimal  point  being, 
however,  chafed :— that  is,  to  indicate  each  succeeding 

be  used  to 


'Oup   Af     tt* 


J 


er  to  the  left.    Any 


'a^«w     wk^a^ana     J%W 

of  the  digits  may 
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express  its  respective  number  of  tuny  of  tho  groups  :-«• 
thus  8  would  be  eight  "  uoits  of  oomparison ;"  80, 
eight  groups  of  the  first  order,  or  eight  "  tens"  of 
simple  uniU ;  800,  eight  groups  of  the  second,  or  units 
of  the  third  order  ;  and  so  on.  We  might  use  any  of 
the  digits  with  the  different  groups  ;  thus,  for  example, 

6  for  groups  of  the  third  order,  3  for  those  of  the  second, 

7  for  those  of  the  first,  and  8  for  the  **  units  of  oompari- 
son ;"  then  the  whole  set  down  in  full  would  be  5000, 
300,  70,  8,  or  for  brevity  sake,  5378— for  we  never  use 
the  cypher  when  we  can  supply  its  place  by  a  significant 
figure,  and  it  is  evident  that  in  5378  the  378  keeps  the 
5  four  places  from  the  decimal  point  (understood),  just  as 
well  as  cyphers  would  have  done ;  also  the  78  keeps  the 
3  in  the  third,  and  the  8  keeps  the  7  in  the  second  place. 

18.  It  is  important  to  remember  that  each  digit  has 
two  values,  an  absolute  and  a  relative;  the  absolute 
value  is  the  number  of  units  it  expresses,  whatever  these 
units  may  be,  and  is  unchangeable;  thus  6  always 
means  six,  sometimes,  indeed,  six  tons,  at  other  times 
six  hundred,  &o.  The  relative  value  depends  on  the 
order  of  units  indicated,  and  on  the  nature  of  the  *'  unit 
of  comparison." 

19.  What  has  been  said  on  this  very  important  sub- 
ject, is  intended  principally  for  the  teacher,  though  an 
ordinary  amount  of  industry  and  intelligence  wUl  be 
quite  sufficient  for  the  purpose  of  explaining  it.  even  to 
a  child,  particularly  if  each  point  is  illustrated  by  an 
appropriate  example ;  the  pupil  may  be  made,  for  in- 
stance, to  arrange  a  number  of  pebbles  in  groups,  some- 
times of  one,  sometimes  of  another,  and  sometimes  of 
several  orders,  and  then  be  desired  to  express  them  by 
figures— the  "  unit  of  comparison"  being  occasionally 
changed  from  individuids,  suppose  to  tens,  or  hundreds,  or 
to  scores,  or  doaens,  &o.  Indeed  the  pupils  must  be  well 
acquainted  with  these  introductory  matters,  otherwise 
they  will  contract  the  habit  of  answering  without  any 
very  definite  ideas  of  many  things  they  will  be  called 
upon  to  explain,  and  which  they  should  be  expected 
perfectly  to  understand.  Any  trouble  bestowed  bv  the 
teaoiier  at  Ous  period  will  be  weU  repaid  by  the  ease 
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and  rapidity  with  which  the  scholar  will  afterwards 
advance ;  to  be  assured  of  this,  he  has  onlj  to  recol- 
lect that  most  of  his  future  reasonings  will  be  derived 
from,  and  his  explanations  grounded  on  the  very  prin- 
ciples we  have  endeavoured  to  unfold.  It  may  be  taken 
as  an  important  truth,  that  what  a  child  learns  without 
understanding,  he  will  acquire  with  disgust,  and  will 
soon  cease  to  remember ;  for  it  is  with  children  as  with 
persons  of  more  advanced  years,  when  we  appeal  suc- 
cessfully to  their  understanding,  the  pride  and  pleasure 
they  feel  in  the  attainment  of  knowledge,  cause  the 
labour  and  the  weariness  which  it  costs  to  be  under- 
valued, or  forgotten. 

20.  Pebbles  will  answer  well  for  examples ;  indeed, 
their  use  in  computing  has  given  rise  to  the  term  calm- 
latiouy  "  calculus"  being,  in  Latin,  a  pebble :  but  while 
the  teacher  illustrates  what  he  says  by  groups  of  par- 
ticular objects,  he  must  take  care  to  notice  that  his 
remarks  would  be  equally  true  of  any  others.  He  must 
also  point  out  the  difference  between  a  group  and  its 
equivalent  unit,  which,  from  their  perfect  equality,  are 
generally  confounded.  Thus  he  may  show,  that  a  penny, 
while  equal  to,  is  not  identical  with  four  farthings.  This 
seemingly  unimportant  remark  will  be  better  appre- 
ciated hereafter ;  at  the  same  time,  without  inaccuracy 
of  result,  we  may,  if  we  please,  consider  any  group 
either  as  a  unit  of  the  order  to  which  it  belongs,  or  so 
many  of  the  next  lower  as  are  equivalent. 

21.  Roman  Notation. — Our  ordinary  numerical  cha- 
racters have  not  been  always,  nor  every  where  used  to 
express  numbers ;  the  letters  of  the  alphabet  naturally 
presented  themselves  for  the  purpose,  as  being  already 
familiar,  and,  accordingly,  were  very  generally  adopted — 
for  example,  by  the  Hebrews,  Greeks,  Romans,  &c., 
each,  of  course,  usins  their  own  alphabet.  The  pupil 
should  be  acquainted  with  the  Roman  notation  on 
account  of  its  beautiful  simplicity,  and  its  being  still 
employed  in  inscriptions,  &c. :  it  is  found  in  the  follow- 
ing table : — 
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Ckaraetert. 
I. 
II. 
III.        . 

AntioipAted  change  IIII.  orlY. 

Change  .  V.  . 

VI.  . 

VII.  . 

VIII.  . 
Anticipated  change  IX. 
Change                 .  X.  . 

XI.  . 

XII.  . 

XIII.  . 

XIV.  . 

XV.  . 

XVI.  . 

aXVII.    . 

xvin 

XIX.    . 

XXX.  t  &0. 

Anticipated  change  XL. 
Change      .  .  L. 

LX.,  &c. 
Anticipated  change  XC. 
Change      .  .  C. 

CC,  &o. 
Anticipated  change  CD. 
Change      .  .  D.  orlo. 

Anticipated  change  CM. 
Change  .  MorCIo. 

V.  or  lQ3 


Numberi  Exprettti. 
.  One. 
.  Two. 
.  Three 
.  Four. 
.  Five. 
.  Six. 
.  ScTcn. 
>  Eight. 
.  Nine. 
.  Ten. 
.  Eleren. 

Twelve. 
.  Thirteen. 

Fourteen. 

Fifteen. 

Sixteen. 

Seventeen. 

Eighteen. 

Nineteen. 

Twenty. 

Thirty,  &c. 

Forty. 

Fifty. 

Sixty,  &c. 

Ninety. 

One  hundred. 

Two  hundred,  &c 

Four  hundred. 

Five  hundred,  &o 

Nine  hundred. 

One  thousand,  &c. 


__  Five  thousand,  &c. 

X.  orCCIoo.  Ten  thousand,  &c. 

lOOO'  .  Fifty  thousand,  &c. 

CCCIoog.     •  One  hundred  thousand,  &o 
22.  Thus  we  find  that  the  Romans  used  very  few 
characters— fewer,  indeed,  than  we  do,  although  our 
system  is  still  more  simple  and  effective,  from  our  apply- 
ing the  principle  of  "  position,"  unknown  to  them. 

They  expressed  all  numbers  by  the  following  symbols, 
or  combinations  of  them :  I.  V.  X.  L.  C.  D.  or  Ij.  M., 
or  CLq.  ^  In  constructing  their  system,  they  evidently 
had  a  qumary  in  view ;  that  is,  as  we  have  said,  one  in 
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ten,  &c.,  but  also  at  five,  ten  times  five,  &o. : — a  purely 
decimal  system  would  suggest  a  change  only  at  ten,  ten 
times  ten,  &c. ;  a  purely  quinary,  only  at  five,  five  times 
five,  &c.  As  fer  as  notation  was  concerned,  what  they 
adopted  was  neither  a  decimal  nor  a  quinary  system, 
nor  even  a  combination  of  both ;  they  appear  to  have 
supposed  two  primary  groups,  one  of  five,  the  other  of 
ten  "  units  of  comparison ; "  and  to  have  formed  all  the 
other  groups  from  these,  by  using  ten  as  the  common 
ratio  of  each  resulting  series. 

23.  They  anticipated  a  change  of  character;  one 
unit  before  it  would  naturally  occur — that  is,  not  one 
*'  unit  of  comparison,"  but  one  of  the  units  under  consi- 
deration. In  this  point  of  view,  four  is  one  unit  before 
five;  forty,  one  umt  before  fifty— tens  being  now  the 
units  under  consideration ;  fqiir  hundred,  one  unit  before 
five  hundred — ^hundreds  having  become  the  units  con- 
templated. 

24.  When  a  lower  character  is  placed  before  a 
higher  its  value  is  to  be  subtracted  from,  when  placed 
after  it,  to  be  added  to  the  value  of  the  higher  ;  thus, 
lY.  means  one  less  than  five,  or  four ;  YI.,  one  more 
than  five,  or  six. 

25.  To  express  a  number  by  the  Roman  method  of 
notation : — 

Rule. — ^Find  the  highest  number  within  the  given 
one,  that  is  expressed  by  a  single  character,  or  the 
**  anticipation  "  of  one  [21]  ;  set  down  that  character, 
or  anticipation — as  the  case  may  be,  and  take  its  value 
from  the  given  number.  Find  what  highest  number 
less  than  the  remainder  is  expressed  by  a  single  charac- 
ter, or  "  anticipation ; "  put  that  character  or  **  anticipa- 
tion "  to  the  right  hand  of  what  is  already  written,  and 
take  its  value  from  the  last  remainder :  proceed  thus 
until  nothing  is  left  api 

JSxAMPUB. — Set  down  the  present  year,  eighteen  hundred 
and  fpr^-four,  in  Roman  onaracters.  One  thousand,  ex- 
pressed  by  M.,  is  the  highest  number  within  the  given  one, 
indicated  by  one  character,  or  bvan  anticipa.tion;  We  put  down 

in, 
•nd  take  one  thousand  from  the  given  number,  which  leaves 
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eight  hundred  and  forty-four.  Five  hundrt  ,  ■'  ^  the 
hiehest  number  within  the  last  remainder  (e  ^/J  Hundred 
and  forty-four)  expressed  by  one  character,  0/  an  "  antici- 
pation ;"  we  set  down  D  to  the  right  hand  of  M, 

MD, 
and  take  its  value  from  eight  h^ndred  apd  forty-four,  which 
leaves  three  hundred  and  fo^y-four.  In  this  the  highest 
number  expressed  bv  a  eii^l^  cha^^^t^,  or  an  "  an^oipa- 
tion,"  is  one  hundr^>  indicated  by  C  j  which  we  set  dovrn  j 
and  for  the  same  reason  two  other  Cs. 

MDCCC. 
This  leaves  only  fort^-four,  the  highest  number  within 
which,  expressed  by  a  single  character,  or  an  "anticipation,*- 
is  forty,  XL — an  anticipation ;  we  set  this  down  also, 

MDCCCXL. 
Four,  expressed  by  IV.,  still  remains;  whiohi  heing  ahN 
added,  the  whole  is  as  follows : — 

MDCCCXLIV. 


26.  Position. — The  sam»  ^iharacter  may  have  dif- 
ferent values,  according  to  ttie  place  it  holds  witli  refer- 
ence to  the  decimal  point,  or,  perhaps,  more  strictly, 
to  the  "unit  of  comparison."  This  is  the  principle  of 
^position. 

27.  The  places  occupied  by  the  units  of  the  different 
orders,  according  to  the  Arabic,  or  ordinary  notation 
[15] ,  may  be  described  as  follows : — units  of  comparison, 
one  place  to  the  left  of  the  decimal  point,  expressed, 
or  understood ;  tens,  two  places ;  hundreds,  ikree  places, 
lie.  The  pupil  should  be  made  so  familiar  witli  these, 
as  to  be  able,  at  once,  to  name  the  "  place"  of  any  order 
of  units,  or  tiie  "  units"  of  any  place. 

28.  When,  therefore,  we  are  desired  to  write  any 
number,  we  have  merely  to  put  down  the  digits  expres- 
sing the  amounte  of  the  different  uni^  in  their  proper 
places,  according  to  the  order  to  which  each  belongs. 
If,  in  the  ^ven  number,  there  is  any  order  of  which 
there  are  no  nnitg  to  be  expressed,  a  cypher  must  bo  sol|^ 
down  in  the  pkqe  belonging  to  it ;  tbo.  ol^eot  of  whiohW 
is,  to  keep  tnct  significant  figures  in  their  own  fon- 
tioTu,  A  cypher  produces  no  effect  ,/hen  it  is  not 
between  significant  figures  and  the  decimal  point ;  thm 
0536,  5360,^  and  536  would  mean  the  same  thing— tha 
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second  is,  however,  the  correct  form.  536  and  6360  are 
different ;  in  the  latter  case  the  cypher  affects  the  value, 
because  it  alters  the  position  of  the  digits. 

KxAMPLE. — Let  it  be  required  to  set  down  s*^  hundred 
and  two.  The  six  must  be  in  the  third,  and  the  ':wo  in  the 
first  place ;  for  this  purpose  we  are  to  put  a  cypher  between 
the  0  and  2 — thus,  o02 :  without  the  cypher,  the  six  would 
be  in  the  second  place — thus,  62 ;  and  would  mean  not  six 
hundreds,  but  six  tens. 

29.  In  numerating,  we  begin  with  the  digits  of  the 
highest  order  and  proceed  downwards,  stating  the  num- 
ber which  belongs  to  each  order. 

To  facilitate  notation  and  numeration,  it  is  usual  to 
divide  the  places  occupied  by  the  different  orders  of 
unit,s  into  periods ;  for  a  certain  distance  the  English  and 
French  methods  of  division  agree ;  the  English  billion 
is,  however,  a  thousand  times  greater  than  the  French. 
This  discrepancy  is  not  of  much  im^^ortance,  since  we 
are  rarely  obliged  to  use  so  high  a  number, — ^we  shall 
prefer  the  French  method.  To  give  some  idea  of  the 
amount  of  a  billion,  it  is  only  necessary  to  remark,  that 
according  to  the  English  method  of  notation,  there 
has  not  been  one  billion  of  seconds  since  the  birth  of 
Christ.  Indeed,  to  reckon  even  a  million,  counting  on 
an  average  three  per  second  for  eight  hours  a  day, 
would  require  nearly  12  days.  The  following  are  the 
two  n^ethods. 


Trillions. 
000-000 


Billions. 

Ilundrtda.  Ttaa.  UoiU. 

0       0      0 


ENGLISH   METHOD. 

Billions.  Millions. 

000-000  0(jlO-000 

rRENCH  METHOD. 

Millions.  Thousanas. 


Hund.  Taiii.  Unit*. 

0      0      0 


Bund.  Tent.  UnlU. 

0     0      0 


Units. 
000-000 


Units. 

HmmI.  Trot.  Unitab 

0      0      0 


30.  Use  of  Periods. — ^Let  it  be  required  to  read  off 
the  following  number,  676934.  We  put  the  first  point 
to  the  left  of  the  hundreds'  place,  and  find  that  there  are 
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occur,  as  the  highest  period  is  often  imperfect,  consisting 
only  of  one  or  two  digits.    Dividing  the  number  thus 
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into  parts,  shows  at  once  that  5  is  in  the  third  place  of 
the  second  period,  and  of  course  in  the  sixth  place  to 
the  left  baud  of  the  daoimal  point  (understood) ;  and, 
therefore,  that  it  expresses  hundreds  of  thousands.  The 
7  being  in  the  fifth  place,  indicates  tens  of  thousands ; 
the  6  m  the  fourth,  thousands ;  the  9  in  the  third,  hun- 
dreds ;  the  3  in  the  second,  tens  j  and  the  4  in  the  first, 
units  (of'*  comparison  ").  The  whole,  therefore,  is  five 
hundreds  of  thousands,  seven  tens  of  thousands,  six 
thousands,  nine  hundreds,  three  tens,  and  four  units, — 
or  more  briefly,  five  hundred  and  seventy-sil  thousand, 
nine  hundred  and  thirty-four. 

31.  To  prevent  the  separating  point,  or  that  whicn 
divides  into  periods,  from  being  mistaken  for  the  decimal 
point,  the  former  should  be  a  comma  (,) — the  latter  a 
full  stop  (•)  Without  this  distinction,  two  numbers 
which  are  very  diiFerent  might.be  confounded:  thus, 
498-763  and  498,763, — one  of  which  is  a  thousand 
times  greater  than  the  other.  After  a  while,  we  may 
dispense  with  the  separating  point,  though  it  is  conve- 
nient to  use  it  with  considerable  numbers,  as  they  are 
then  read  with  greater  ease. 

32.  It  will  facilitate  the  reading  of  large  numbers 
not  separated  into  periods,  if  we  begin  with  thif  'lints  of 
comparison,  and  proceed  onwards  to  the  left,  saymg  at 
the  first  digit  "  units,"  at  the  second  "  tens,"  at  the 
third  "  hundreds,"  &c.,marki  g  in  our  mind  the  deno- 
minatirtn  of  the  highest  digit,  or  that  at  which  we  stop. 
We  then  commence  with  the  highest,  express  its  number 
and  denomination,  and  proceed  in  the  same  way  with 
each,  until  we  come  to  the  last  to  the  ight  hand. 

Example. — Let  it  bo  required  to  read  off  6402.  Looking 
at  the  2  (or  pointing  to  it),  we  say  "units;"  at  the  0,  "tens;" 
At  the  4,  "hundr^s;"  and  at  the  0,  "thousands."  The 
latter,  therefore,  being  six  thousands,  the  next  digit  is  four 
hundreda,  &c.  Consequently,  six  thousands,  four  hundreds, 
no  tens,  and  two  units ;  or,  briefly,  six  thousand  four  hun> 
dred  and  two,  is  the  reading  of  the  given  number. 


xae 


33.  Periods  may  be  used  to  facilitate  notatiou, 
pupil  will  first  writ«  down  a  number  of  periods  of  cyphers 
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to  represent  the  places  to  be  occupied  by  the  yarious 
orders  of  units.  He  will  then  put  the  digits  express- 
ing the  different  denominations  of  the  given  number, 
under,  or  instead  of  Uiose  cyphers  which  are  in  corres* 
ponding  positions,  with  reference  to  the  decimal  poin^-^ 
beginning  with  the  highest. 

Example. — Write  down  three  thousand  six  hundred  and 
fifty-four.  The  highest  denominati(Hi  being  thousands,  will 
occupy  the  fourth  place  to  the  left  of  the  decimi*!  -  /  ?^..  1* 
will  be  enough,  therefore,  to  put  down  four  cj^v^^  ■  and 
under  them  the  corresponding  digits — ^that  exprt^^^  -  g  the 
thousands  under  the  fourth  cypher,  the  hundreas  under  the 
third,  the  tens  under  the  second,  and  the  units  under  the 
first:  thus 

0,000 

8,664 

A  cypher  is  to  be  placed  under  any  denomination  in 
which  there  is  no  significant  figure. 

Example. — Set  down  five  hundred  and  seven  thousand, 
and  sixty>three. 

000.000 
507,063 

After  a  little  practice  the  periods  of  cyphers  will 
become  unnecessary,  and  the  number  may  be  rapidly 
put  down  at  once. 

34.  The  units  of  comparison  are,  as  we  have  said, 
always  found  in  the  first  place  to  the  left  of  the 
decimal  point ;  the  digits  to  the  left  htuad  progf'^'fsively 
increase  in  a  tenfold  degree — those  occupying  tHe  first 
place  to  the  left  of  the  units  of  comparison  being  ten 
times  greater  than  the  units  of  comparison ;  those  occu- 
pying the  second  place,  ten  times  greater  than  those 
which  occupy  the  first,  and  one  hundred  times  greater 
than  the  units  of  comparison  themselves ;  and  so  on. 
Moving  a  digit  one  place  to  the  left  multiplies  it  by 
ten,  that  is,  makes  it  ten  times  greater ;  moving  it  two 
places  multiplies  it  by  one  hundred,  or  makes  it  one 
hundred  times  greater ;  and  so  of  the  rest.  If  all  the 
digits  of  a  quantity  be  moved  one,  two,  &c.,  places  to 
the  lef^,  the  whole  is  increaoed  ten,  one  hundred,  &c., 
times— ai  the  case  may  be.    On  tiie  other  hand,  moving 
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a  digit,  or  a  quantity  one  place  to  the  right,  diyideR  it 
by  ten,  that  is,  makes  it  ten  tim'^s  smaller  than  before  ; 
moving  it  two  places,  divides  it  by  one  hundred,  or 
makes  it  one  hundred  times  smaller,  &c. 

35.  We  possess  thb  power  of  easily  increasing,  or 
diminishing  any  number  in  a  tenfold,  &c.  degree,  whether 
the  digits  are  all  at  the  right,  or  all  at  the  left  of  the 
decimal  point;  or  partly  at  the  right,  and  partly  at  the 
left.  Though  we  have  not  hitherto  considered  quantities 
to  the  kft  of  the  decimal  point,  their  relative  value  will  be 
very  easily  understood  from  what  we  have  already  said. 
For  the  pupil  is  now  aware  that  in  the  decimal  system 
the  quantities  increase  in  a  tenfold  degree  to  the  left, 
and  decrease  in  the  same  de^ee  to  the  right;  but 
there  is  nothing  to  prevent  this  decrease  to  the  right 
from  proceeding  beyond  the  units  of  comparison,  and 
the  decimal  point;-— on  the  contrary,  from  the  very 
nature  of  notation,  we  oueht  to  put  quantities  ten  times 
less  than  units  of  comparison  one  place  to  the  right  of 
them,  just  as  we  put  those  which  are  ten  times  less  than 
hundreds,  &c.,  one  place  to  the  right  of  hundreds,  &o 
We  accordingly  do  this,  and  so  continue  the  notation 
not  only  upwards,  but  downwards,  calling  quantities  to 
the  left  of  the  decimal  point  integerSy  because  none  of 
them  is  less  than  a  whole  *^  unit  of  comparison ;"  and 
those  to  the  right  of  it  dedmals.  When  there  are  deci> 
mals  in  a  given  number,  the  decimal  point  is  actually 
expressed,  and  is  always  found  at  the  right  hand  side 
of  the  units  of  comparison. 

B6.  The  quantities  equally  dbtant  from  the  unit  of 
comparison  bear  a  very  close  relation  to  each  other 
which  is  indicated  even  by  the  similarity  of  their  names ; 
those  which  are  one  place  to  the  left  of  the  units  of  com> 
parison  are  called  **  tens,"  being  each  identical  with,  or 
equivalent  to  ten  units  of  comparison ;  those  which  are 
one  place  to  the  rigkt  of  the  units  of  comparison  are«: 
called  "  tenths,"  each  being  the  tenth  part  of,  that  is,  ten: 
times  as  small  as  a  unit  of  comparison ;  quantities  two 
places  to  the  Itft's;^  the  units  of  comparison  are  called 
^^  hundreds,^^   t)einjgj  one  hundred  times  greater;   and 
those  two  places  to  the  rig/Uy  **  hundredths,"  being  one 
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hundred  times  leu  than  the  units  of  comparison ;  and  so 
of  all  the  others  to  the  right  and  left.  This  will  be  more 
evident  on  inspecting  the  following  table  :-— 


Descending  Serfata,  or  DeclnuUt. 
One  Uuit. 


1 

01 

Tenth. 
Hundredth. 

001, 

Thousandth. 

000,1 

Ten-thousandth. 

000,01 

Hundred'  thousandth 

&o. 

Aacrndinc  8eri«a,  or  lnt«f«n*      , 
One  Unit  .  .  1 

Ten  .  10 

Hundred    .  100 

Thousand  .  .1.000 

Ten  thousand        .  10,000 
Hundred  thousand  100,000 
&o. 

We  have  seen  that  when  we  divide  integers  into  periods 
[29] ,  the  first  separating  point  must  be  put  to  the  right 
of  the  thousands ;  in  dividing  decimals,  the  first  point 
must  be  put  to  the  right  of  the  thousandths. 

37.  Care  must  be  taken  not  to  confound  what  we 
now  call  "  ^Goima-ls,"  with  what  we  shall  hereafter  desig- 
nate "  decimal  fractions ;"  for  they  express  equal,  but 
not  identically  the  same  quantities — the  decimals  being 
what  shall  be  termed  the  "  <]^uotients"  of  the  corres- 
ponding decimal  fractions.  This  remark  is  made  here  to 
anticipate  any  inaccurate  idea  on  the  subject,  in  those 
who  already  know  something  of  Arithmetic. 

38.  There  is  no  reason  for  treating  integers  and  deci- 
mals by  difierent  rules,  and  at  different  times,  since  they 
follow  precisely  the  same  laws,  and  constitute  parts  of 
the  very  same  series  of  numbers.  ,  Besides,  any  quantity 
may,  as  far  as  the  decimal  point  is  concerned,  be  ex- 
pressed in  different  ways ;  for  this  purpose  wo  have 
merely  to  change  the  unit  of  comparison.  Thus,  let  it 
be  required  to  set  down  a  number  indicating  five  hun- 
dred and  seventy-four  men.  If  the  "  unit  of  compari- 
son" be  one  many  the  quantity  would  stand  as  follows, 
674.  If  a  band  of  ten  men,  it  would  become  574 — ^for, 
as  each  man  would  then  constitute  only  the  tenth  part 
of  the  "  unit  of  comparison,"  four  men  would  be  only 
four-tenths,  or  04 ;  and,  since  ten  men  would  form  but 
one  unit,  seventy  men  would  be  merely  seven  units  of 
comparison,  or  7  ;  &c.  Again,  if  it  were  a  band  of  one 
hundred  wi^tt,  the  number  must  be  written  5=74 ;  anu 
K«tly,  if  a  band  of  a  thmsand  mmyii  would  be  0*574 
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Should  the  "  unit "  be  a  band  of  a  down,  or  a  score 
men,  the  change  would  be  still  more  complicated ;  as, 
not  only  the  position  of  the  decimal  point,  but  the  very 
digits  also,  would  be  altered.  .       ^i 

39.  It  is  not  necessary  to  remark,  that  movmc  the 
decimal  point  so  many  places  to  the  left,  or  the  digits 
an  equal  number  of  places  to  the  right,  amount  to  the 

same  thing.  ,    .     , 

Sometimes,  in  changing  the  deomial  pomt,  one  or 
more  cyphers  are  to  be  added ;  thus,  when  we  move  426 
three  places  to  the  left,  it  becomes  42600 ;  when  we 
move  27  five  places  to  the  right,  it  is  -00027,  &c. 

40.  It  follows,  from  what  we  have  said,  that  a  deci- 
mal, though  less  than  what  constitutes  the  unit  of  com- 
parison, may  itself  consist  of  not  only  one,  but  several 
individuals.     Of  course  it  will  often  be  necessary  to  indi- 
cate the  "  unit  of  comparison,"--as  3  scores,  5  dozen,  6 
men,  7  companies,  8  regiments,  &o. ;  but  its  nature  does 
not  aflFect  the  abstract  properties  of  numbers  ;  for  it  :a 
true  to  say  that  seven  and  five,  when  added  together, 
make  twelve,  whatever  the  unit  of  comparison  may  be  :— 
provided,  however,  that  the  same  standard  be  applied  to 
both  ;  thus  7  men  and  5  men  are  12  men  ;  but  7  men 
and  5  horses  are  neither  12  men  nor  12  horses  ;  7  men 
and  5  dozen  men  are  neither  12  men  nor  12  dozen  men. 
When,  therefore,  numbers  are  compared,  &c.,  they  must 
have  the  same  unit  of  comparison,  or— without  altering 
their  value— they  must  be  reduced  to  those  which  have. 
Thus  we  may  consider  5  tens  of  men  to  become  50 
iTidividual  men— the  unit  of  comparison  being  altered 
from  ten  mm  to  one  man,  without  the  value  of  the 
quantity  being  changed.     This  principle  must  be  kept 
in  mind  from  the  very  commencement,  but  its  utility 
will  become  more  obvious  hereafter. 


EXAMPLES  IN   NUMERATION    AND   NOTATION. 

Notation. 

1.  Put  down  one  hundred  and  four 

2.  One  thousand  two  hundred  and  forty 

3.  Twenty  thousand,  three  hundred  and  forty-five 

c 


Jinx. 

104 

1,240 

20,345 


«4iM~ 


30 


DOTATION    AND  NUMIRATION. 


t 


' 


f  SI' 


7. 
8. 


4.  Two  hundred  and  thirty-four  thousand,  fire  •^m. 
hundred  and  sixty-seven  234,567 

5.  Thr«e  hundred  and   twenty-nine    thousand, 

seven  hundred  and  seventy-nine  329,779 

6.  Seven  hundred  and  nine  thousand,  eight  hun- 
dred and  twelve          ....  709,813 

Twelve  hundred   and  forty-seven  thousand, 

four  hundred  wad  fifty-seven               .            .  >!.,247,457 

One  million,  three  hundred  and  ninety-seven 

thousand,  four  hundred  and  seventy-five        .  1,397,475 

9.  Put  down  fifby-four,  seven-tenths        .           .  54-7 

10.  Ninety-one,  five  hundredths    .           .           .  91-05 

11.  Two,  three-tenths,  four  thousandths,  and  four 
hundred-thousandths                                      .  2-30404 
Nine  thousandths,  and  three  hundred  thou- 
sandths           .....  000903 
Make  437  ten  thousand  times  greater            .  4,370,000 
Make  2*7  one  hundred  times  greater              •  270 

15.  Make  0-056  ten  times  greater             •           •  0-56 

16.  Make  430  ten  times  less          .            •            .  43 

17.  Make  2-75  one  thousand  times  Vm     .           .  000275 


12. 

13. 
14. 


Numeration 


1.  read  132 

2.  —  407 

3.  —  2760 

4.  —  5060 

5.  —  37654 

6.  —  8700002 


7.  read  8540326 


8. 

9. 
10. 
11. 
12. 


5210007 

6030405 

560075 

3-000006 

00040007 


13.  Sound  travels  at  the  rate  of  about  1142  feet  in  a 
second ;  light  moves  about  195,000  miles  in  the  same  time. 

14.  The  sun  is  estimated  to  be  886,149  miles  in  diameter} 
its  sise  is  1,377,613  times  greater  than  that  of  the  earth. 

15.  Tho  diameter  of  the  planet  mercury  is  3,108  mileSi 
and  his  distance  from  the  sun  36,814,721  miles. 

16.  The  diameter  of  Venus  is  7,498  miles,  and  her  dis- 
tance from  the  sun  68,791,752  miles. 

17.  The  diameter  of  the  earth  is  about  7,964  miles ;  it  is 
95,000,000  miles  from  the  sun,  and  travels  round  the  latter 
at  the  rate  of  upwards  of  68,000  miles  an  hour. 

18.  The  diameter  of  the  moon  is  2,144  miles,  and  her  dis- 
tance from  the  earth  236,847  miles. 

19.  The  diameter  of  Mars  is  4,218  miles,  and  his  distanc« 
from  the  sun  144,907,630  miles. 

20.  The  diamet5er  of  Jupiter  is  89,069  miles,  and  hb  diA> 
taoiie  from  th«  nin  494,499,108  miles, 
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234,567 

329,779 

709,812 

i,247,457 

1,397,475 

547 

9105 

2-30404 

000903 

4,370,000 

270 

056 

43 

000275 

-4,"^ 

5 

7 

■*s 

16 

(07 

reet  in  a 
ne  time, 
liameter; 
earth. 
08  miles, 

her  dis- 

0i'^_ 

les;  it  is 
the  latter 

.i|a 

>^9 

1  her  dis- 

1  distance* 

V9 

dhbdia^ 

21.  The  diameter  of  Saturn  is  78,730  miles,  and  his  dis- 
tance fhnn  the  sun  907,089,032  miles. 

^.  The  length  of  a  pendulum  which  would  Tibrate 
«ec<mds  at  the  equator,  is  39-011,684  inches ;  in  the  latitude 
vf  45  degrees,  it  is  39- 116,820  inches;  and  in  the  latitude  of 
90  degrees,  39  221,956  inchss. 

23.  It  has  been  calculated  that  the  distance  from  the 
earth  to  the  nearest  ^ed  star  is  40,000  times  the  diameter 
of  the  earth's  orbit,  or  annual  path  in  the  heavens ;  that  is, 
about  7,600,000,000,000  miles.  Now  suppose  a  cannon 
ball  to  fly  from  the  Oarth  to  this  star,  with  a  unifori^  velocity 
equal  to  that  with  which  it  first  leaves  the  mouth  of  the 

fun — say  2,500  feet  in  a  second — it  would  take  nearly 
,000  years  to  reach  its  destination. 

24.  A  ])iece  of  gold  equal  in  bulk  to  an  ounce  of  water, 
would  weigh  19*258  ounces;  a  piece  of  iron  of  exactly  the 
same  sise,  7-788  ounces^  of  copper,  8-788  ounces  j  of  lead, 
11*352  ounces;  and  of  silver,  10-474  ounces. 

NoTB.—The  examples  in  notation  mny  be  made  to  answer 
for  numeration ;  and  the  reverse. 

QUESTIONS   IN   NOTATION   AND   NUMERATION. 

[The  references  at  the  end  of  the  questions  show  in  what 
paragraphs  of  the  preceding  section  the  resp'  jtive  answers 
are  principally  to  be  found.] 

1.  What  is  notation  ?  [1]. 
.  y2.  What  is  numeration .?  [1]. 
-  ^.  How  are  we  able  to  express  an  infinite  Tariely  of 
ntlmbers  by  a  few  names  and  characters  ?  [3] . 

4.  How  may  we  suppose  ideas  of  numbers  to  have 
been  orinnally  acquirea  ?  [4,  &c.]. 

5.1  What  is  meant  by  the  common  ratio  of  a  system 
ofnWbers?  [12]. 

6.  Is  any  particular  number  better  adapted  than 
anothef  for  the  common  ratio  ?  [1^] . 

7.  Are  there  systemui  of  numbers  without  a  ammm^ 
niioi  [11]. 

^  S.wWhat  is  meant  by  qninary,  decimal,  daodecimal, 
Tigeimnal,  and  sexagesimN  systems  ?  [131. 

9.  Explain  the  ^abio  system  of  notation  ?  [15]. 
lOvWIiat  are  digits?  [16]. 


11 


K 


■<ipMii»ii»»iiii]ii.tii  I  Jiffli"!'*'''"**'.''*;"*' 


ii*iiiiwwi 


32 


NOTATION    AND   NUMERATION. 


! 


V> 


12.  What  ifl  meant  by  their  absolute  and  relative 

faluea?  [16].  ,    ,  .    i    ^ 

13.  Are  a  digit  of  a  higher,  and  the  equivalent  num- 
^r  of  uniU  of  a  lower  order  precisely  the  same  thing  ?)vir 

l20].  ,  , 

14.  Have  the  characters  we  use,  always  and  every 

irhere  been  employed  to  express  numbers  ?  [21]. 

16.  Explain  the  Roman  method  of  notation  ?  [22,  &c.] . 
vl6.  What  is  the  decimal  point,  and  the  position  of 
(he  different  orders  of  units  with  reference  to  it  ?  [26 

17.  When    and    how  do  oypj^rs   aflRsot   significant 

figures  ?  [28]  •a , V  ,,     «    v  v      j 

18.  What  is  the  difference  between  the  English  and 
French  methods  of  dividing  numbers  into  periods  ?  [29].  ,    ' 

19.  What    is    the  difference   between    mtegers  and 

Ueoimals?  [35]  .y 

20.  What  is  meant  by  the  ascending  and  descending 
series  of  numbers ;  and  how  are  they  related  to  each 
other?  [36]. ^^ 

21.  Show  that  in  expressing  the  same  quantity,  we 
must  phwse  the  decimal  point  differently,  according  to 
the  unit  of  comparison  we  adopt  ?  [38]. 

"^  22.  What  effect  is  produced  on  a  digit,  or  a  quantity  ^ 

by  removing  it  a  number  of  flaus  to  the  right,  or  left. 
I   M  similarly  removing  the  decimal  point  ?  [34  and  39] 

■"'■■'■  /-"■/  .  ..  H'     .<■    •  €-^'''- 
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•IMPLl   ADDITION. 

1.  If  numbers  are  changed  by  any  arithmetical  pro- 
cess, they  are  either  increased  or  oiminished ;  if  in- 
creased, the  effect  belonp  to  Addition;  if  diminished, 
to  Subtraction.  Hence  au  the  rules  of  Arithmetic  are 
ultimately  resolvable  into  either  of  these,  or  combina- 
tions of  both. 

2.  When  any  number  of  quantities,  either  different^ 
or  repetitions  of  the  same,  are  united  together  so  as 
to  form  but  one,  we  term  the  process,  simply,  "  Addi- 
tion." When  the  quantities  to  be  added  are  the  samy 
but  we  may  have  as  many  of  them  as  we  please,  it  is 
called  *' MukipUoation ;"  when  they  are  not  only  the 
same^  but  tlioir  number  is  indicated  hj  one  of  thm,  the 
process  belongs  to  "Involution."  That  is,  addition  re- 
stricts us  neitber  as  to  the  kind,  nor  the  number  of  the 
quantities  to  be  added  ;  multiplication  restricts  us  as  to 
the  kind,  but  not  the  number;  involution  restricts  us 
both  as  to  the  kind  and  number: — all,  however,  are 
really  comprehended  under  the  same  rule — addition. 

3.  Simple  Addition  is  the  addition  of  abstract  num- 
bers ;  or  of  applicate  numbers,  containing  but  one  deno- 
mination. 

The  quantities  to  be  added  are  called  the  addendi ; 
the  result  of  the  addition  is  termed  the  svm. 

4.  The  process  of  addition  is  expressed  by  + ,  called 
the  plus,  or  positive  sign ;  thus  8+6,  read  8  plus  6, 
means,  that  6  is  to  be  added  to  8.  When  no  sign  is 
prefixed,  the  positive  is  understood. 

The  equality  of  two  quantities  is  indicated  by  =, 
thus  f!t+7=16,  means  that  the  sum  of  9  and  7  is  equal 
to  16. 
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Qui  ntities  connected  by  the  sign  of  addition,  or  that  of 
equtolity,  may  be  read  in  any  order ;  thus  if  7+9=16,  it 
18  true,  also,  th  1 9+7=16,  and  that  16=7+9,  or  9+7. 

5.  Sometimes  a  single  horiaontal  line,  called  a  vin- 
ciUam,  from  the  Latin  word  signifying  a  bond  or  tie, 
is  placed  over  several  numbers ;  and  shows  that  all  the 
quantities  under  it  are  to  be  considered,  and  treated  as 
but  one;  thus  in  4+7=11,  4+7  is  supposed  to  form 
but  a  single  term.  However,  a  vinculum  is  of  little 
consequence  in  addition,  since  putting  it  over,  or  remov- 
ing it  from  an  additive  quantity — ^that  is,  one  which  has 
the  sign  of  addition  prefixed,  or  understood— does  not 
in  any  way  alter  its  value.  Sometimes  a  parenthesis  ( )  is 
used  in  place  of  the  vinculum ;  thus  5+6  and  (5+6) 
mean  tlie  same  thing. 

6.  The  pupil  should  be  made  perfectly  familiar  with 
these  syinbob,  and  others  which  we  shall  introduce  as 
wt  proc^ ;  or,  so  far  from  being,  as  they  ought,  »^ 
great  advantage,  they  will  serve  only  to  embarrass  him. 
There  can  be  no  doubt  that  the  expression  of  quantities 
by  characters,  and  not  by  words  written  in  fml,  tends 
to  brevity  and  eleamess ;  the  same  is  equally  true  of  the 
processes  which  are  to  be  performed — the  more  con- 
cisely they  are  indicated  the  better. 

7.  Arithmetic^  rules  are,  naturally,  divided  into  two 
parts ;  the  one  relates  to  the  setting  down  of  the  quan- 
tities, the  other  to  the  operations  to  be  described.  We 
shidh  generally  distinguish  these  by  a  line. 

To  add  Numbers. 

Role.— I.  Set  down  the  addends  under  each  other, 
so  that  digits  pf  the  same  order  may  stand  in  the  same 
vertical  column — units,  for  instance,  under  units,  tens 
under  tens,  &c. 

U.  Draw  a  line  to  separate  the  addends  from  their 

4um. 



III.  Add  the  units  of  the  same  denomination  together, 

besinninfit  At  the  risht  hand  side. 
9-.^    -rS?  .1  °-* 1 !._  1—.-  Ai....  A^-,  m^*  :* 

I V .  XI  ine  sum  ox  aay  cuiuuiu  uu  ics§  uxau.  vcu,  si^v  sv 

down  under  that  column  ;  but  if  it  be  greater,  for  eveiy 
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nnder,  to  what  is  above  this  line.    If  aU  the  additions 
have  been  correctly  performed,  ike  latter  sum  wiU  be 
equal  to  the  result  obtained  by  the  rule :  thua^ 
6,678 


4,682 
8,697 
2,643 


21.646  sum  of  all  the  addenda. 

1^.872  sum  of  all  tlie  addends,  but  one. 
5,673  upper  addend. 

21,646  same  its  sum  to  be  proved. 
This  mode  of  proof  depends  on  thefac^t  that  the  whole  ia 

Xt Vt  rn-at/*;  ^.r^^'J^  whatever  or^?  j£yV| 
laKen,  .but  it  is  liable  to  the  objection,  that  any  error ;«joib! 
mmed  m  the  first  addition,  is  not  unlikely  to  bJr^i^T; 
the  second,  and  the  two  errors  would  then  WS  S^ii 
th.J'''^'^  addition,  therftfore,  it  is  better  to  go  throuch 

aownwards.    From  the  principle  on  which  the  last  mode  of 

l^     1  ^T^^*^'  i^^  '««"!*  «f  ^^^  additions-4h?  toct 
and  reversed—ought  to  be  the  Sflme.  "^—^'^e  airect 

It  should  be  remembered  that  these,  and  other  proofs  of 

S^ce  U  !s  not VS;;^  '^'''X''  ^^^^  V«  ^^  proSt^ 
since  It  18  not  in  any  case  quite  certain,  that  two  errors  cAl 

culated  to  conceal  each  other,  have  not  been  commTttedL 

^^il'J^''^^'^  Qttaw^i^,  cmdaining  Decimals. —From 
what  has  been  said  cm  the  aubject  of  notation  (Sec.  I. 
h.h  '*/PP|Yu  *^^*  .decimals,  or  quantities  to  the  right 
hand  side  of  the  decimal  point,  a^e  merely  the  conS- 
ation,  downwards,  of  a  series  of  numbers/ aK  (rf  wS 
[nteBl?'  «»°i*  l?ws;  and  that  the  dedmal  irtk 
intended  not  to  show  that  there  is  a  difference  in  the 
nature  of  quantities  at  opposite  sides  of  it,  but  to  ma^ 
where  the  *  unit  of  comparison"  is  placed.     Hencr?he 

a7^"lf^1;  ^:[.^^?3^>^^  WL  at  whatever  s!d 
all,  or  any  of  the  digits  m  the  addends  may  be  found 
It  la  necessary  to  remember  that  the  dedmV  point  in 
thasum  shOl  stand  precisely  under  the  decuna^^inte 
of  the  addends ;  since  the  diaii  of  th«  —  -"»*  i^^S.:.^ 
thevery  nature  of  the  proc?ss~[9J,  of  ■e;^Sly  X;^«;" 
vahies,  respecUvely,  ai  the  digit,  of  the  addends  ^r 

e2 
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whioli  they  are  ;  and  if  set  down  as  they  should  be,  their 
denominations  are  asoertained,  not  only  by  their  position 
with  reference  to  their  own  decimal  point,  but  also  by 
their  position  with  reference  to  the  digits  of  the  addends 
above  them. 

Example. 

263-786 
460-602 
687-008 
626-8 


1887-696 

It  is  not  necessary  to  fill  up  the  columns,  by  adding 
cyphers  to  the  last  addend ;  for  it  is  sufficiently  plain 
that  we  are  not  to  notice  any  of  its  digits,  until  we  come 
to  the  third  column. 

12.  It  follows  from  the  nature  of  notation  [Sec.  I. 
40] ,  that  however  we  may  alter  the  decimal  points  of 
the  addendGh^provided  they  are  all  in  the  same  vertical 
column — ^the  digits  of  the  sum  wiU  ooitinue  unchanged ; 
thus  in  the  following : — 


4786 

478-6 

47-86 

*4786 

•004786 

8267 

826-7 

82-67 

•8267              '003267 

6646 

664-6 

66-46 

1 

•6646             •006646 

14688 

1468-8 

146-88 

•4688             -014688 

EXERCISES. 

*, 

(Add  the  following  numbers.) 

Addition. 

MulUpUoation. 

laroIoUon. 

<V 

(S> 

<2> 

(4)        (6) 

(6) 

(7)       (8)       (9) 

4 

8 

8 

6          4 

9 

(8 

r4 

ffi 

6 

4 

9 

d          4 

9 

DO   <8      ^ 

4 

5 

8 

7 

7 

6          4 

9 

(8    ^ 

4  ud. 

6 

6 

6 

9 

6          4 

9 

wmmm 

4 

ft 

7 

2 

6 

6          4 

9 

16 

(10) 

^"i 

(12) 

(18) 

(14)            (16) 

6763 

8707 

2867 

6978 

6767           7647 

2841 

2465 

8246 

8767 

4679           1289 

5279 

6678 

1289 

1286 

1286 

8 

789 

-nil  II  imiwitw- 
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(W) 

(17) 

(18) 

(19) 

(20) 

(21) 

6678 

8767 

8001 

6147 

84667 

78466 

1S87 

4567 

.    2788 

8746 

47891 

46678 

2846 

1284 

•4667 

6789 

41284 

91284 

«,«>!*— 

'  olr**"" 

{-:+^Tt- 

(22) 

(28) 

(24) 

(26) 

(26) 

(27) 

4 

76789 

84567 

78789 

84673 

78412 

86707 

46767 

89128 

01007 

78T67 

70760 

46770 

'  « 

12476 

45678 

84657 

45679 

47076 

86767 

(81) 

(88) 

(28) 

(29) 

(80) 

(82) 

45697 

76767 

28456 

45678 

23746 

87967 

876?6 

45677 

78912 

91284 

67891 

82786 

■; 

86707 

76988 

84567 

66789 
(87) 

23466 

64127 
(89) 

^:,■^ 

(86) 

f 

(84) 

(85) 

(38) 

80071 

45676 

87645 

47656 

76767 

46676 

A 

45667 

87412 

67456 

12345 

12846 

84667 

" 

12345 

87878 

12345 

67891 

87676 

12846 

47676 

45674 

67891 

10707 

71267 

67891 

-  <v 

(40) 

(41) 

(42) 

(48) 

(44) 

(46) 

71284 

19128    . 

93456 

45678 

45679 

76766 

i 

12498 

67845 

18767 

84567 

84567 

84667 

h 

91879 

67777 

87124 

12846 

12846 

12846 

92456 

88899 

12456 

99999 

76767 

67891 

(46) 

(47) 

(48) 

(49) 

(60) 

(61) 

: 

87676 

78967 

84567 

47676 

6767B 

67667 

12677 

12845 

12345 

12346 

12346 

84567 

88991 

78767 

77766 

67671 

67912 

28456 

23478 

12671 

67846 

10070 

46'767 

76799 

m'niihiiim'1iitttk-0i<:..  -j,., 


iO 

4iiimitiQ^. 

(62) 

(«8) 

'164) 

^85) 

CM) 

<57) 

nu9 

67667 

767846 

>4!78894      > 

876767 

S76 

13846 

19807 

476734 

■WW.367 

}fil764 

i4889 

7i776 

84076 

467007 

44£345 

M6678 

i87 

souoo 

18707 

128456 

671284 

01^45 

64028 

<l^) 

(6») 

(60) 

m) 

im 

im 

74664 

•6676 

'78746 

W074 

42  •'87 

Dt87 

7874 

1667 

71207 

76670 

r66^84 

fe'273 

«76 

63 

100 

86 

87 '©3 

8-127 

6 

6767 

56 

77 

62-41 

>^-68 

(W) 

(66) 

(66) 

(67) 

•  08-786 

85-772 

•00007 

5471-8 

«0-766 

-.■f 

6084-82 

•06236 

668-47 

00-258 

57-8668 

•0572 

21 -502 

l<^-004 

f    . 

712-62 

•21 

0*00007 

(68) 

(69) 

(70) 

(71) 

81 -0286 

0-0007 

8456-5 

676-84 

876  08 

... 

5000- 

-37 

4000-005 

4712-5 

427- 

8456-302 

213-5 

6 -63712 

87-12 

-06 

7 

2768- 

J^.  ^£76544-  iesOlSl  +  jeiOO  +  Mm67   +  iD675 
=£135317. 

73.  £10  +   £7676  -4-   £97674  +  £676  +  £9017 
=£115053. 

74.  £971  +£400+£974764-£30+£7000+£76734 
=£182611. 

76.  10000  4-  76567  +  10+76734  +  6763  +  6767+1 

.  =176842. 
^6.  1  +  2  +  7676  +  100  +  9  +  77^7  +  67=15622. 

"/7-    7fi   4-  0970  J- 513  4-  QQT7_l.inn  J-ftTft^nr-LRTfiTPA 

=764563. 


/> 
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76.  -7*  +  'B  +  •'?'56  +  •7!&544--345+'i-f  •60^4--0t 

70.   •4-f74-47+37-0074-7505+747-077=934-Cl04. 

86.  66-05+4-75+007+36-l4-f4-i^!S=:i01-619. 
m.  •7^  +  -0676+76-f5+5-|-*05.=^)^-3l76. 

82.  •5+-05+-0064-5+60+506=5d5'55&. 

83.  •367-|-66-7+76i!2+9'5"6-f471=1387*'667. 

84.  H--14-10+01  +  160+001=171-lll. 

85.  3-76+44-^4-476-l+5'5=5Ji9'66. 
^6.  36-77+4-42+l-l001  +  -6=42-89di. 

87.  A  itierchant  ow^s  to  A.  £1300  ;  to  B.  M69  ;  tb 
0.  JB1310  ;  to  D.  iS50  ;  and  to  E.  £1900  ;  what  is  tU 
sutii  of  all  liis  debts  .?  .    ,  .  ^     Ans.£5ltk 

88.  A  iftercliant  hfi  f<^(56iM  1^6  {m(Mn^  fetims  :— 
£200,  £315,  £317,  £10,  £172,  £513  i^d  ^  ;  ^hat  ik 
the  amotittt  of  all  ?  A^.Mt6^6. 

89.  A  mercbatit  hoii^tit  7  caskS  ttf  iftSl^bh^iidi^S.  T^d. 
1  weighed  310  tt> ;  Ko.  2,  420  ft  ;  lifo.  3,  ^38  ib  ;  No. 
4,  335  ft  ;  Nd.  5,  400  ft  ;  No.  6,  412  ft  ;  and  No.  7 
429  ft  :  What  is  th6  height  of  the  entire  ? 

'  '  '^  A>As.ii&44ili, 

^90.  What  is  the  tdtal  Weight  of  9  caSks  of  godds  :— 
Nod.  1, 2,  and  3,  Weighed  each  350  ft  ;  Nos.  4  and  5, 
each  331  ft;  No.  6,  310  ft ;  Nos.  7,  8,  attd  9,  each 
342  ft.?  Am.  3048  fc. 

91=  A  merchant  |)aid  the  folloWitig  sutiis : — Modby 
£2040,  £1320,  £1100,  and  £9070;  how  much  Was 
the  aifibniit  of  all  the  payments  ?         ,       4^.  £18530. 

92.  A  lin^n  draper  sold  10  J)iec^s  liif  d)o^H,^thei|r^t 
c^ntaiiied  34  yards;  the  second,  thir^.fotiHh,  iti4  tftH, 
each  36  yards ;  the  ^th,  seventh,  and  ci^Elh,  ^bh  3^ 
ya)^<!b;  and  the  ninth  and  tenth  ca6h  3i5  yardd ;  hbW 
many  yards  Were  there  in  all .? .   /  ^ns.  347. 

93.  A  cashier  xcceived  sit  hs^h  6f  ihoiiey,  the  Ifir^t 
held  £1034  ;  the  ^cotid,  £1025  ;  the  third,  £2008  ;  tha 
fourth,  £7013  ;  the  '^th,  £5075  ;  pid.  thfe  suttk,  £89  : 
how  mnch  wi^  the  wh6le  suih  ?  A'^.  £16^44. 

94.  A  vintticr  buys  6  pipes  6f  bratidy,  dOntainihg  ai^ 

foUoWSt 126.  118    125.  121     127.  and   119  ffallona; 

how  many  gallons  in  the  whole  ?       '        Am.  736  gilsl 

95.  Wb&t  is  ih«  total  weight  of  7  <ilodb,  No.  i,  6^tt- 
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taining,  960  lb  ;  No.  2,  725  ft) ;  No.  3,  830  ib  ;  No.  4, 

J   and  No.  7, 
Aiiit  5566  ft). 


798  ft);  No.  6,  697  ft);   No.  6,  569  ft) 


987  ft)  ? 

96.  A  merchant  bought  3  tons  of  butter,  at  JS90  per 
ton  ;  and  7  tons  of  tallow,  at  iB40  per  ton  j  how  much 
is  the  price  of  both  butter  and  tallow  ?  Ans.  ^£550. 

97.  If  a  ton  of  merchandize  cost  ^239,  what  will  20 
tons  come  to  ?  -<4.7w.  £780. 

98.  How  much  are  five  hundred  and  seventy-three ; 
eight  hundred  and  ninety-seven ;  five  thousand  six  hun- 
dred and  eighty-two  ;  two  thousand  seven  hundred  and 
twenty-one ;  fifty-six  thousand  seven  hundred  and  seventy- 
one  ?  Ans.  66644. 

99.  Add  eight  hundred  and  fifty-six  thousand,  nine 
hundred  and  thirty-three  ;  one  million  nine  hundred  and 
seventy-six  thoifeand,  eight  hundred  and  fifty-nine  ;  two 
hundred  andi  three  millions,  eight  hundred  and  ninety- 
five  thousand,  seven  hundred  and  fifty-two. 

^7M.  206729544. 

100.  Add  three  millions  and  seventy-one  thousand ; 
four  millions  and  eighty-six  thousand  ;  two  millions  and 
fifty-one  thousand ;  one  million ;  twenty-five  millions  and 
six ;  seventeen  mUlions  and  one ;  ten  millions  and  two ; 
twelve  millions  and  twenty-three  ;  four  hundred  and 
seventy-two  thousand,  nine  hundred  and  twenty-three ; 
one  hundred  and  forty-Uiree  thousand ;  one  hundred  and 
forty-three  millioiis.  "  ^tw.  217823955. 
'"lol.  Add,  one  hundred  and  thirty-three  thousand; 
seven  hundred  and  seventy  thousand ;  thirty-s^ven  thou- 
sand ;  eight  hundred  and  forty-seven  thousand;  thirty- 
three  thous^ad ;  eight  hundred  and  sevqniy-six  thousana  ; 
lour  hundred  and  ninety-one  thousand.     Ans.  3187000^ 

'102.  Add  together  one  hundred  and  sixty-seven  thou- 
sand ;  three  hundred  and  sixty-seven  thousand ;  nine  hun- 
dred and  six ,  thousand  ;  two  hundred  and  forty-seven 
thousand  ;  ten  thousand  ;  seven  hundi-ed  thousand ;  -ninQ 
hundred  and  seventy-six  thousand;  one  hundred,  aj^^ 
ninety-five  thousand ;  ninety-seven  thousand. 

"      •  j[7.^.  3665000. 

1 03.  Ad4    three  ten-thousandths;    forty-four,,  $vo 

fi^nths }  fiye  hi:(ndr^dth8 1  ^uf.  tl^ousand&s,  eight  ten-thou- 


i 
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.andths;  four  tbousand^aiid  ^oriy-one ;  ^eniy-two,one 
tenth ;  ine  ten-thousandth.  ^     ^"'^i^^     v 

104  Add  one  thousand ;  o^e  ten-thousandth ;  five  hun- 
dredths ;  fourteen  hundred  ind  fortv ;  two  te»t^«>  *^'«^ 
ten-tho^ndths  ;  five,  four  tenths,  iour^h^usan^^l^.  ^^ 

105.  rThe  circulation  of  promissory  notes  for  the  four 
weeks  ending  Fehruary  3,  1844,  ^^.  ^/^^^X'^E^^^ 
of  Englandrahout  ^21,228,000  i  PP^.'^^.^^^^^.^f^^^^f; 
land  and  Wales,  ^,980,000;   Jomt  Stock  Banks  of 

S  tiks  o'f  Ireland,  ^2,4.9,000  :  J^^at^-^^^^^^^^^ 

'^^'SrChronologers  have  stated  that  the  creationof 
the  world  occurred  4004  years  hefore  Christ ;  the jieluge, 
2348  ;  the  call  of  Abraham,  1921 ;  t^/^^^P^*^^^!*^,^ 
Israelites,  from  Egypt,  1491 ;  the  foundation  of  So bmon  s 
temple,  1012 ;  the  end  of  the  captivity,  536  This  bemc 
the  year  1844,  how  long  is  it  since  each  of  these  evente? 
Ans.  From  the  creation,  5848  yeaxs ;  from  the  deluee, 
4192:  from  the  call  of  Abraham,  3765;  froni  the  do- 
partuJe  of  the  Israelites,  3335 ;  from  the  foundation  of  tho 
temple,  2856 ;  and  from  the  end  of  the  captmty,  2380 
107  The  deluge,  according  to  this  calculation,  occur- 
red 1656  years  after  the  creatioj|^the  call  of  Abraham 
427  after  the  deluge ;  the  dep»re  of  the  Israelites, 
430  after  the  call  of  Abraham ;  the  foundation  of  the 

temple,  479  after  the  departure  of  ,the^  I»'/«V**«  V  ^^^ 
the  end  of  the  captivity,  476  after  the  fi)undat«)n  of  the 
temple.    How  many  years  from  the  first^teth^^^^^^^^ 

''\08.  Adam  lived  930  years  ;  Seth,  912  ;  Enos,  905  ; 
Cainan,  910  ;  Mahalaleel,  895 ;  Jj^ed,  962^;  Enoch,  365  ; 
Methuselah,  969 ;  Lamech,  777^^Noah,.950 ;  Sh^'". 600 ; 
Arphaxad,  438  ;  Salah,  433  ;  Heber,464  ;  Pejeg,  239  ; 
Reu,  239  :  Serug,  230 ;  Nahor,  148  ;  Terah,  J^ ;  Abra- 
ham  175  Isaac,  180 ;  Jacob,  147.  What  is^e  sum  of 
all  their  ages  ?  .Itw.  12073  years 

13.  Tho  pupil  should  not  b«  allowed  to  leave  addition, 
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tratil  he  otn,  Wifh  gr^kt  rapiditr,  oontinually  &dd  fttiy  of 
tiie  nine  digits  to  a  given  quantity  ;  thus^  b^ghning  with 
9,  to  add  6,  he  should  gav :— 9,  15,  1^1,  27,  33,  &o., 
without  hesitation,  or  further  nftontioti  of  the  numbers. 
For  tnstanee,  he  should  not  be  alloWdd  to  pi^dOeed  thus : 
9  and  6  iare  15 ;  15  and  6  are  21 ;  &o. ;  nor  even  9  and 
6  are  15  ;  and  6  are  21  ;  &c.  He  should  be  able,  ulti- 
mately, to  add  the  following — 


— ♦76©' 1 


)^ 


_^- -^^'— :!io78ecr__J' 


in  this  manner : — ^2,  8  ...  16  (the  sum  of  the  column ; 
of  which  1  is  to  be  carried,  and  6  to  be  set  down)  \  5, 
10  ...  13 ;  4,  11  ...  17 ;  10,  14  ...  19. 


QUfiSTIOKS   TO   BE   ANSWERED    BY   THE   POPIL. 

1.  To  how  many  rules  m^y  all  those  of  turithmetio  be 
reduced?  [1], 

2.  What  is  addition  ?  [3].  ;    » 

3.  What  are  the  names  of  the  quantities  used  in  addi- 
tion.? [3]. 

4.  What  are  the  subs  of  addition,  and  equality  ?  [4]. 

5.  What  is  the  viHuum  ;  and  what  are  its  effects  on 
additive  quantities  ?  [5] .  ^ 

6.  Whiitis  the  rule  for  addition?  [7]. 

7.  What  are  the  reasons  for  its  different  parts  ?  [9]. 

8.  Does  this  rule  apply,  at  whatever  side  of  the  deci- 
mal point  all,  or  any  of  the  quantities  to  be  added  are 
found?  [11]. 

9.  How  is  addition  proved  ?  [10]. 

10.  What  is  the  reason  of  this  prodf  ?  [10]. 


%' 
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SIMPLE    SUBtllACTlON. 

-14   SwmU  «ubtraotion  is  oonfinietl  to  abrttaot  ntittibert, 
and  lippUcate  which  consist  of  but  one  denommatiOD, 

Suftractm  enables  us  to  take  one  "po^T^j  «»?jd^^« 
subtrdhmd,  from  another  called  ikemUiv^.  K  any- 
thinir  s  left,  it  is  called  the  excess.;  in  commercial  con- 
cern^ it  is  termed  the  remainder  ;,  and  in  Hie  mathema- 
tioal  Bciences,  the  ^^erme.       ^ 

15.  Subtraction  is  indicated  by —,  Called  the  minus, 
ornegative  sign.  Thus  5-4=1,  read  five  miiftis  fo^ 
LX  o*ie>dioates  that  if  4  is  substtacted  from  5, 

""""Qlautities  connected  by  the  negative  sign  oannot^be 
taken,  Indifferently,  in  any  order ;  because,  for  «a«PW'» 
r^fe  trot  the  sairie  as  4-^5.    In  <^e  fbrmer  tjase  the 
positive  quantity  is  the  greater,  and  1  (jf^ich  means 
4.ir4l)  is  left;  in  the  latter,  the  negative  quantrgj 
fa  ihfe  greater,  and  —1,  or  one  to  be  subtracted,  atfll 
remain^  '  TdillustTatte  yet  further  the  use  and  nature 
of  the  Mgns,  let  us  suppose  that  we  have  five  pound*, 
and  01^6  four  ;-the, five  pounds  we  luive  will  be  repre- 
sented by  5,  and  our  debt  by  ^ ;  taking  the  4  from 
the  5,  we  shAll  have  1  pound<i|-l)  rennunmg.     Next 
let  «s  suppose  that  we  Aa«  only  four  pounds^und  owe 
five  •  if  we  take  the  5  from  the  4— that  is,  if  we_pay 
as  far  as  we  can— a  debt  of  one  po^nd,  repreeeiited  by 
—1,  will   still    remain  ;—consequentty  5— 4=sl ;   but 

16~A  vinculum  placed  oveir  a  subtractive  ouantity, 
or  one  having  the  negative  sign  prefixed,,  al^  its 
value,  unless  we  change  all  the  signs  but  the  first:— 
thus  5— 3+2,  and  5—34-2,  are  not  the  BWjg  tliibg; 

for  5— 34-a=4  ;  but  5--3+2  (3+2  'beiJS^J'^*^ 
now  as  bit  one  quantity)  =0 ;  for  S+a-^^therefiyre 

—3+2  is  the  same  as  5—5,  whkA  leaves  »o^^|j J*^^ 
in  other  words,  it  is  equal  to  0. 
all  the  signs,  except  the  first,  the 
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not  altered  by  the  vinculum; — thus  6—3+2=4;  and 
6—3—2,  also,  is  equal  to  4. 

Again,  27-44-7-3-27. 
27-4+7=5=19. 

But      :.7-4i:7+3  ^'^SS-.&f  i^liX*?: A?U) }  -27- 

TKe  following  example  will  show  how  the  vinculum 
aJBfects  numbers,  according  as  we  make  it  include  an 
additive  or  a  subtractive  quantity : — 

484-7-3-8+7-2=49. 

^Q  ,  -7 — 5 — s-jTW — o__A0 .  what  ia  under  the  Tinculum  being 
^o-\-i—6—0-*-f  —^fsss^yy     addiUve,  it  is  not  neoestary  to 

'.ir.r*AJt    b'ifh'  change  any  signs. 

AQ  I  T     TTH — TTTi A(\ .  it  is  now  necessary  to  change  all  the 

Vj-^i—a-j-o — /-f-ifcsa^^ ,      gjgm  ,4„jj^  th.  vinculum. 

484-7—3 — 8—74-2=49:  it  i«  necessary  in  this  case,  also, 
.~      _     «      ^     u  '  ^      ./v        to  change  the  signs. 
48+7— 3—8+7— 2=s49 ;  it  is  not  nScessary  in  this  ease. 

In  the  above,  we  have  sometimes  put  an  additive,  and 
sometimes  a  subtractive  quantity,  under  the  vinculum ; 
in  the  former  case,  we  v;ere  obliged  to  change  the  signs 
of  all  the  terms  connected  by  the  vinculum,  except  the 
first — that  is,  to  change  aU  the  signs  under  the  vin- 
culum ;  in  the  latter,  to  preserve  the  original  value  of 
the  quantity,  it  was  not  necessai  y  to  change  any  sign. 

To  Subtract  Nuiihers. 

17.  Rule.— I.  Pla|i|  the  digits  of  the  subtrahend 
under  tLjse  of  the  same  denomination  in  the  minuend- 
units  under  units,  tens  under  tens,  &c. 

II.  Put  a  line  under  the  subtrahend,  to  separate  it 
from  the  remainder. 


in.  Subtract  each  digit  of  the  subtrahend  from  the 
one  over  it  in  the  ininuend,  beginning  at  the  right  hand 
side. 

rV.  Kfe5^y  order  of  the  minuend  be  smaller  than  the 
quantitjflB^  subtracted  from  it,  increase  it  by  ten ;  and 
either  c^Hier  the  n<.  ^  order  of  the  minuend  as  lessened 
by  unity,  or  the  next  order  of  the  subtrahend  as  in- 
creased by  it. 

T.  After  subtracting  any  denominaUon  of  the  sub- 
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trahend  from  the  corresponding  part  of  the  minuend, 
set  down  what  i»  left,  if  any  thing,  in  the  place  which 
belongs  to  the  B«.ne  denomination  of  the  **  remainder. 

VI.  But  if  there  is  nothing  left,  put  down  a  cypher- 
provided  any  digit  of  the  "  remainder"  will  be  more  dis- 
tant from  the  decimal  point,  and  at  the  same  side  of  it. 
18.  Example  1.— Subtract  427  from  792. 
792  minuend. 
427  subtrahend. 

365  remainder,  diflfereace,  or  ex<;  iss. 
We  cannot  take  7  units  from  2  units ;  but «'  borrowing,"  as 
it  is  called,  orus  of  the  9  tens  in  the  minuend,  and  consider- 
ing it  as  ten  units,  we  add  it  to  the  2  units,  and  then  have 
12  units ;  taking  7  from  12  units,  5  are  left :— we  put  5  in 
the  units'  place  of  the  "remainder."  We  may  consider  the 
9  tens  of  the  minuend  (one  having  been  taken  away,  or 
borrowed)  as  8  tens;  or,  which  is  the  same  thing,  may 
suppose  the  9  tens  to  remain  as  they  were,  but  the  2  tens 
of  the  subtrahend  to  have  become  3;  then,  2  tens  from  8 
tens,  or  3  tens  from  9  tens,  and  6  tens  are  left :— we  put  6 
in  the  tens'  place  of  the  "  remainder."  4  hundreds,  of  the 
subtrahend,  taken  from  the  7  hundreds  of  the  minuend, 
leave  3  hundreds— which  we  put  in  the  hundreds'  place  of 
the  "remainder." 


Example  2. 


-Take  564  from  768. 
768 
564 


When  6  tete  are  taken  from  6  tens,  nothing  is  left;  we 
therefore  put  a  cypher  in  the  tens'  place  of  the  "remainder." 

Example  3.— Take  537  from  594. 

594 
537 

"67'- 
When  5  hundreds  are  taken  from  5  hundreds,  nothing 
remains ;  but  we  do  not  here  set  down  a  cypher,  mace  no 
significant  figure  in  the  remainder  is  at  the  mmmnde  of, 
and  farther  from  the  decimal  point,  than  the  pUm  which 
would  be  occupied  by  this  cypher. 

^t\      Tft . T         -nr  -     A.     J.  ..fx—     .^     j.t ..^.^     Ji^m^^„^^i ^ 

iV.    aSASvv!     OF    X. TT  S    pUb    UIg!&S     VI      i,^V    SSUXU    ••JiViiVilllUSi^ 

tions  in  the  same  vertical  column,  that  the  different  parts 


ti'i;i^Wiilfe)t»ittlwyiiirti'tirtiir  i-  i 
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of  the  «ubtr*hend  m»y  be  neur  thoee  of  the  minuend  ftrom 
whioh  they  are  to  bo  token  ;  we  are  then  B^^e  that  the  eorrea* 
ponding  portion*  of  the  eubtrahend  and  minneiri  may  be 
easily  found.  By  thia  arrangeoMnfe,  also,  we  rerooTe  any 
doubt  aa  to  the  danominationa  to  wUch  the  digita  of  the  eub- 
trahend  belonf— the^r  values  "being  rendered  more  certain,  by 
their  position  with  reference  to  the  digits  of  the  minuend. 

Reason  or  11.— The  separating  line,  though  oonTenlent,  li 
net  of  such  importance  as  m  addiUon  [»] ;  since  tha  "  remam- 
t^er  •'  can  hardly  be  mistaken  for  another  quantity. 

RcAtoN  or  III.— When  the  numbenT  »»»  considerable, 
the  subtraction  cannot  be  effected  at  once,  from  the  limited 
powers  of  the  mind;  w^  therefore  divide  the  given  quantities 
into  parts ;  and  it  is  clear  that  the  sum  of  the  differences  of 
the  oorreaponding  parts,  is  equal  to  ;he  difflsrenoe  between 
the  sums  of  the  partisii— thus,  678— «27  is  evidently  equal 
to  600— 8004-70— 2D-f-8— 7,  as  can  be  shown  to  the  child  by 
pebbles,  &o.  We  begin  at  the  right  hand  side,  because  it  may 
be  necessary  to  alter  some  of  the  digits  of  the  minuend,  so  aa 
to  make  it  possible  to  subtract  from  them,  the  correspondmg 
ones  of  th^awbtrahend;  but,  unless  we  begin  at  the  riaht  hand 
aide,  we  cannot  know  what  alterations  may  be  required. 

RxAsoif  or  iV.- If  any  digit  of  the  minuend  be  smaller 
than  the  corresponding  digit  of  the  subtrahend,  we  can  proceed 
in  either  of  two  ways.  First,  we  may  increase  th*t  denomina- 
tion of  tha  minuend  which  is  too  small,  by  borrowing  on«  from 
the  next  higher,  (considered  as  ten  of  the  lower  denomination, 
or  that  which  is  to  be  increased,)  and  adding  it  te  thoie  of  tha 
lower,  already  in  the  minuend.  In  this  case  we  alter  tha 
form,  but  not  the  value  orthe  minuend ;  which,  in  the  exam- 
ple given  above,  would  become — 

Hundred!.       tent.  uniti. 

7  8  12  ^  792,  the  minuend. 

4  2  7  as  427,  the  subtrahend. 


6 


fr  ar  866,  the  diffieiretice. 


Or,  secondly,  we  may  add  equal  quantities  to  bqth  minuend 
and  subtrahend,  which  will  not  alter  the  diilftrence ;  then  vTa 
would  have 

HoiKlredi.      tent.       unlt«.  ,    .    ,^ 

7  9       2  -f-  10  =:  792  -h  10,  the  minuend  -f  10. 

4      2  4-1       7       =  ^27  4- 10,  the  subtrahend  4- 10. 

8  $  5       ;;»866  4-   0,  tha  B^pie  diftirence. 

In  tiiiia 
and  iiv^ii 

Reaion  or  V. — The  remainders  obtained  by  subtracttng. 


SHs  of  proceeding  we  do  not  use  the  giv«n  minuend 
itflKend,  but  others  which  produce  the  same  remainder. 


_______  ___    i,*^*- -^sia* 


suooessiveAjr,  tuv  utueiuu 

froai  thoaa  which  oorrespeud  in  the  minuend  are  the  porfsef 


/ 


./ 
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I  eorrei* 

one  may 
the  mb- 

taiff  ^f  , 
id.  » 

iii«Bt,  U 
remain' 

Iderable, 
i  limited 
u  entities 
tfOOOS  of 

between 
,ly  equal 
child  by 
96  it  may 
nd,  BO  as 
isponding 

ihfe  hand 


! 


\  smaller 
Q  proceed 
ienomina- 
one  from 
mination, 
>«e  of  thtt 
alter  th« 
he  exam- 


ind. 

minuend 
;  then  ire 


-10. 
I +  10. 

ence. 

t  minvend 
emaioiddr. 


btracttng, 
6  parts' et 


the  Mai  remainder.  They  are  to  be  let  down  under  the  deno- 
minations which  produced  them,  since  they  belong  to  theto 
denominations. 

Keason  or  VI. — Unless  there  is  a  signifloant  figure  at  the 
same  side  of  the  decimal  point,  and  more  distant  ft-om  it  than 
the  eypher,  the  latter— not  being  between  the  decimal  point 
and  a  significant  figure— will  be  uselets  [Seo.  I.  28],  and  may 
therefore  be  omitted. 

20.  Proof  of  Subtraction. — Add  toffether  the  re- 
mainder ana  subtrahend ;  and  the  sum  uioiild  be  equal 
to  the  minuend.  For,  the  remainder  expresses  by  how 
much  the  subtrahend  is  smaller  than  the  minuend ; 
addiuff,  therefore,  the  remainder  to  the  subtrahend, 
shoula  make  it  equal  to  the  minuend  ;  thus 

8764    minuend. 
6889    subtrahend.  I 

2916    di«erencf.     > 
Sum  ef  diffiNrenoe  and  subtrahend,  8764=minuend. 

Or ;  subtract  the  remainder  from  the  minuend,  aB** 

what  is  left  should  be  equal  to  the  subtrahend.     For 

the  remainder  is  the  excess  of  the  minuend  above  the 

subtrahend  :  therefore,  taking  away  this  excess,  should 

'  leave  both  f^ual ;  thus 

8684  minuend.  Pnoor :  8684  minuend. 

7986  subtrahend.  649  remainder. 

649  remejnder.        New  remainder,  ?9S6=Bubtrahend. 

in  practice,  it  is  sufficient  to  set  down  the  quantitiei 
[>Ace ;  thus 

8684  minuend. 
7986  aubtrahend. 

649  remainder. 

fer^itoe  between  reina^(^cir  a^d  minuei^d^  7986=9ubtrahend. 

21.  To  Subtractf  when  tM  quantitm  coi^if^  Ded- 
tils. — The  rule  just  given  is  applicable,  at  whatever 

Ue  of  the  decimal  point  all  or  any  of  the  digits  may 

fe  found ; — this  follows,  as  in  addition  [11],  from  the 

►ery  nature  of  notation.      It  is  necessary  to.^ut  the 

■ecimal  point  of  the  remainder  under  tl^()  deciiff^  points 

f  the  minuend  and  subtrahend;   otherwise  die  digits r 

r  the  remainder  wiH  not,  as  they  ought;  have- the  same 

^lue  as  the  digits  from  whick  they  have  been  deyiyed. 


y 


y 
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Example.— Subtract  427-85  from  56304. 

563-04  ^ 

427-85     ., 

135-19 
Since  the  digit  to  the  right  of  the  decimal  point  in  the 
remainder,  indicates  what  is  left  after  the  subtraction  of  the 
tenths,  it  expresses  so  many  tenths;  and  since  the  digit  to 
the  left  of  the  decimal  point  indicates  what  rer>ain8  after 
the  subtraction  of  the  units,  it  expresses  so  man^r  units  j— 
all  fjiis  is  shown  by  the  position  of  the  decimal  point. 

22.  It  follows,  from  the  principles  of  notation  [Sec.  I. 
40],  that  however  we  may  alter  the  decimal  points  of 
the  minuend  and  subtrahend,  as  long  as  they  stend  m 
the  same  vertical  column,  the  digits  of  the  difference 
are  not  changed ;  thus,  in  the  following  examples,  the 
flame  digits  are  found  in  all  the  remainders : — 


4362 
8547 

"816 


436-2 
864-7 

81-6 


43-62 
86-47 


•0816 


•0004862 
•0003547 

•0000815 


Proitt 
Take 


EXERCISES  IN  SUBTRACTION. 
(1)  (2)  (3)  (*) 

1969    7482    9076    8146 
1408    6711    4567    4877 


(5) 

8176 

2907 


(6) 
76P77 
46761 


From 
Take 

(7) 
86167 
61876 

(18) 
67001 
86690 

(8) 
67777 
46699 

(14) 
9783876 
^124767 

(0) 
71284 
48412 

(16) 
667374 
476476 

(10) 
900076 
899934 

(") 
876704 
297610 

(12) 
745674 
876789 

\3fH 

(18) 
876676 
240940 

m 

Prom 
Take 

(16) 
473676 
821799 

(17) 
6810766 
87670P 

'  %.  m^M 

,    .. 

Hf 
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(19         (20)         (21)         (22)  (28)  (24) 

IX^^ml    ^^%^0    1?S    ?S    ^^1«^<^^«    «"«60000 

250569    124799    37691734    31237777 


'6 

►7 

(6) 
76P77 
46761 

4 
[0 

(12) 
746674 
876789 

i6 

I*. 

(18) 
876676 
240940 

(26)         (26)         (27)  (28)  (29)         (30) 

Fi-om  1970000  7010707  67346001  1674661   14767674  4007070 
Take    1361111  844J216  47134777  1123640   7476909  mml 


(81) 
Trom  7045676 
Take    3077097 


(32) 

37670070 
26716645 


(33) 

70000000 
9999999 


(34)     (35) 
70040600  60070007 
66767767  41234016 


(36) 

From  11000000 
Take  9019919 


(37)      (88) 
3000001   8000800 
2199077    377776 


(89)      (40) 
8000000   4040068 
62368    220202 


(41) 


(42) 


From 
Take 

86-73 
42  16 

(46) 

0-00063 
0-00048 

866-4 
78-2 

'rem 
ake 

(47) 
874-32 
6-63705 

(43) 

694-763 
86-600 


(44) 

47-680 
0-078 


(48) 

57-004 
2-3 


(49) 
47632- 

0-846008 


(46) 

62-187 
20-005 


(60) 

400-827 
0-OOOd 


745676—667456=178220 

566789-76674=501115. 

941000-6007=935993. 

97001—60077=46924. 

76784—977=76767. 

56400—100=66300. 

700000—99=699901. 

6700—600=5200. 

9777 — 8Q=QAQ° 

76000-1=76999. 
00017-^8=90014. 


62.  97777-4=97778. 

63.  60000—1=59999. 

64.  75477-76=76401. 
66.  7-97—1-05=6-92. 

66.  1-76— -074=1-676. 

67.  97  07— 4-760=92-801. 

68.  7-05— 4-776=2-274. 

69.  10-761—9-001=1-76. 

70.  32- 10009-7 -121=4 -97909 

71.  176-1— -007=176-098. 

72.  16-06— 7-868=7-197. 


V 
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'  73   What  number,  added  to  9709,  will  make  it  10901 

Ans.  1192, 

74.  A  vintner  bought  20  pipes  of  brandy,  containing 
2459  gallons,  and  sold  14  pipes,  containing  1680  gal- 
ions  ;  how  many  pipes  and  gallons  had  he  remaining  ? 

Ans.  6  pipes  and  779  gallons. 

75.  A  merchant  bought  564  hides,  weighing  16800 
ft),  and  sold  of  them  260  hides,  weighing  7809  lb  ;  how 
many  hides  had  he  unsold,  and  what  was  their  weight  ? 

Am.  304  hides,  weighing  8991  ft). 

76.  A  gentleman  who  had  1756  acres  of  land,  gives 
250  acres  to  his  eldest,  and  230  to  his  second  son ;  how 
many  acres  did  he  retain  in  his  possession  ?     Ans.  1276. 

77.  A  merchant  owes  to  A.  JSSOO  ;  to  B.  je90  ;  to  C. 
JE750 ;  to  D.  .£600.  To  meet  these  debts,  he  has  but 
jg971 ;  how  much  is  he  deficient  ?  Ans.  £1269. 

78.  Paris  is  about  225  English  miles  distant  from 
London;  Rome,  950;  Madrid,  860;  Vienna,  820; 
Copenhagen,  610 ;  Geneva,  460  ;  Moscow,  1660  ;  Gib- 
raltar, 1160;  and  Constantinople,  1600.  How  much 
more  distant  is  Constantinople  than  Paris ;  Rome  than 
Madrid ;  and  Vienna  than  Copenhagen.  And  how  much 
less  distant  is  Geneva  than  Moscow ;  and  Paris  than 
Madrid  ?  Am.  Constantinople  is  1375  miles  more  dis- 
tant than  Paris;  Rome,  90  more  than  Madrid;  and 
Vienna,  210  more  than  Copenhagen.  Geneva  ia  1200 
milM  less  distant  than  Moscow;  and  Paris,  635  less 
than  Madrid.  i 

79.  How  much  was  the  Jewish  greater  than  the 
English  mile  ;  aUowing  the  former  to  have  been  13817 
miles  English?  -Atw.  03817. 

80.  How  much  is  the  English  greater  than  the  Roman 
mile ;  allowing  the  latter  to  have  been  0*915719  of  a 
mile  English  ?  ^««-  0-084281 

81.  What  is  the  value  of  6-3+15—4  ?       Am.  U 

82.  Of  43+7-3—14.? Am.  33 

83.  6f47-6— 2+1-24+16— -34?         Am.  5294 

84.  What  is  the  difference  between  15+13—6—81  + 


,  .M.         ^^         ^^  ••     ■     ^*.^\  \ 
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23.  Before  leaving  this  rule,  the  pupil  should  be  ablo 
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to  take  any  of  the  nine  digits  continually  from  a  given 
number,  without  stopping  or  hesitatmg.  Thus,  sub- 
tracting 7  from  94,  he  should  say,  94,  87,  80,  &c. ;  and 
should  proceed,  for  mstance,  with  the  following  example 

6376 

4298 

1078 
in  this  manner :--8,  16..  .8  (the  difference,  to  be  set 
down)  ;  10,  17...7  j  3,  3...0 ;  4,  5...1. 

QUESTIONS   TO    BE   ANSWERED    BY   THE   PUPIL. 

1.  What  is  subtraction  ?    [14]. 

2.  What  are  the  names  of  the  terms  used  in  subtrac- 
tion ?  [14]. 

3.  What  is  the  sign  of  subtraction  ?  [15]. 

4.  How  is  the  vinculum  used,  with  a  subtractiye 
quantity.^  [16]. 

6.  What  is  the  rule  for  subtraction  ?  [17]. 

6.  What  are  the  reasons  of  its  c'ifferent  parts  ?  [19]. 

7.  Does  it  apply,  when  there  are  decimals  ?  [21]. 

8.  How  is  subtraction  proved,  and  why  ?  [20]. 

^  9.  Exemplify  a  brief  mode  of  performinff  subtrac- 
tion? [23]. 


V  j  SIMPLE  MULTIPLICATION. 

24. 1  Simple  multiplication  is  confined  to  abstract 
numbers,  and  applieate  which  contam  but  one  denomi- 
nation. 

MultipKcation  enables  us  to  add  a  quantity,  caUed  the 
multiplicand,  a  number  of  times  indicated  by  the  multi^ 
plu^  The  multiplicand,  therefore,  is  the  number  mul- 
tiplied ;  the  multiplier  is  that  by  which  we  multiply : 
the  result  of  the  multiplication  is  caUed  the  prodii^: 
It  follows  that  what,  in  addition,  would  be  called  an 

addend,"  m  multiplication,  is  termed  the  "  multipli- 
cand;"  and  what,  m  the  former,  would  be  caUed  the 

...,„,.    ^„  .^„^  mii-or,  is  uesignatea  me  '-*  product."   The 
quantities  which,  when  multipUed  together,  give  the 
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product,  are  called  also  factors^  and,  when  they  are 
integers,  submuUiples.  There  may  be  more  than  two 
factors ;  in  that  case,  the  multiplicand,  multiplier,  or 
both,  will  consist  of  more  than  one  of  them.  Thus,  if  5, 
6,  and  7,  be  the  factors,  either  5  times  6  may  be  con- 
sidered as  the  multiplicand,  and  7  as  the  multiplier — or 
5  as  the  multiplicand,  and  6  times  7  as  the  multiplier. 

25.  Quantities  not  formed  by  the  continued  addition 
of  any  number,  but  unity — that  is,  which  are  not  the 
products  of  any  two  numbers,  unless  unity  is  taken  as 
one  of  them — are  called  prime  numbers  :  all  others  are 
termed  composite.  Thus  3  and  5  are  prime,  but  9 
and  14  are  composite  numbers ;  because,  only  threes 
multiplied  by  one,  will  produce  "  three,"  and  only^w, 
multiplied  by  one,  will  produce  "  five," — but,  three 
multiplied  by  three  will  produce  "  nine,"  and  seven  mul- 
tiplied by  two  will  produce  "  fourteen."  j 

26.  Any  quantity  contained  in  another,  some  number 
of  times,  expressed  by  an  integer — or,  in  other  words, 
that  can  be  subtracted  from  it  without  leaving  a  re- 
mainder— ^is  said  to  be  a  measurey  or  aliquot  part  of 
that  other.  Thus  5  is  a  measure  of  15,  because  it  is 
contained  in  it  three  times  exadly^ — or  can  be  sub- 
tracted from  it  a  number  of  times,  expressed  by  3,  an 
integer,  without  leaving  a  remainder  ;  but  5  is  not  a 
measure  of  14,  because,  taking  it  as  often  as  possible 
from  14,  4  will  still  be  left; — thus,  15 — 6=10,  10 — 5=: 
5,  5—5=0,  but  14 — 5=9,  and  9 — 5=4,  Measure, 
submultiple,  and  aliquot  part,  are  sjmonymous. 

27.  The  common  measure  of  two  or  more  quantities 
is  a  number  that  will  measure  each  of  them:  it  is  a 
measure  common  to  them.  Numbers  which  have  no 
common  measure  but  unity,  are  said  to  be  prime  to  each 
other;  all  others  are  composite  to  each  other.  Thus  7 
and  5  are  prime  to  each  other,  for  unity  alone  will 
measure  both  ;  9  and  12  are  composite  to  each  other, 
because  3  will  measure  either.  It  is  evident  that  two 
prime  numbers  must  be  prime  to  each  other ;  thus  3 
and  7  ;  for  3  cannot  measure  seven,  nor  7  three,  and — 
except  unity — there  id  no  other  number  that  wiU  mea- 
sure either  of  them. 
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Two  numbers  may  be  composite  to  each  fdheir^  and 
yet  OM  of  them  may  be  a  'privu,  number ;  thus  6  and  25 
are  both  measured  by  6,  still  the  former  is  |>n«ie. 

Two  numbers  may  be  compesitey  and  yet  prime  to 
each  other  ;  thus  9  and  14  are  both  composite  numbers, 
yet  they  have  no  common  measure  but  unity. 

28.  The  greatest  common  measure  of  two  or  more 
numbers,  is  the  greatest  number  which  is  their  common 
measure ;  thus  30  and  60  are  measured  by  5,  10,  15, 
and  30 ;  therefore  each  of  these  is  their  common  mea- 
sure ; — but  30  is  their  greatest  common  measure.  When 
a  product  is  formed  by  factors  which  are  integers,  it  is 
measured  by  each  of  them. 

29.  One  number  is  the  multiple  of  another,  if  it 
contain  the  latter  a  number  of  times  expressed  by  an 
integer.  Thus  27  is  a  multiple  of  9,  because  it  con- 
tains it  a  number  of  times  expressed  by  3,  an  integer. 
Any  quantity  is  the  multiple  of  its  measure,  and  the 
measure  of  its  multiple. 

30.  The  cmnmon  multiple  of  two  or  more  quantities, 
is  a  number  that  is  the  multiple  of  each,  by  an  integer ; — 
thus  40  is  the  common  multiple  of  8  and  5 ;  since  it  is  a 
multiple  of  8  by  5,  an  integer,  and  of  5  by  8,  an  integer. 

Th3  hast  common  multiple  of  two  or  more  quantities, 
is  the  least  number  which  is  their  common  multiple  ;— 
thus  30  is  a  common  multiple  of  3  and  5;  but  15  is 
their  hast  common  multiple ;  for  no  number  smaller 
than  15  contains  each  of  them  exactly. 

31.  The  equimultiples  of  two  or  more  numbers,  are 
their  products,  when  miiltijilied  by  the  same  number  ;•— 
thus  27,  12.  and  18,  are  equimultiples  of  9,  4,  and  6  ; 
because,  multiplying  9  by  three^  gives  27,  multiplying  4 
by  three^  gives  12,  and  multiplying  6  by  three,  gived  18. 

32.  Multiplication  greatly  abbreviates  the  process  of 
addition ; — ^for  example,  to  add  68965  to  itself  7000  times 
by  "  addition,"  would  be  a  work  of  great  labour,  and  con- 
sume much  time ;  but  by  "  multiplication,"  as  we  shall  find 
presently,  it  can  be  done  with  ease,  in  less  than  a  minute. 

33.  At  first  it  may  seem  inaccurate,  to  have  stated 
[2]  that  multiplication  is  a  species  of  addition  ;  since  we 
can  know  the  product  of  two  quantities  without  having 
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66 


MULTIPLICATION. 


5 


!. 


. 


recourse  to  that  rule,  if  they  are  found  in  the  multipli- 
cation table.  But  it  must  not  be  forgotten  that  the  mul- 
tiplication table  is  actually  the  result  of  additions,  long 
since  made  ;  without  its  assistance,  to  multiply  so  simple 
a  number  as  4  by  so  small  a  one  as  five,  we  should  be 
obliged  to  proceed  as  follows, 

4 
4 
4 
4 
4 

20 

performing  the  addition,  as  with  any  other  addends. 

The  multiplication  tJible  is  due  to  Pythagoras,  a  cele- 
brated Greek  philosopher,  who  was  born  690  years 
before  Christ. 

34.  We  express  multipU  nation  by  X  ;  thus  5X7= 
35,  means  that  5  multiplied  by  7  are  equal  to  35,  or 
that  the  product  of  5  UTtd  7,  or  of  5hy7,m  equal  to  35. 

When  a  quantity  under  the  vinculum  is  to  be  multi- 
plied by  any  number,  each  of  its  parts  must  be  multi- 
plied—for, to  multiply  the  whole,  we  must  multiply 
each,  of  its  parts^:-— thuSj_3X 7 +8—3=3X7+3 X 8-— 
3X3;  and  4+5X8+3—6,  means  that  each  of  the 
terms  under  the  latter  vinculum,  is  to  be  multiplied  by 
each  of  those  under  the  former. 

35.  Quantities  connected  by  the  sign  of  multiplication 
may  be  read  in  any  order;  thus  6x6=6x5.  This 
will  be  evident  from  the  following  illustration,  by  which 
it  appears  that  the  very  same  number  may  be  considered 
either  us  5X6,  or  6X5,  according  to  the  view  we  take 
of  it  :-^ 

«  c 


■f 
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e  multipli- 
it  the  mill* 
itions,  long 
Y  so  simple 
should  be 


lis  5X7= 
to  35,  or 

pal  to  35. 

•  be  multi- 
be  multi- 

b  multiply 

^+3X8— 
ch  of  the 
Itiplied  by 

Itiplication 
<5.  This 
,  by  which 
considered 
w  we  take 


are  multiplied  if  we  multiply  one  of  the  factors ;  thus 
6X7X3  multiplied  by  4=6X7  multiplied  by  3X4. 

36.  To  prepare  him  for  multiplication,  the  pupil 
should  be  made,  on  seeing  any  two  digits,  to  name  their 
product,  without  mentioning  the  digits  themselves.  Thus, 
a  large  number  having  been  set  down,  he  may  begin 
with  the  product  of  the  first  and  second  digits;  and 
then  proceed  with  that  of  the  second  and  thiid,  &c. 
Taking 

537634925867 

for  an  example,  he  should  say :— 40  (the  product  of  5 
and  8) ;  56  (the  product  of  8  and  7)  ;  42  j  18  ;  &c.,  as 
rapidly  as  he  could  read  5,  8,  7,  &c. 

To  Multiply  Numbers. 

37.  When  neither  multiplicand,  nor  multiplier  ex- 
ceeds 12 — 

Rule. — Find  the  product  of  the  given  numbers  by. 
the  multiplication  table,  page  1. 

The  pupil  should  be  perfectly  familiar  with  this  table. 

Example. — What  is  the  product  of  5  and  7  ?  The  mul- 
tiplication table  shows  that  5x7=35,  (5  times  7  are  35). 

38.  This  rule  is  applicable,  whatever  may  be  the 
relative  values  of  the  multiplicand  and  multiplier ;  that 
is  [Sec.  I.  18  and  40],  whatever  may  be  the  kind  of 
units  expressed — provided  their  absolute  values  do  not 
exceed  12.  Thus,  for  instance,  1200X90,  vrould  come 
under  it,  as  well  as  12X9  ;  also  •0009x0-8,  as  well  as 
9x8.  We  shall  reserve  what  is  to  be  said  of  the  man- 
agement of  cyphers,  and  decimals  for  the  next  rule ;  it 
will  be  equally  true,  however,  in  all  cases  of  multiplica- 
tion. 

39.  When  the  multiplicand  does,  but  the  multiplier 
does  not  exceed  12 — 

Rule. — ^I.  Place  the  multiplier  under  that  denonu- 
•nation  of  the  multiplicand  to  which  it  belongs.  ^ 

II.  Put  a  line  under  the  multiplier,  to  separate  it  from 
the  product. 


m. 


Multiply  each  denomination  of  the  multiplicand 


by  the  multiplier — ^beginning  at  the  right  hand  side. 


:     i 
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IV.  If  the  product  of  the  multiplier  and  any  digit 
of  the  multiplicand  ia  leas  than  ten,  set  it  down  under 
that  digit ;  but  if  it  be  greater,  for  every  ten  it  contains 
carry  one  to  the  next  product,  and  put  down  only  what 
remains,  after  deductmg  the  tens  ;  if  nothing  remains 
put  down  a  'cypher. 

V.  Set  down  the  last  product  in  full. 

40.  Example.  1.— What  is  the  product  of  897351x4? 
897351  multiplicand. 
4  multiplier. 

3589404  product. 
4  times  one  unit  are  4  units;  since  4  is  less  than  ten,  it 
gives  nothing  to  be  "carried,"  we,  therefore,  set  it  down  in 
ihe  units'  place  of  the  product.  4  times  5  are  twenty  (tens) ; 
which  are  equal  to  2  tens  f)f  tens,  or  hundreds  to  be  carried, 
and  no  units  of  tens  to  be  set  down  in  the  tens'  place  of 
the  product— in  which,  therefore,  we  put  a  cypher.  4 
times  3  are  12  (hundreds),  which,  with  the  2  hundreds  to  be 
carried  from  the  tens,  make  14  hundreds;  these  are  equal 
to  one  thousand  to  be  carried,  and  4  to  be  set  down  in  the 
thousands'  place  of  the  product.  4  times  7  are  28  (thou- 
sandsj,  and  1  thousand  to  be  carried,  are  29  thousands ;  or 
2  to  be  carried  to  the  next  product,  and  9  to  be  set  down 
4  times  9  are  36,  and  2  are  38 ;  or  3  to  be  carrried,  and  8  to 
be  set  down.  4  times  8  are  32,  and  3  to  be  carried  are  35  j 
which  is  to  be  set  down,  since  there  is  nothing  in  the  next 
denominati(m  of  the  multiplicand. 

Example  2.— Multiply  80073  by  2. 

80073 
2 


160146 
Twice  3  units  are  6  units;  6  being  less  t!;an  *m,  gives 
nothing  to  be  carried,  hence  we  put  it  down  in  the  units' 
place  of  the  quotient.  Twice  7  tens  are  14  tens;  or  1  hundred 
to  be  carried,  and  4  tens  to  be  set  down.  As  there  are  no 
jbundreds  in  the  multiplicand^  we  can  have  none  in  the  pro- 
duct, except  that  which  is  derived  from  the  multiplication 
of  the  tens ;  we  accordingly  put  the  1,  to  be  carried,  in  the 
himdreds'  place  of  the  {mxiuct.  Since  there  are  no  thou- 
sands in  the  multipli<^d,  nor  any  to  be  carried,  we  put  a 
evoher  in  that  denomination  of  the  ir^i'oduct.  to  h'^e:-*^  «»• 


Hgoifioant  figures  that  foJ^W}  in  their  proper  places. 
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41.  Reason  of  I. — The  multiplier  is  to  be  placed  under  that 
denomination  of  the  multiplicand  to  which  it  belongs;  since 
there  is  then  no  doubt  of  its  value.     Sometimes  it  is  necessary 
to  add  cyphers  in  putting  down  the  multiplier;  thus. 
Example  1.^478  multiplied  ^  2  hundred — 
478  multiplicand. 
200  multiplier. 


Example  2.— ^S9  multiplied  by  8  ten* thousandths — 
580*         multiplioaad. 
0-0003  multiplier. 


Reason  of  II. — It  is  similar  to  that  giveu  for  the  separating 
line  in  subtraction  [19]. 

Reason  of  III. — When  the  multiplicand  exceeds  a  certain 
amount,  the  powers  of  the  mind  are  too  limited  to  allow  us 
to  multiply  it  at  once ;  we  therefore  multiply  its  parts,  in  suc- 
cession, and  add  the  results  as  we  proceed.  It  is  clear  that 
the  sum  of  the  products  of  the  parts  by  the  multiplier,  is  equal 
to  the  product  of  the  sum  of  the  parts  by  the  same  multi- 
plier:— thus,  537x8  is  eyidently  equal  to  600  X8-j-30x  84-7x8 
For  multij)lying  all  the  parts,  is  multiplying  the  who^e ;  since 
the  whole  is  equal  to  the  sum  of  all  its  parts.  ' 

We  begin  at  the  right  hand  side  to  avoid  the  necessity  of 
afterwards  adding  together  the  subordinate  products.  Thus, 
taking  the  example  given  above;  were  we  to  begin  at  the  left 
hand,  the  process  would  be- — 

897851 

....HK>  4 


8200000—1 

300000X4 

860000= 

90000X4 

28000= 

7000X4 

1200= 

800X4 

200= 

50X4 

4= 

1X4 

8589404=8um  of  products. 
Reason  of  IV.— It  is  the  same  as  that  of  the  fourth  part  of 
the  rule  for  addition  [9] ;  the  product  of  the  multiplier  and 
any  denomination  of  the  multiplicand,  being  equivalent  to  the 
Mum  of  a  column  in  addition.  It  is  easy  to  change  the  given 
ci ample  to  an  exercise  in  addition ;  for  897851x4,  is  the  same 
Ibiug;  03 

897351 
897861 
897851 

O'Ji  oo\ 


8589404 


i 
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RcASOir  or  V. — It  follows,  that  the  last  product  is  to  be  set 
down  in  full;  for  the  tens  it  contains  will  not  be  increased: 
they  may,  therefore,  be  set  down  at  once. 

This  rule  includes  all  ^  cases  in  whi  a  the  absolute 
value  of  the  digits  in  tf*.'  inuU  j  ."er  uoes  not  exceed 
12.  Their  relative  value  hi  uu'  material ;  for  it  is  as 
easy  to  multiply  by  2  thousands  as  by  2  uuits. 

42.  To  prove  multiplication,  when  the  mnltiplier  does 
not  exceed  12.  Multiply  the  multiplicand  by  the  mul 
tiplier,  minus  one  ;  and  add  the  multir^'""''  ■  "^  the  p.*o- 
duct.  The  sum  should  be  the  same  as  the  product  of 
the  multiplicand  and  multiplier. 

Example. — Multinly  6432  'jy  7,  and  prove  the  rwilt. 
643z  multiplicand. 

6=b7  (the  multiplier)— I 

6432  38592  multiplicand  X 6. 

7  (=6+1)   6432  multiplicand  X 1. 

45024     «       45024  multiplicand  multiplied  by  8^ » 1=7. 

We  have  multiplied  by  6,  and  bv  1,  and  added  the  results ; 
but  six  times  the  multiplicand,  plus  once  the  multipl/Qand, 
Ift  equal  to  seven  times  the  multiplicand.  What  we  ohtain 
from  the  two  processes  should  be  the  same,  for  we  buve 
merely  used  two  methods  of  doing  one  thing. 
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Multiply 
By 


(1) 

76762 
2 


(2) 
67466 
2 


(8) 
78976 
6 


(4) 
57846 
5 


Multiply 

By 

(6) 
768452 
6 

(9) 
866842 
11 

(6) 

466769 
7 

(7) 
864709 
8 

Multiply 

(10) 
788579 
12 

(11) 
476387? 
11 

- 

(12) 
fii29768 
12 
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43.  To  Multiply  when  the  Quantities  contain  Cyphers y 
or  Decimals. — The  rules  already  given  'are  applicable  ; 
those  which  follow  are  consequences  of  them. 

When  there  are  cyphers  at  the  end  of  the  multipli- 
cand (cyphers  in  the  middle  of  it,  have  been  already 
noticed  [40] ) — 

Rule. — Multiply  as  f  there  were  none,  and  add  to  the 
product  as  many  cyphers  as  have  been  neglected.     For 

The  greater  the  quantity  multiplied,  the  greater  ought  to 
be  the  product. 

Example.— Multiply  56000  by  4. 

56000 


224000 


4  times  6  units  in  the  fourth  place  from  the  decimal  point, 
are  evidently  24  units  in  the  same  place  ; — that  is,  2  in  the 
fifth  place,  to  be  carried,  and  4  in  the  fouiili^  to  be  set  down. 
That  we  may  leave  no  doubt  of  the  4  being  in  the  fourth 

Elace  of  the  product,  we  put  three  cyphers  to  the  right 
and.    4  times  5  are  20,  and  the  2  to  be  carried,  make  22. 

44.  If  th^  multiplier  contains  cyphers — 

KuLE. — Multiply  as  if  thore  were  none,  and  add  to 

I  the  product  as  many  cyphers  as  have  been  neglected. 

The  greater  the  multiplier,  the  greater  the  number  of  times 
I  the  multiplicand  is  added  to  itself;  and,  therefore,  tha  greater 
I  the  product. 

ExAMPLE.—Multiply  567  by  200. 

567 
200 


113400 
From  what  we  have  said  [35],  it  follows  that  200x7  is 
Ihe  same  as  7x200 ;  but  7  times  2  hundred  are  14  hundred : 
Itod,  consequently,  200  times  7  re  14  hundred  ;~that  is,  1 
b  the  fourth  place,  to  be  carrit  ,  and  4  in  the  third,  to  be  set 
iown.  We  add  two  cyphers,  to  show  that  the  4  ts  in  the 
third  place. 

45.    If  both    multiplicand    and    multiplier    contain 
Djrphers — 

Rule. — Multiply  as  if  there  we  e  none  in  either,  and 
l«.s«  -.-_-  t,«c  piuuuci  s^  m&ii^   cypaers  as  are  loima  lu 

d2 
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Each  of  tho  quaniitiea  to  bo  multiplied  adda  oyphtn  to  the 
product  [43  and  44]. 


EXAMI'LS.' 


-Multiply  46000  by  800. 
46000 
800 


36800000 


8  times  0  thousand  would  he  48  thouwtnd ;  but  8  hurulml 
twines  aix  thttuaand  ouaht  to  produce  a  number  100  timad 
grofttep— or  48  hundred  tliouHand ; — tliat  is,  4  in  the  seventh 
place  from  the  dooimal  point,  to  be  oarriod,  and  8  in  tho 
sixth  place,  to  be  set  down.  But,  5  ovphers  are  required, 
to  keep  tlie  8  in  the  sixth  place.  After  ascertaining  tho 
position  of  the  first  digit  in  the  product— from  what  tho 
pupil  already  knows— there  oaa  be  no  difficulty  witli  tho 
other  digits. 

46.  When  there  are  decimal  plaoos  in  the  multipli- 
cand— 

Rule. — Multiply  as  if  there  were  none,  and  remove  tlie 
product  (by  means  of  the  decimal  point)  so  many  places 
to  the  right  as  there  have  been  decimals  negleoted. 

The  smaller  the  quantity  multiplied,  the  less  the  prodaot 

Example.— Multiply  5-67  by  4.  '  ' 

6-67 
4 


22-68 


4  times  7  hundredths  are  28  hundreths ; — or  2  tenths,  to 
be  carried,  and  8  hundredths — or  8  in  the  second  place,  to 
tho  right  of  the  decimal  point,  to  be  set  down.  4  times  6 
tenths  are  24  tenths,  which,  with  the  2  tenths  to  be  carried, 
make  26  tenths ;— or  2  units  to  be  carried,  and  6  tenths  to 
.be  set  down.  To  show  that  the  6  represents  tenths,  we  put 
the  decimal  poiiiit  to  the  left  of  it.  4  times  5  units  are  20 
imits,  which,  with  the  2  to  be  carried,  make  22  units.  ^ 

47.  Whea  there  are  decimals  in  the  multiplier — 
Rule. — Multiply  as  '^  there  were  none,  and  remove 

the  product  so  many  places  to  the  right  as  there  are 

decimals  in  the  multiplier. 

The  smaller  the  quantity  by  which  we  multiply,  the  lea* 
must  be  the  result. 
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oyphtri  to  the 


\,  as  there  are 


iltiply,  the  leaf 


ExAMPLK.— Multiply  503  by  07 

007 


3941 


3  multipliod  by  7  hundredths,  {»  the  same  [35]  an  7  hun- 
dredthn  multiplied  by  3 ;  which  id  equal  to 21  hundredths;— 
or  2  tenths  to  be  carriiHl,  and  1  hundredth — or  1  in  the 
teeotid  place  to  the  right  of  tlie  decimal  point,  to  be  set  down. 
Of  course  the  4,  derived  from  the  next  product,  must  be  ont 
place  from  the  decimal  poifM,  6lo. 

48.  When  there  are  decimals  in  both  multiplicand 
and  multiplier — 

RuLE.—Multiply  as  if  there  w«re  none,  and  move 
the  product  ho  many  places  to  the  right  as  there  are 
decimals  in  both. 

In  this  case  the  product  la  diminished,  by  the  smallness  of 
ooth  multiplioand  and  multiplier. 

Example  l.—Multiply  603  by  -08. 

66-3 
•08 


4-504 


8  times  3  tenths  are  2  4  [46] ;  consequently  a  quantity 
.  one  hundred  times  less  than  8— or  08,  multiphed  by  three- 
tenths,  will  giye  a  quantity  one  hundred  times  less  than  2-4— 
I  or  -024 ;  that  is,  4  m  the  third  place  from  the  decimal  point, 
to  bo  set  down,  and  2  in  the  second  place,  to  be  carried. 
Example  2.— Multiply  5-63  by  000005. 

6-63 
000005 


00002815 

49.  W^ien  there  are  decimals  in  the  multiplicand,  and 
Icyphers  in  the  multiplier  ;  or  the  contrary 

Rule.— Multiply  as  if  there  were  neither  cyphers 
lor  decimals ;  then,  if  the  dechnals  exceed  the  cyphers, 
nove  the  product  so  many  places  to  the  right  as  will  be 
^qual  to  the  excess  ;  but  if  the  cyphers  exceed  the  deci- 
mals, move  it  so  many  phces  to  the  left  as  will  be 
fequal  to  the  excess. 
.  The  cyphers  move  the  product  to  the  left,  the  decimals  to 

■HO  riffht; :  thA  AffioAf  <\^  Kn^k   4/x<.<.*i.^-    ai * _•!»   ^  . 

io  th«  difference  of  their  separate  effects. 
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Mi 


Example  1.— Multiply  4600  by  06. 
4600 

006    2  cyphers  and  2  decimals }  excess  =sO. 

276 

Example  2.-~Multiply  47-63  by  300. 
47-63 
300       2  decimals  and  2  cyphers ',  exoess  s  0. 

14289 

Example  3.— Multiply  85-2  by  7000. 
85-2 
7000        1  decimal  and  3  cyphers }  exoe88sB2  cyphers. 

595400 

Example  4.— Multiply  578-36  by  20. 
578-36 
20  2  decimals  and  1  cypher;  excess  =b1  decimal 


11567-2 

Multiply 
By 

exercises 

(13) 
48960 
5 

FOR   THE 

(14) 
76460 
9 

* 

pupil 

(15) 
678000 
8 

(16) 
57800 
6 

Multiply 
By 

(17) 
7468 
80 

(21) 
748660 
800 

(18) 
770967 
900 

(19) 
147005 
4000 

(20) 
56976748 
80000 

Multiply 
By 

(22) 
684900 
80-000 

(28) 
50000 
800 

(27) 
•21876 
6 

(24) 

86000 

6000 

.1 

Multiply 
By 

(26)    - 
52736 
2 

(26) 
8-7568 

4 

(28) 
0-0007 
8 

MULTIPLICATIOW. 


65 


Multiply 
Bjr 


(29) 
56841 

0°0008 


(80) 
86687 
0-006 


.     (81) 
72168 

0-0007 


(82) 
2176-88 
006 


(=Bsl  decimal 


Multiply 
By 


(88) 
876-482 
0-04 


(84) 
78000 
0-3 


(86) 
61-721 
6000- 


(86) 
82 
0-00007 

•00224 


In  the  last  example  we  are  obliged  to  add  cyphers  to  the 
product,  to  make  up  the  required  number  of  decimal  places. 

50.  When  both  multiplicand  and  multiplier  exceed 
12— 

Rule. — ^I.  Place  the  digits  of  the  multiplier  under 
those  denominations  of  the  multiplicani  to  which  they 
belong. 

II.  Put  a  line  under  the  multiplier,  to  separate  it  from 
the  product. 

III.  Multiply  the  multiplicand,  and  tack  part  of  the 
j  multiplier  (by  the  preceding  rule  [39]),  beginning  with 
I  the  digit  at  the  right  hand,  and  taking  care  to  move  the 

product  of  the  multiplicand  and  each  successive  digit 
of  the  multiplier,  so  many  places  more  to  the  left,  than 
the  preceding  product,  as  the  digit  of  the  multiplier 
[which  produces  it  is  more  to  the  left  than  the  signifi- 
I  cant  figure  by  which  we  have  last  multiplied. 
I  IV.  Add  together  all  the  products ;  and  their  sum 
jwill  be  the  product  of  the  multiplicand  and  multiplier. 

51.  Example.— Multiply  5634  by  8073. 

6634 
8073         < 

16902«sproduct  by  3. 

39438  a=product  by  70. 

45072      ^product  by  8000. 

45483282«product  by  8073. 
The  product  of  the  multiplicand  by  3,  requires  no  e*^/*^ 
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7  ten8  times  4,  or  [35]  4  times  7  tens  are  28  tens :— 2  hun- 
dreds, to  be  carried,  and  8  tens  (8  in  the  second  place  from 
tha  decimal  point)  to  be  set  down,  &c.  8000  times  4,  or  4 
times  8000,  are  32  thousand : — or  3  tens  of  thousands  to  be 
carried,  and  2  thousands  (2  in  the  fourth,  place)  to  be  set 
down,  &c.  It  is  unnecessary  to  add  cyphers,  to  show  the 
values  of  the  first  digits  of  the  different  products ;  as  they 
are  sufi&ciently  indicated  by  the  digits  above.  The  producta 
by  3,  by  70,  and  by  8000,  are  added  together  in  the  ordinary 
way. 

62.  Reasons  of  I.  and  II.— They  are  the  same  as  those 
given  for  corresponding  parts  of  the  preceding  rule  [41]. 

Reason  or  III.— Wo  are  obliged  to  multiply  successively 
by  the  parts  of  the  multiplier ;  since  we  cannot  multiply  by 
the  whole  at  once. 

Reason  or  IV. — The  sum  of  the  products  of  the  multipli- 
cand by  the  parts  of  the  multiplier,  is  evidently  equal  to  the 
product  of  the  multiplicand  by  the  whole  multiplier ;  for,  in 
the  <  xaraple  just  given,  5G34  X  8073  =  5634  X  8000  -f  70  -f  3= 
[34]  5634 X 80004-5634 X 70-1-5634x3.  Besides  [36],  we  may 
consider  the  multiplicand  as  multiplier,  and  the  multiplier  as 
multiplicand;  then,  observing  the  rule  would  be  the  same 
thing  as  multiplying  the  new  multiplier  into  the  different 
parts  of  the  new  multiplicand ;  which,  we  have  already  seen 
{41],  is  the  same  as  multiplying  the  whole  multiplicand  by 
the  multiplier.  The  example,  just  given,  would  become 
8073X5634. 

8073  new  multiplicand 
6634  new  multiplier. 


We  are  to  multiply  3,  tfie;  first  digit  of  the  multiplicand,  by 
6634,  the  multiplier;  then  to  multiply  7  (tens),  the  second 
digit  of  the  multipiicand,  by  the  multiplier ;  &c.  When  the 
multiplier  was  small,  we  could  add  the  different  products  as 
we  proceeded;  but  we  now  require  a  separate  addition, — which, 
however,  does  not  a&et  the  nature,  nor  the  reasons  of  the 
process. 

53.  To  prove  multiplication,  when  the  multiplier  ex- 
ceeds 12 — 

Rule. — Multiply  the  multiplier  by  the  multiplicand ; 
and  the  product  ought  to  be  the  same  as  that  of  the 
multiplicand  by  the  multiplier  [35] .  It  is  evident,  that 
we  could  not  avail  ourselves  of  this  mode  of  proof,  in  the 
last  rule  [42]  ;  aa  it  would  have  supposed  the  pupil  to 
be  then  able  to  multiply  by  a  quantity  fri'eater  than  12 
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54.  We  may  prove  multiplication  by  what  is  called 
"  casting  out  the  nines." 

Rule.— Cast  the  nines  from  the  sum  of  the  dirrits  of 
the  multiplicand  and  multiplier  ;  multiply  the  remain- 
ders, and  cast  the  nines  from  the  product  .-—what  is  now- 
left  should  be  the  same  as  what  is  obtained,  by  cast- 
ing the  nines,  out  of  the  sum  of  the  digits  of  the  product 
of  the  multiplicand  by  the  multiplier. 

Example  l.~Let  the  quantities  multiplied  be  9426  and 

Taking  the  nines  from  9426,  we  get  3  as  remainder. 
And  from  3785,  we  get  5. 

47130 

75408  3x5=15,  from  which  9 
9«9?f  being  taken, 

^8^78  6  are  left. 

Taking  the  nines  from  35677410,  6  are  left. 

The  remainders  being  equal,  we  are  to  presume  the 
multiplication  is  correct.  The  same  result,  however,  would 
have  been  obtained,  even  if  we  had  misplaced  digits  added 
or  omitted  cyphers,  or  fallen  into  errors  Vhich  h^  counter- 
acted each  other :— with  ordinary  care,  however,  none  of 
these  is  likely  to  occur.  ?    v  ^  ui 

Example  2.— Let  the  numbers  be  76542  and  8436. 
Taking  the  nines  from  76542,  the  remainder  is  6. 
lakmg  them  from  8436,  it  is  3. 

450252 

229626  6x3=18,  the 

306168    remainder  from  which  is  0. 

Taking  the  nines  from  645708312  also,  the  remainder  is  0 
beloLirellgh?'^"^  *^r^"^'  *'^  -'^%li<'ation  may 
Example  3.— Let  the  numbers  be  463  and  54. 

From  463,  the  remaindei-  is  4. 

From   54,  it  is  0. 

^852  4x0=0  from  which  the  remainder  is  0. 


FBom  25002  the  remain«i«r  iu  n 
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The  remainder  being  in  each  case  0,  we  are  to  t**}/po«e 
that  the  multiplication  is  correctly  performed. 

This  proof  applies  whatever  be  ihe  position  of  the 
decimal  point  in  either  of  the  given  numbers. 

55.  To  understand  this  rule,  it  must  be  known  that 
"  a  number,  from  which  9  is  taken  as  often  as  possible, 
will  leave  the  same  remainder  as  will  be  obtained  if  9 
be  taken  as  often  as  possible  from  the  sum  of  its  digits." 

Since  the  pupil  is  not  supposed,  as  yet,  to  have  learned 
divisiouj  he  cannot  use  that  rule  for  the  purpose  of 
casting  out  the  nines ; —  nevertheless,  he  can  easily 
effect  this  object. 

Let  the  given  pumber  be  563.  The  sum  of  its  digits  is 
5-1-6+3,  while  the  number  itself  is  500-f-60-f-3. 

First,  to  take  9  as  often  as  possible  from  the  mm  of  its 
digits.  5  and  6  are  11 ;  from  which,  9  being  taken,  2  are 
left.  2  and  3  are  5,  which,  not  containing  9,  is  to  be  set 
down  as  the  remainder. 

Next,  to  take  9  as  often  as  possible  from  the  number  itself 

663^=  500  +  60  4- 3=  5  X  100-f  6  X 10 -f  3=  5  X  99i:i+ 6  X 
9+14.3,—  (if  we  remove  the  vinculum  [34'j),  5x99-f-5-f- 
6x9-4-6+3.  But  any  number  of  nines,  will  be  found  to  be 
the  product  of  the  same  number  of  ones  by  9  : — thus  999= 
111x9;  99=11x9;  and  9=1x9.  Hence  5x99  expresses 
a  certain  number  of  nines — being  5x11x9 ;  it  may,  there- 
fore, be  cast  out ;  and  for  a  similar  reason,  6x9;  after  which, 
there  will  then  be  left  5+6+3 — from  which  the  nines  are 
still  to  be  rejected ;  but,  as  this  is  the  sum  of  the  digits,  we 
must,  in  castmg  the  nines  out  of  it,  obtain  the  same  remain- 
der as  before.  Consequently  "  we  get  the  same  remainder 
whether  we  cast  the  nines  out  of  the  number  itself,  or  out 
of  the  sum  of  its  digits." 

Neither  the  above,  nor  the  following  reasoning  can 
offer  any  difl&culty  to  the  pupil  who  has  made  himself 
as  familiar  with  the  use  of  the  signs  as  he  ought: — 
they  will  both,  on  the  contrary,  serve  to  show  how  much 
simplicity,  is  derived  from  the  use  of  characters  expi  ess- 
ing,  not  only  quantities,  but  prcsesses ;  for,  by  means 
of  such  characters,  a  long  series  of  argumentation  ma;^ 
be  seen,  as  it  were,  at  a  single  glance. 

56.  "  Casting  the  nines  from  the  factors,  multiplying  thfl 
resulting  remainders,  and  castins  the  nines  from  this'^nr^uct. 


diion  of  the 
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1^^  L?^*  *^  f?u  '^™f  «^«''  ^  ''f  the  nines  were  cast  from 
tLlT,^yfJ:^'-^'^^'^'  ^^^  multiplicatioa 

ni  JVasTeS  letX  trs^KeV^^  ^^^^^  *^^ 
Casting  the  nines  from  5+74-3  (which  we  have  just  seen 
18  the  same  as  casting  the  nines  from  573),  we  obtain  6  as 
remmrukr.     Casting  tSe  nines  from  44-6 A  we  eet  5  m 
/.mimfer.    Multiplying  6  and  5  we  iL^hZ  Iroduc?! 
which,  being  equal  to  3x10=^3x9h:I=3x9+3,  wUl  when 
the  nines  are  taken  away,  ^ive  3  asremuir^^'  ^'^  ''^''' 
c^ihTl'Z  *^^L^  ^"^  ^  *J^«  remainder,  also,  if  we 
IffLh^^^l'^'''^.^^^  P'^^^t  of  *l»e  factors  -which  is 
effected  by  setting  down  this  product:  and  takingii  sue! 
session,  quantities  that  are  equal  to  it-as  follow^  ^' 
573x464  (the  product  of  the  factor8)=s 
5xlOO-|-7xTap  X  45<r004-6x  10.4-4=: 

5 X^SfTx SJtS  X  4:(9944+6x9qT+4== 
5x99+5+7x9+7+3  x  4^^+4+6^^9+6+1. 

it  wm  IntinuiT^^''''  f^^^'  '^P^^'«««  *  «"^^'  of  ^ines; 
It  will  continue  to  do  so,  when  multiplied  by  all  the  mtin. 

l^rout"' and'L^r^  ""^"^""^'  '^"^  -'  *h-«f-e,  T^ 
cast  out,  and,  for  the  same  reason,  7x9.     4x99  exDressPs 

f^ir  K^i  P?  '  r^^r^^°  8ame_reason,  6x9.    There  wil 
arestillVn'Sr^/  H^X4+6+4,-from  which  the  nines 
Z  *^i    -^  ^'T*  i^^'  *^®  /-^natrnfersto  be  multiplied  together 
and  the  nines  to  l^  cast  from  their  product  Autwehave 
done  aU  this  akeady,  and  obtained  3,^as  the  r^mSndlr 


Multiply 
By 

Products 
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(37)  (88) 

766  782 

765  456 


(89) 

997 
346 


(40) 

767 
847 


Multiply 
By 

Prodaoti 


(41) 
667 
739 


45o 
791 


(48) 

767 
789 


70 
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57.  If  there  are  cyphers,  or  decimals  in  the  multipli- 
cand, multiplier,  or  both ;  the  same  rules  apply  as  when 
the  multiplier  does  not  exceed  12  [43,  &c.]. 


KXAMFI.E8. 


(1) 

4600 
67 


(2) 
2784 
620 


(8) 

82-68 

26- 


(4) 
7858 
0-82 


(5) 


(6) 


87-96   482000 


220- 


0-87 


262200    1726080      849-68    2oi3-92      19851*2    178340 

Contractions  in  MrUtiplicatton. 

68.  When  it  is  not  necessary  to  have  as  many  deci- 
mal places  in  the  product,  as  are  in  both  multiplicand 
and  multiplier — 

Rule. — ^Reverse  the  multiplier,  putting  its  units' ^ace 
under  the  place  of  ^hat  denomination  in  the  multipli- 
cand, which  is  the  lowest   f  the  required  product. 

Multiply  by  each  digit  of  the  multiplier,  beginning 
with  the  denomination  over  it  in  the  multiplicand  ;  Jbut 
adding  what  would  have  been  obtained,  on  multiplying 
the  preceding  digit  of  the  multiplicand — unity,  if  the 
number  obtained  would  be  between  6  and  15 ;  2,  if 
between  15  and  25 ;  3,  if  between  35  and  35 ;  &o. 

Let  the  lowest  denominations  of  the  products,  arising 
from  the  different  digits  of  the  multiplicand,  stand  in 
the  sariie  vertical  column. 

A  did  up  all  the  products  for  the  total  product ;  from 
which  cut  off  the  required  number  of  decimal  places. 

59.  Example  1.— Multiply  5-6784  by  9-7324,  so  as  to 
have  four  decimals  in  the  product. 


Shor^  Method. 

56784 
42379 


511056 

39749 

1703 

113 

23 

55-2G4a 


brdinary  Method; 

5-6784 
9-7324 


22 

113 

1703 

89748 

&11056 


f^2&M 


7136 
668 

52 
8 

6016 
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the  iijultiplU 
ipply  aa  when 


(6) 
96   482000 

0-87 


2    178340 


IS  many  deci- 
i  multiplicand 

its  units'  place 
the  multipli- 
)roduct. 
er,  beginning 
ipUcand ;  i)ut 
n  multiplying 
-unity,  if  the 
ad  15;  2,  if 
35;  &0. 
>dttctiS,  arising 
Eind,  stand  in 

product ;  from 
mal  places. 

r324,  BO  as  to 

Method; 

•6784 
•7324 

7136 
668 
52 
18 


0  in  the  multiplier,  expresses  units :  it  is  thereforA  «,,* 
«nderthe/ot.^Adecimaln4eofthem^u^^^ 
the  pla<Je  of  the  West  decimal  required  \n  the  ^uct    ^ 

In  multiplying  by  each  succeeding  digit  of  the  muUinl{«i. 
we  neglect  an  additional  digit  of  the  mWjlicand     beSu!^ 
as  the  multiplier  decreases,  the  number  multipS  mustT' 
crease-to  keep  the  lowest  denomi^»tio^  of  Zdifferent  piS 
ducts,  the  same  as  the  lowest  denpmination  reauS-ed  in^th« 
total  product.    In  the  example  given, T  (Se  Sd  d?Sf  J? 

ti-nlirndiP"*-!?  "^i'^P^r'  by%  fthe*"sWoaftgTo"Ah?l^^^^ 
tiphcand),  will  evidently  produce  the  same  denomination  as  9 
(one  denomination  higher  thali  the  7).  multipUed  by  4  Tonl 
denomination  lower  thaii  the  8).  Were  we  to  mulLlv  the 
lowest  denomination  of  the  muitiplicand  by  7.  we  shouid  l«? 
[46]  a  result  in  the^i/M  place  to  iL  right  of  th^  diimal  poift  * 
which  18  a  denomination  supposed  ,to*be.  in  the  Resent  1^! 
l^^^^l  '^'^^^^ponBidermo  f?^  notice-si^ce  we  a?e  to  havi 
only  four  decimals  in  the  product.     But  we  add  nr^itJ^Zl 

7:z  ivif  1  r ''  r  ?•  ^'t  *^«  --^i^pi-titVrn^adSr 

tional  digit  of  the  multiplicand;  since  every  such  ten  consti- 
^?W„T:  '''  w-  ^r'^'  denomination  of  the^required  prXc 
lli^nH  t  .™'^l^!Pl^«'»tion  of  an  additional  digit  pf  thf  multi- 
plicand would  give  more  than  5,  and  leas  than  16 ;  it  is  Marer 
o  the  tru  h,  to  suppose  we  have  10.  than  eitLr  0.  or  20^  and 
therefore  it  is  moi-e  Correct  to  add  1.  than  eithw  Ol  oJg     WW 

he  ?^?h^;r  ""'"  *^'*^  F'  *"i  ^'''  *^*^  25.  it'L  near^^td 
Sis  •^.^''PP^'^  ""^  ^*^«  20.  than  either  10.  or  30  [and' 
therefore  It  is  more  correct  to  add  2,  than  1,  or  8;  &o  We 
may  consider  6  either  as  0.  or  10 j  15  either  as.  10.  or  20^40 

On  inspecting  the  results  obtamed  by  the  abridged* 
and  ordmary  methods,  the  difference  is  perceived  to  bo 
mconsidcrablo  When  greater  accuracy  is  desired,  we 
shoula  rrocecd,  as  if  we  intended  to  have  more  c'oclialfl 
m  the  product,  and  afterwards  reject  those  which  aie 
unnecessary. 

8-76532 
4675 

4383 
'  6X3 

a 


6016 


6-051 


.-s.'-: 
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There  are  no  units  in  the  multiplier:  but,  as  the  rule 
directs,  we  put  its  units^  place  under  the  third  decimal  place 
of  the  hiultiplicand.  In  multiplying  by  4,  since  there  i»  no 
digit  over  it  in  the  multiplicand,  we  merely  set  down  what 
would  have  resulted  from  multiplying  the  preceding  deno- 
mination of  the  multiplicand. 

Example  3.— Multiply  -4737  by  6731  so  as  to  have  6 
lecimal  places  in  the  product. 

•47370 
1376 


•/ 


284220 

33159 

1421 

47 

•318847 


IVe  have  put  the  units*  place  of  the  multiplier  under  the 
sii  th  decimal  place  of  the  multiplicand,  adding  a  cypher,  or 
8Uj(>posing  it  to  be  added. 

Example  4.— Multiply  846732  by  -0066,  sc  as  to  have 
four  decimal  places. 

84-6732  ^-        i 

65      ^ 


4234 

508 

•4742 


Example  5.— Multiply  -23257  by  '243,  so  as  to  have  four 
decimal  places. 

23257 
342 


465 

93 

7 

•0565 

We  are  obliged  to  place  a  c^^her  in  the  product,  to  make 
up  the  required  nimiber  of  decimals. 

60.  To  multiply  by  a  Composite  Number — 
Rule. — ^Multiply,  successively,  by  its  factors. 
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ExAMPLE.—Multiply  732  by  96 
732x96«732x8xl2.  [351 

732 
8 


96*8  y  12-  therefore 


6856,  product  by  8. 


70272,  product  by  8  x  12,  or  96. 


Number!""  "^^  ■"""*""■  ^  ""'  """"y  *  Composite 
Rule.— Multiply  by  the  factors  of  the  nearest  com- 
posite ;  and  add  to,  or  subtract  from  the  last  produ" 
so  many  times  the  multiplicand,  as  the  assumed'^cZr: 
site  18  less  or  greater  than  the  giren  multiplier  '^ 

ExAMPiE  1.— Multiply  927  by  87 

w^r'x^^^ii  x'Mf  ""'  X  «^=«27  X  TxE+S- 

927 

7 

6489=r927x7. 
12 

77868=927x7x12. 
2781^:927  X  3. 

80649=927x7x12+927x3  or927v«7 
If  we  multiply  only  by  84  r7  v  12T  Z  /^    1        ^    ^' 
be  multiplied  3  timealefsihan  w«  :^'  Z^  *l^®  *^«  »«»nber  to 
adding  a^times  the  mulUplicaS  ""^  ^'^^'^^ '  '^«  -  '^^i&^>  by 

Example  2.-MultipIy 432 by  79.   79=81-2=9x9    2- 
therefore  432 x  79 =432 x 9x9i:i=432 x 9 x7!432x 2.' 

9 

3888=432x9. 
9 

34J02=432x9x9 
864=432x2.      ' 


34128 «i432  v  9  v  o^^l^o  v.  o  - 

-  ^  -   .".  -        s^m  /\  ^  wr 


_    Ant%  .    .  avA 


%«>« 


'^  i\f. 


74^ 


MULTIPLICA /lOIf . 


In  muliiplyisg  by  81,  the  composite  numb«r,  we  have  tn^teo 
the  number  to  be  multiplied  twice  too  often ;  but  the  ioaecu- 
racy  is  rectified  by  subtracting  twice  the  multiplicand  from 
the  product. 

62.  This  method  is  particularly  convenient,  when  tho 
multiplier  consists  of  nines. 

To  Multiply  by  any  Number  of  Nines, — 
Rule. — ^Remove  the  (^pcimal  point  of  the  multipli- 
cand so  many  places  to  the  right  (by  adding  cyphers  if 
Becessary)  as  there  are  nines  in  the  multiplier  ;   and 
subtraet  the  multiplicand  from  the  result. 

ExAMPiyE.— Multiply  7347  by  999. 

7347  X  999  ==  7347000  -  7347 = 7339653. 

We,  in  such  a  case,  merely  multiply  by  the  next  higher 
convenient  composite  number,  and  subtract  the  multiplicaud 
80  many  times  as  we  have  taken  it  too  often;  thus,  in  th« 
•xample  just  given — 

7847X990=7347X1000-1=7347000-7347=7839668. 
63. ,  Wo   may   sometimes   abridge   multiplication    by 
cottsiderhiig  a  part  or  parts  of  the  multiplier  as  pro'* 
duced  by  multiplication  of  oni  or  more  other  parts. 

^  Example.— Multiply  57839208  by  C2421648.    T  .e  mul- 
tiplier  may  be  divided  ud  follows  :— C,    24,    21C,  and  48. 

24=6X4 

216=24x9 
48  =s  24x2 

57839268,  multiplicand 
62421648,  multiplier. 

M7035608  :    :    :  product  by  6  (60000000). 
1388142432    :    :  product  by  24  (2400000). 
12493281888   :  product  by  216  (21600). 
2776284864  product  by  48. 

3610422427673664  product  by  62421648. 
The  product  by  6  when  multiplied  by  4  will  give  the  pro- 
duct by  24 ;  the  product  by  24,  multiplied  by  9,  will  give  the 
product  by  216— and,  multiplied  by  2,  the  product  by  48. 

154.  (pi^ero  can  be  no  difl&culty  in  finding  the  places  of 
|hie  first  digits  of  tl^e  different  products.  For  when  there 
kte  neither  cyphers  iior  4ccimals  in  the  multiplicand — 
ind  during  multipHcatjon,  we  in^y  suppose  that  there  are 
heith^  [48,  &c.] — the  lowest  denomint^tiqi)  of  each  pro- 
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duct, will  U  the  same  as  the  lowest  denomination  of  th» 
multipher  that  •  voducod  it  j—thus  12  unit«  multiplied 
by  4  unite  wdl  g^vre  4b  units;  14  units  multiplied  bv  1 
tens  will  Qn.  56  tens;  124  units  multiplied  by  36  unit^ 
Will  be  4340  uuit^,  &c. ;  and,  therefore,  Uie  beginning  of 
CHch  product  If  a  significanf  figure— must  stond  unuer 
t he  lowest  digit  of  the  multiplj.'  om  which  jt  arises 
When  the  pro  oss  is  finished,  cyphers  or  decimals,  if 
necessary,  may  be  added,  according  to  ih%  rules  alreidy 
given.  -^ 

,.  "^J®  vertical  dotted  lines  «how  that  the  places  of  the  lowest 
digits  of  the  respective  multipliers,  or  those  parts  into  which 
the  whole  multiplier  has  been  divided,  and  the  lowcHt  digits 
ot  their  resulting  products  are-as  they  ought  to  be—of  the 
sanv  denomination.  ,  ** 

48  oeing  of  the  denomination  units,  n  multiplied  into 
r.  !!S^  I  f '"  J^.''>?"ce  units;  the  first  digit,  therefore,  of  the 
product  bv  4^18  m  the  units'  place.  216,  being  of  the  deu  - 
mination  hundreds  when  multiplied  into  units  will  give  hun- 
dreds ;  hence  the  first  digit  of  the  product  by  216  will  be  in 
the  hundreds' place,  &c.  The  parts  into  which  he  i,mlti° 
pher  18  divided  axe,  in  reality, 

60000000  ] 

2400000        ^«,„,,,«    . 
21600  f  =<>2421648,  the  whole  multiplier. 

48j 

We   shall  give  other  contractioos  in  multipli(;a£ion 
hereafter,  at  the  proper  time. 


45.  745>(456^3S9720. 

46.  476X767=866092. 

47.  846x679=199765 

48.  476X479=228004. 

49.  897X979=878168. 

60.  4-69x706an3235-96. 

61.  767X407=^312169. 

52.  -457  X -606= -276942. 

53.  70vX810=a667000. 

54.  670x910=009700. 
65.  910x870=791700. 
56.  5001*4x70=r350098. 

67.  64-001  X40=2560 -04. 

68.  91009X79=7189711. 

69.  40170X80=8213600. 


EXERCISES. 

60.  707X604=427028. 

61.  777  X  •407=816 -239. 

62.  7407X4404=32620428. 

63.  6767X1807=7637469. 

64.  67-74X -1706=11 -556444 
66.  4667X2002=9148134. 

66.  7 -767X301  •2=2339 -4204 

67.  9600X7100=68160000. 
,  68.  7800X9100=70980000. 

69.  6700X6700=44890000. 

70.  6000X7600=38000000. 

71.  70  814X90107=t63808-37098. 

72.  97001X76706=7440658706. 

73.  93400X67407=6296818800. 

74.  -56007  X46070=»26242 -85496 
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MULTIPLICATION. 


75.  How  many  shiUings  in  jei396 ;  a  notmd  beinir 
20  sliillmgg  ?  ^^.  27900* 

76.  In  2480  pence  how  many  farthings ;  four  far- 
things being  a  penny  ?  Arts,  9920. 

77.  If  17  oranges  cost  a  shilling,  how  many  can  be 
had  for  87  shiUingS  ?  aZ,  1479. 

78.  How  much  will  246  tons  of  butter  cost  at  ^225  a 

^ll    rr  \    ^  ..  Am,  6125. 

mT  a  poana  of  any  thmg  cost  4  pence,  how  much 

will  1 12  pounds  cost  ?  Ans.  448  pence. 

80.  How  many  pence  in  100  pieces  of  coin,  each  of 
which  IS  worth  67  pence  ?  Ans.  6700  pence. 

81.  How  many  gallons  in  264  hogsheads,  each  con- 
**™f«  f 3  gaUons  ?  Ans.  16632. 

82.  If  the  mterest  of  £1  be  jfiOC5,  how  much  wiU 
be  the  mterest  of  je376  ?  Am.  iei8-8 

83.  If  one  article  cost  ^60-75,  what  wiU  973  such 

^^oV  T*  k*    1.  .    ,  ^«s.  .^2729-75. 

84.  It  has  been  computed  that  the  gold,  silver,  and 
brass  expended  in  building  the  temple  of  Solomon  at 
Jerusalem,  amounted  in  value  to  iB6904822600  of  our 
money ;  how  many  pence  are  there  in  this  sum,  one 
5  K)and  containing  240  ?  Ans.  1657167400000. 

85.  The  foUowmg  are  the  lengths  of  a  degree  of  the 
meridian,  m  the  following  places  :  604802  fathoms  m 
Peru  ;  60486-6  in  India  ;  607;59-4  in  France  ;  608366 
in  England;  and  60952-4  m  Lapland.     6  feet  being  a 

362881-2  m  Peru;  3629196  in  India;   364556-4  in 

of  ^i.^^^^^*^  ^  ^¥*"<^  J  *°^  365714-4  in  Lapland. 

86.  The  width  of  the  Menai  bridge  between  the 
points  of  suspension  is  560  feet ;  and  the  weight  between 
these  two  pointe  489  tons.  12  inches  being  a  foot,  and 
-3240  pounds  a  ton,  how  many  inches  in  the  former, 
and  pounds  m  the  latter  ? 

OT    m,.  ^^*  ^^^^  inches,  and  1095360  pounds. 

87.  1  here  are  two  mimms  to,  a  semibreve;  two 
crotohets  to  a  minim  ;  two  quavers  to  a  crotchet ;  two 
semiquavers  to  a  quaver :  and  two  demi-semiquavers  to 
a  semiquaver:  how  man;  demi^miquavera  are  equal 
to  seven  semibreves  ?  Am  224 
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88.  32^000  seeds  ha,ye  been  counted  in  a  sinffle  poppy  • 
howmany  would  be  found  in  297  of  these  ?  Am.  9504Soo! 

89.  9,344,000  eggs  have  been  found  in  a  single  cod 
fish ;  how  many  would  there  be  in  35  such  ? 

^e    «rv       .t  M  .  -^^-  3^040000. 

65.  When  the  pupil  is  familiar  with  multiplication, 
itk  workmg,  for  instance,  the  following  example, 

897351,  multiplicand* 
4,  multiplier. 

3589404,  product. 
He  should  aay  :-4  (the  product  of  4  and  1),  20  {the  pro- 
duct  of  4  and  5),  14  (the  product  of  4jiiid  3  plu8'2,  to  be 
earned),   29,   38,   35  j   at  tiie    same  time  putting  down 
the  umts,  and  carrying  the  tens  of  each. 

QUESTIONS   TO    BE   ANSWERED    BY    THE   PUPIL. 

1.  What  is  multiplication  .?  [24].        \ 

2.  What  are  the  multiplicand,  multiplier,  and  nro- 
duct?  [24].  *~        »  t      9  P 

3.  What  are  factors,  and  submultiples  ?  [r4] . 

:  4.  Wl^t  Im  the  difference'  between  prime  and  compo- 
site numbers  [25]  ;  and  between  those  which  are  prune 
and  those  which  are  composite  to  eath  other  ?  [27]. 

5.  What  i«  the  measuie,  aUquct  part,  or  submiUtiDle 
of  a  quantity?  [26].  *^ 

6.  What  is  a  multiple  ?  [29]. 

7.  V(h&^  is  a  common  measure  ?  [27]. 

8.  \^  hat  is  meant  by  the  greatest  common  measure  ? 

[28]. 

9.  What  is  a  common  multiple  ?  [30]. 

10.  What  is  meant  by  the  least  common  multiple  ? 

[30]. 

11.  What  are  eytttmultiples  ?  [31]. 

12.  Does  the  use  of  the  multiplication  table  prevent 
multiplication  from  being  a  species  of  addition  ?  [33]y^ 

13.  Who  first  constructed  this  table  ?  [33Jr"**"      ^ 

14.  What  is  the  sign  used  for  multiplication  ?  [34]. 

15.  How  are  quantities  under  the  vinculum  affected 
by  the  sign  of  multiplication  ?  [34]. 

16.  Show  that  quantities  connected  by  the  sign  of 
multiplication  may  be  read  in  any  order  ?  [35]. 
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;vl7.  Wliat  ifl  die  rule  for  multiplioatioii,  when  neither 
mmtiplieand  Aor  multiplier  exceeOB  127  [37}. 

18:  What  is  the  lule,  when  only  the  multiplicand 
exceeds  12?/^aj. 

19.  WliT  is  the  rule  when  both  multiplicand  and 
mult^licir  fixoeed  12  ?  [50]. 

20.  WhiM),are  the  rules  when  the  multiplicand,  mdi- 
tiplier,  or  both,  contain  cyphers,  or  decimals  ?  [43,  &c.]  : 
and  what  are  the  reasons  of  these,  and  the  preoedmjr 
rules  ?  [41,  43,  &c.,  62]. 

21.  Mow  is  multiplication  proved  ?  [42  and  68]. 

^.  £x^in  ike  method  of  proving  multiplication, 
*y  «  casting  out  the  nines  [64] ;"  and  rfiow  that  we  can 
oast  the  nines  out  of  any  number,  without  suppoanir  a 
knowledge  of  rfivMww.  r65]. 

23.  How  do  we  multiply  so  a^^  to  have  a  required 
number  of  decimal  pkces  ? .  [68] . 

24.  How  do  we  multiply  by  a  composite  number  [60]  ; 
or  by  one  that  is  a  little  more,  or  less  thaii  li  composite 
number?  [61]. 

85.  'How  may  wef  multiply  by  aiiy  n^W  of  nines  ? 


^6.  How  is  multiplication  ver^  bri^y  performed? 
£^J»  ■ 

iSIMPLE  DIVISION. 

fe6.  Simple  Division  is  the  division  of  abstract  nuiii- 
bers,  or  of  those  which  are  applicate,  but  contain  only 
one  denomination. 

Division  enables  mj  to  find  out  how  often  one  number, 
called  the  divupr,  is  contained  in,  or  can  be  taken  from 
another,  termed  tibe  dividend  ; — the  number  expresikng 
how  ofttn  is  called  the  quotimt.  Division  also  enable 
US  to  tell,  if  a  quantity  be  divided  into  a  certain  number 
of  ^nal  parts,  what  will  be  the  amount  of  each. 

When  the  divisor  is  not  contained  in  the  dividend 
any  number  of  times  exactly,  a  quantity,  called  the 
remainder  J  mhft  after  the  division. 

67.  It  will  help  us  to  understand  how  greatly  divi- 
Bbn  abbreviates  subtraction,  if  we  consider  how  long  a 
process  would  be  required  to  discover— by  aetuaUv  sub- 
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4ra6ting  itK-ho^  oftett  7  ib  contaihed  in  8563495734, 
^v4iile,  M  we  shall  find;  the  i^aaie  thing  ean  be  efieoted 

68.  Division  is  expressed  by —,  placed  between  th^- 
dividend  and  divisofr;   or  by  putting  the  divisor  undfer 

th^  dividend,  wlbh  a  separating  Me  between: ^«btts 

a 
6-r3=^,  or-j==2  (read  6  divided  by  3  is  equal  to  ^) 

means,  that  if  6*  w  divided  by  3>  the  quotient  witti  heUih- 
6J.  When?  a  qiiiintity  under  thie  tinirahlni  is  to  be 
dividfed,  tf^'  rimst,  oiii  reinovi%  the  ^ilcfttiytito,  ^ut  th* 
divisbt^undf^i^  cjkcii  of  t^  tei4n^  corttiected  by  tie  ^ 
of  addition.  Or  subtraction,  otherwise  the  value  of  what 

was  to  be  divided  win  be  ohaUffedz-wthus  54r6-^7-s-3i3: 
5      6      7  ' 

3*+gf'^g-;  for  we   do  not  divide   the  whole  unless 

we  divide  a^'  its  parts. 

The  Ike  place»l  BeiMrfeeti  the  dividend  tlild  divider  occa- 
sionally assumes  the  ptace  of  a  vinculum ;  and  *.nere- 
fore,  wheri  the  quantity  to  be  divided  ii^  snbtnwtive,  it 
will  soim^tiihes  lie  tiecessttiy  to  change  the  si^s— as 

alreadtditiyet^  fl6]:— thttt  A4-  Itf -=-Sflil±i 

tut  -^ —  - ' . .  ^^  ■  ■  =±:-— . J-—-.    T<3/t  WhiJii,  t^ 

id  thiesd  eaiMNV,  i^  tbe'  terki^  ariB  j^ttt  tmd^  th«^  v&t^tahitiii 
the  efiyi-Hjiij ftr ail  t&b dtibttttetiVe si^s litocttAiS^Wedi-l' 
is^e  ^ame  as  if  ^  viiacu^pm  were  reiihoved  alt^getlier  ; 
and  then  the  signs  should  be  chaAged  Ikiek  again  tl^i 
what  they  fti^  bei  emisiiii^rcid  «Qr  haiv^  b^n  M'oft  the 
viflcultim  iMtt  aftx^  [le^]. 

When  (pianUiies  eoni^eelle^lj^  the  sigik  of  BftartlTpBQA^^ 
tion  are  tor  be  (Hivided^  dividing  any  one  of  i^  £aotor»«^ 
will  be  th»  mm  )«B  ^tidbf  the  pit"odtlbt  j  th*tttf,  SX  H)X 

25-^6tiStf -X  lOXS^ ;  «*  each  is  eqtii*  to  IM^^^ 

To  Divide  Qiu»ntmes. 

70.  Wh«il  iks  divisor  doe»  not  dBcesd  If^j  liixr  ^ 
dividend  12  times  the  £vi9or  '  ^-^ 
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Bulb. — ^I.  Find  by  the  multiplioation  table  the 
greatest  namber  which,  muUilplied  by  the  divisor,  will 
give  a  product  that  does  not  exceed  the  dividend :  this 
will  be  the  quotient  required. 

n.  Subtract  from  the  dividend  the  product  of  this 
number  and  the  divisor ;  setting  down  the  remainder,  if 
any,  with  the  divisor  under  it,  and  a  line  between  them. 

Example. — ^Find  how  often  6  is  contained  in  58;  or,  in 
other  words,  what  is  the  quotient  of  58  divided  by  6. 

We  learn  firom  the  multiplication  table  th&t  10  times  0 
are  60.  But  60'  is  greater  thui  58 ;  the  latter,  therefore,  does 
not  contidn  6  10  tunes.  We  find,  by  the  same  table,  that  9 
Umes  6  are  54,  which  is  less  than  58 :~  consequently  6  is  con- 
tidned  9,  but  not  10  times  in  58 ;  hence  9  is  the  quotient ; 
and  4 — the  difference  between  9  times  6  and  the  given  num- 
ber— is  the  remainder. 

4       4  58      4 

The  total  quotient  is9-f-g,or9gj  that  is,  •g-=9g. 

If  we  desire  to  carry  the  diviuon  farther,  we  can  effect  it 
by  a  method  to  be  explained  presently. 

71.  Rkasow  or  I.^ — Our  object  is  to  find  the  greatest  num- 
ber of  times  the  divisor  can  be  taken  flrom  the  dividend ;  that 
is,  the  greatest  multiple  of  6  which  will  not  exceed  the  num- 
ber to  be  divided.  The  multiplication  table  shows  the  pro- 
ducts o^  any  two  numbers,  neither  of  which  exceeds  12 ;  and 
therefot  e  it  enables  us  to  obtain  the  product  we  require ;  this 
must  not  exceed  the  dividend,  nor,  being  subtracted  from  it, 
leave  a  number  equal  to,  or  greater  than,  the  divisor.  It  is 
hardly  necessary  to  remark,  that  the  divisor  would  not  have 
been  subtracted  as  often  as  possible  ftrom  the  dividend  if  a 
number  equal  to  or  greater  than  it  were  left ;  nor  would  th^ 
quotient  answer  th»  question,  Aoto  i{/lisn  tJte  divisor  could  t^ 
taken  from  the  dividend. 

Rkabon  or  II.r~We  subtract  the  product  of  the  ^visor 
and  quotient  from  the  dividend,  to  bam,,  if  there  be  any 
remainder,  what  it  is.  When  there  is  a  remaindier,  we  in 
reality  suppose  the  dividend  divided  into  two  parts ;  one  of 
these  is  equal  t>  the  product  of  the  divisor  and  quotient— ^tnd 
this  we  actually  diviae;  the  other  i<i  the  difference  between 
that  product  and  the  given  dividend — this  we  express,  by  the 
notation  already  explained,  as  still  to  be  divided.   In  the  ea^m- 

pie  given. -=-^«^+^=©4.- 

j?j8.  When  the  divp^or  does  not  exceed  Id^to  tho 
dividend  exceeds  12  times  the  divisor'— ofult^^r^gr     : 
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can  effeot  it 


Rule.— I.  Set  down  the  dividend  with  a  line  under 
It  to  separate  it  from  the  future  quotient:  and  put  the 
divisor  to  the  left  hand  side  of  the  dividend,  with  a  line 
between  them. 


,  ^^:.  Pjv»<*e  the  divisor  into  all  the  denominations  of 
the  dividend,  beginning  with  the  highest. 

III.  Put  the  resulting  quotients  under  those  deno- 
minations of  the  dividend  which  produced  them. 
J  r^^i.*^®'"®  ^  *  remainder,  after  subtracting  the  pro- 
duct of  the  divisor  and  any  denomination  of  the  quotient 
from  the  corresponding  denomination  of  the  dividend, 
consider  it  ten  times  as  many  of  the  next  lower  deno- 
mination, and  add  to  it  the  next  digit  of  the  dividend. 

V.  If  any  denomination  of  the  dividend  (the  preced- 
ing remainder,  wher  there  is  one,  included)  does  not 
contain  the  divisok,  consider  it  ten  times  as  many  of 
the  next  lower,  and  add  to  it  the  next  digit  of  Uie 
dividend—putting  a  cypher  in  the  quotient,  under  the 
digit  of  the  dividend  thus  reduced  to  a  lower  denomi- 
nation, unless  there  are  no  significant  figures  in  the 
quotient  at  the  same  side  of,  and  farther  removed  from 
the  decimal  point. 

VI.  If  there  be  a  remainder,  after  dividing  the 
rJS***  of  comparison,"  set  it  down— as  already  directed 
1 70j— with  the  divisor  under  it,  and  a  separating  line 
between  them ;  or,  writing  the  decimal  point  m  the 
quotient,  proceed  with  the  division,  and  consider  each 
itemamder  ten  times  as  many  of  the  next  lower  deno- 
junation ;  proceed  thus  until  there  is  no  remainder,  or 
nntd  It  is  so  trifling  that  ic  may  bo  neriected  without 
mconvenienoe.  ■'■ 

73.  Example.— What  is  the  quotient  of  64466.^7 "» 
Wvisoy  7)64456  dividend. 
9208  quotient. 

0  tens  of  ti^ousax^s  do  not  contain  7,  even  mx  ton  thom-li 
■and  times ;  ^for  ten  thousand  timea  7  are  70  thousand,  whioht^ 
IS  neater  than  60  thousand;  there  is,  therefore,  no  digit i 
3*  "^P'»t  m  the  ten-thousands'  phiceof  the  quotient— w»£ 
ao  not,  hofwerer,  put  a  cypher  in  that  place,  smoe  no  digili 


8S 
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of  tho  quotient  can  be  further  removed  fVom  the  decimal 
poiiM)  than  thits  cypher ;  (or  it  would,  iu.Huch  a  ca^Oi  produce 
no  effect  [^Sec.  I.  28].    Considering  the  .6  traia  of  thouaanda. 
as  60  thouaands,  and  adding  to  these  this  4  thousands  alrcadv ' 
in  the  dividend,  we  have  G4  thousands.     7  will   "  g6"  into 
^that  is,  7  can  be  taken  from^  64  thousand,  9  thousand  times ; 
foi*  7  timta  9  thouadnd  are  o3  thousand—^ whtoh  li  1$m  than 
64  thousand,  and  therefore  is  ^ot  tpo  large ;  it  d(>|»9  not  leave 
a  remainder  equal  to  the  cli  visor — %n4  therefor^  it  ia  not  too 
emaU : — 9  li  to  be  set  down  in  th0  thousands^  plaoei  of  the 
quotient;  etr     Lhe  4  Already  iii  the  dividend  bising  adided  to 
oneiliotnaha  (tb^  difl^reftce  betweeti  64  and  6S'^blisuid) 
c<AMiidered  ae  tidn  times  so  many  htmdrods,  we  have  14  huni- 
dreds.    7  will  go  2  hundred  times  into  14  hundreds^  and  leave 
no  remainder ;  for  7  times  2  hundreds  are  exactly  14  hun- 
dreds :— ^2  isj  therefore,  to  be  {>ut  in  the  hundreds?  place  of 
the  quotient,  and  there  is  nothing  to  be  carried.    7  will  not 
g<^into5  tens,  even  ohee  ten  times;  since  10  times  7  are  7 
tens,  which  ii^  more  than  5  tens.    But  considering  the  6 
tens  BA  50  ui^ts,  aild  adding  to  them  the  other  6  units  Of  the 
dividend,  We*  have  &6  units.    7  will  go  into  56,  8  times;  leav)^ 
ii^  no  remainder.-  As  the  5  tens  gave  no  digit  in  the  teni^  ' 
place  of  the  quotient,  and  there*  are  signij^ant  figures  fl^rther 
removed  from  the  decimal  point  than  this  denonuinatiim  of ,  „ 
the  dividend,  We  haye  been  obliged  to  use  a  cypher.    The.^ 
division  being  finished,  and  no  riamainder  left,  the  requlref^^ 

qnotieni  iftfixuid  to  be  9208  exactly ;  that  is,  "^"=9208. 


74i  EiuilPLS 

lye? 


^.— What  is  tlie  quotient  of  7*3268,  divided 

e)7M^ 

132W1 
We  ttMJF  M*  down  the.  3  upite,  wfaiofai  vemain  after  the. 
QBits  of  th|D.qi|o(ieAt  are  found)  as  rdpreaeiited ;  or  we  maf 
jmceed  with  Uie  dinsion  ia  follows — 

6)73268 

Conmdering  the  2  units,  iielb'  $rGBi.i4?<>  unite  o^  the  divi- 
dend, as  20  tenths,  we  perceive  that  6  will  go  into  them 
three  teuthe  timwi)  «nd  hem  2  tei&th6-~aiiMe  3  leAthe  times 
6  (W6  tiaoMt  aitotftheCaS])  ai*e  1^  tenths  :r-MW»put  3  iii  the 
tenthai'  phioe  el  tbe  qxiotienite,  and  eonsidet  the  fl  tenUMifer 
maimagi  «•  ^  hitnchredthi.  For  siaiUttr  tmiemt  ft  mix  ge 
iftt<|»  29  hmicuedtlig  3  hiiftdilDdthii  tiiiiM»  end  hmm  2  huii»^ 
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?he1*tiil  ^r'-fth!?*  ^T  ^  hundredths  as  20  thousandths, 

aiTer.infir  ^  ^^^^"T''*'^'  ^  ^"^^^"^  *»d  2  thousandths 
a*  remamder,  &o.     The  same  remainder,  oonstantlv  rpn.Tr! 

ring,  w,U  evidently  produce  the  same  dig  tTn  the  Zoe^?^ 
denominations  of  the  quotient-  we  mav   *l.!».ISl       . 
put  down  in  the  quotiVt  TaZ^  &  «  wuT  V  e^he' 
final  remainder  so  small,  that  it  niy  be  neglecTed. 
75.  ExAMPL*  3.— Divide  47365  by  12 
12)47365 

394708,  &o. 
In  this  example,  the  one  unit  left  (after  obtainine  the  7  in 
the  quotient)  even  when  considered^  as  10  teX^doS  not 
contain  12:  there  is,  therefore,  nothing  toTSetdrnTn 
the  tenths'  place  of  the  quotient--except  a  cvoher  to  ki.«n 
the  following  digits  in  trieir  proper  places  ^he  io  tenZ 
are  by  consequence  to  be  coSsiiered  as  100  hundredSs 

Tl£^'.i°^^^,^'i"^'«f  ^«  8  hundredths  times,  &c' 
k>I^;irjtt fi^n'°  '""^  ^'  "^^  t70],  when  ^e  desire 
Ejcample.— Divide  8  by  5, 

8-#-5«13,  orl-37,  &c. 
76    When  the  pupil  fully  understands  the  real  denc- 
mmations  of  the  dividend  and  quotient,  he  may  proceed 
for  example,  with  the  following  ^  proceea, 

5)46325 
In  this  manner : — 5  will  not  co  into  4     fi  infn  aa  q  *• 

tf  '  Tl  ^*'%n  ^rS  o?Te  dettinit^Sn't'oVh  ro 

pu^rdJrtte'^^'Jh  %  *''*  f^'  '^  *^^  ^^''^^^  i^  ^  b^ 
S^oduceJ  lA  6-that  18,  under  the  denomination  which 
proauced  it).  5  into  13,  twice  and  3  over  5  into  ^2  A 
times  and  2  over.    5  into  25,  5  times  and  Lo  remainder^  ^ 

ca^r^ditlir  '"^  °'*  ^^"^'  ''^  *^«  p—  - 

y^^i^h^sZr,l7^^'^Il^^  arrangement  of  the  quantities- 
dieit"  of  th«  ^IJ.**  ^     *'  ^'^  cgnvemence— the  values  of  the 

decimal    Put     tS  seSratli   r^'^''^'"'^'  *"^  '^  '^^'  ^^'^ 
divisor.  orauotientLm^Kri"?   *'''®^  P''®^®'^'  *»»«  dividend. 

ReasoiJ  o»  tt      w     v^®L"S  V"*  *°y  ^^J'  mistaken, 
the  paJte  orthl  r^*  i*l^*  "»«  ^^™*-  successively  into  all 

subtracted  fJnm  ♦£!  «"™,of.*he  numbers  of  times  it  can  be 
owaoted  from  these  parts  is  evidently  ecjtzal  to  the  number 
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•r  timM  it  ean  b«  sabirMted  ftrom  their  mm.  Thas,  if  6  goes 
into  500,  100  tiints,  into  60,  10  times,  and  into  6,  once;  it 
will  go  into  600-h60+6  (=a666),  100+lO-|-l  (=111)  times. 

The  pupil  perceives  bj  the  ez»nq>les  given  Above,  that,  in 
dividing  (he  (UvisM"  sucoesaivelj  into  the  parts  of  the  dividend, 
caoh,  or  any  of  these  parts  does  not  BMessarilj  consist  of  uoe 
or  more  digits  of  the  dividend.  Thus,  in  finding,  for  example, 
the  quotient  64456-J-7,  we  are  not  obliged  to  consider  the  parts 
as  60000,  4000,  400,  60,  and  e  :— on  tk«  contrary » to  render  tho 
dividend  suited  to  the  process  of  division,  we  alter  its  form, 
while,  at  the  same  time,  we  leave  its  value  unchanged ;  it  be- 
comes 


Thouisndi.         Hundred*. 
68         -h,        M    .    .+ 


Teiu.  Vaitf. 

^       ^       „        -^       0       4-      6«    (=64456). 
Each  paH  being  divided  fey  7,  the  differ^t  portions  of  th« 
dividend,  with  their  respective  quoiients.  will  be, 
Tli9ai»|i4«<  Hundreds.    T«a».      Uaita. 

7\^  14  0  6g    —    «4466. 

9  2  0  8     at     0208.  ' 

We  begin  at  the  le^  hi^nd  side,  because  whnt  remains  of  the 
higher  denomination,  may  still  give  a  (|[uotieQt  in  a  lower; 
and  the  question  itj,  Aomj  o/ien  the  divisor  will  go  into  the 
dividend— its  difierert  denominations  being  taken  ill  any  con- 
venient way.  We  cannot  know  how  many  of  the  higher  we 
shall  have  to  add  to  the  lower  denominations,  unless  we  begin 
with  the  higher.  . 

REAsotr  or  III.— -Bach  digit  of  the  quotient  is  pat  under 
that  denomination  of  the  dividiend  which  produced  it,  because 
it  belongs  to  that  denomination  ;  for  it  expresses  what  number 
of  times  (indicated  by  a  digit  of  that  denomination)  the  divisor 
tan  be  taken  from  the  corresponding  part  of  tho  dividend  :— 
tiius  the  tens  of  the  quotieut  express  how  many  ienn  of  times 
file  divisor  can  be  taken  from  the  t^ns  of  the  dividend;  tho 
hundreds  of  the  quotient,  how  many  nundreds  of  times  it  can 
be  taken  from  the  hundrteds,  &c. 

RK4SOIV  or  IV.— Since  what  is  left  belongs  to  the  total  re- 
mainder, it  must  be  added  to  it;  but  unless  considered  as  of  a 
lower  denQmiiiation,,it  will  give  nothing  further  in  the  quotient. 

RBA.80N  or  v.— We  are  to  look  upon  the  remainder  as  of 
the  highest  denomination  capable  of  giving  a  quotient;  and 
though  it  may  not  contain  the.  divisor  a  number  of  times  ex- 
prsssed  by  a  di(^t  of  op^e  depQ^nation,  it  may  contain  it  some 
number  of  tiraes.e:]^]«:es8eidby.0Be,that  is  lower. 

The  true  repjainder,  aiflfr  sutHracting  each  proflact*  is  the 
t>Ao/e  rema|n<i'«r,of  the  dividenii  but  we  "  luring  down  "  only 
K)  much  of  it,i»  is , necjbpary  fbr  our  preiMnt  object.  Thus,  in 
lopking  for  a  digi^t  in  the  hundreds'  place  of  the  quotient,  it 
will  nq't  be  necessary  to  take  into  account  the  tens,  or  unita 
of  the  cUvidencI ;  since  they  cannot  add  to  the  number  of  Av»' 
dredtoi  time*  the  diviaor  inay  be  taken  from  the  ditideikd. 
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A  cypher  must  be  added  [Sec.  I.  281.  when  It  In  **nnti.<^ 
to  give  .ignificant  figures  their  prober  raTu^whichffn^^^^^^^ 
the  c«ie,  e«ept  it  come.  betwee/thU  and  Jii  dwiiii  Zn! 

REAsoif  or  VI.— We  may  continue  the  process  of  diyision' 

LoJilT'  "  n°«f*  ^'  •■  r"'^^  ^  obtafn^ti^t.  of  anj 
denomination.  Quotients  will  be  produced  altliough  there  are 
no  longer  any  siirnifioant  fl«,»n«-  K.  ♦k^  j:-:i- '^"•"  '"'"^®  **^* 


Id  the  suooessiTe  remainders. 


can  add 


.or,  the  Bmaller  the  parts  of  a  given  quantity,  tie  greater 
their  number  wUl  be;  but  ols  the  least  possiblf  dM- 
sor,  and  therefore  any  quantity  divided  by  0  wiU  give  the 
argest  possible  (^^uotient-whieh  is  infinity,  ^ence! 
t?^^^  '^^Ti'i^'^^  multiplied  by  0  is  equd  to  0,  an^ 
numSer  divicfed  by  0  is  equal  to  a£  infinite  number.       ^ 

It  appears  strange,  bat  yet  it  is  true,  that -a-  ;   ^ 

each  is  equal  to  the  greatest  possible  numbe?,  and  one, 
therefore,  cannot  be  greater  than  another- the  appa- 
rent contradiction  arises  from  our  being  unable  to  form 
a  true  conception  of  an  infinite  quantity.    It  is  necessary 

quantity  infinitely  small,  rather  than  absolutely  nothing. 
79.    To  prove  X»ii«*ion.~Multiply   the   quotient  jfy 
the  divisor;   the  product  should  be  equal  to  the  divi- 
dend, mmufl  the  remainder,  if  there  is  one 

diviso;  l^nn^w  ^f '♦?*'''""!?  **'?*  remainder,  contains  the 
fi!!     L  "J?™^'  °f  ^^^^  indicated  by  the  quotient ;  if.  there- 

^ualt'thiTv-'.^**^?"  ^l'  ''"•^^«'  o?timL,i  q^tity 
I?  fo  l«t.  iilr^'S^'  ""l^"*  *^*  remainder,  will  be  produced 
It  follows,  that  adding  the  remainder  to  the  produc*  of  ^ 
divisor  and  quotient  should  give  tiie  dividend"    ^^^"^  '''^  "** 

Example  l.—Prove  that  ^=rl708. 

4)6832  Paoor.  1708,  quotient. 

1708  4,  aivisor. 

Bor  and  quotient,  equal  to  the  dividetaf^  ^'^'''*  *^^  ^^^• 
Example  2.-^IWe  that  ^^  12234  ~, 

Proof.  Prooi- 

12234  or  12284 

'  7 


SdlTtdtod  miant  5*  Uw  remain  lar. 


86638-f6:sdi»id»i 
e2 
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0) 
2)78840 


namciiBf. 
(2)  .  (8). 


8)91284 


8J67869 


(6)  m  <7)  (8)_ 

4)00707         10)1845C7         6)707466         11)87067 


9)712 


1284 


(9)        (10)       (11)  ^ 
6)970768    12)876967    7)691028 


(12) 
9)7 


68457 


80.  When  the  dividend,^  divisor^  or  both  coni'un 
eyphtn  or  decimals. — The  rules  already  given  are  appli  • 
oable :  those  which  follow  are  consequences  of  them. 
When  the  dividend  contains  cyphers—  , 
HuLE. — Divide  as  if  there  were  none,  and  removo 
the  quotient  so  many  places  to  the  left  as  there  havo 
been  cyphers  neglected. 

The  greater  the  diridend,  the  gieater  ought  to  be  the 
quotient;  sinoo  it  expresses  the  number  of  times  the  dirisor 
ean  be  subtracted  from  the  diridend.  Hence,  if  8  will  go  into 
56  7  times,  it  will  go  into  6600  (a  quantity  100  times  greater 
than  56)  ICK)  times  more  than  7  times— or  700  times. 

ExAMPUE  1.— What  is  the  quotient  of  568000+4  I 
?*?=142;theref.re552r=1420OO. 


-What  is  the  Quotient  of  40600004-5  ? 
=-81-2 J  therefore^ — «812000    [Sec.  I.  39.]. 
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81.  When  the  divisor  contains  cyphers — 

Rule. — ^Divide  as  if  there  were  none,  and  move  the 

quotient  so  many  places  to  the  right  as  there  are  cyphers 

in  the  divisor. 

The  greater  the  diyisor,  the  smaller  the  number  of  times  it 

ean  be  subtracted  from  the  dividend.    If,  for  example,  6  can 

be  taken  from  a  quantity  any  number  of  times,  lOO  times  6 

can  be  taken  from  ft  100  times  lees  often. 

56 
ExAMPUB. — ^What  is  the  quotient  of  ggx  ? 

-g««7;  therefore  ^ss  07. 
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83.  If  both  dividend  and  divine    contain  cyphers 

RuLB. — Divide  as  if  there  were  none,  and  move  the 
quotient  a  number  of  places  eaual  to  the  differenee 
between  the  numbers  of  cyphers  m  the  two  given  quan- 
tities :— if  the  cyphers  in  the  dividend  exceed  those  in 
the  divisor,  move  to  the  left ;  if  the  cyphers  in  the 
divisor  exceed  those  in  the  dividend,  move  to  the  right. 

We  have  seen  that  the  effect  of  cyphers  in  the  dividend  is 
to  more  the  quotient  to  the  left  and  of  cyphers  in  the  diTieor, 
to  move  it  to  the  right;  when,  therefore,  both  oausee  act 
together,  their  effect  must  be  equal  to  the  difference  between 
their  veparate  effects. 


Examples. 


(1) 

7)68 

9 


(2) 
7)6800 
900 


(8) 
70)68 


(4) 
70)6800 


0-9 


(6) 
700)680 


(6) 
700)6800 


90  0-9  d 

In  the  sixth  example,  the  difference  between  the  numbers 
of  cyphers  beineaxO,  the  quotient  is  moved  neither  to  the 
right  nor  the  left.  u;;:...    ..; 

83.  If  there  are  decimals  in  the  dividend-— 
BuLE. — Divide  as  if  there  were  none,  and  move  the 
quotient  so  mi^ny  pkces  to  the  right  as  there  are  deci- 
mals. 

The  smaller  the  dividend,  the  less  the  quotient 
ExAMPUc.— What  is  the  quotient  of  -048-h8  ? 

48    .     .       .     •04b  J 


T 


=6  therefore -^»006. 


, '^> 


...r* 


j84.  If  there  are  decimals  in  ihe  divisor —  ; ; ,  *!  ?  o . .  ,     '  i 
Rule. — Divide  as  ifl> there  were  none,  aqd  move  the 
quotient  so  many  places  to  the  left  as  there  are  deci- 
mals.    ^^^'Ti^  ''■'    '"•'•  r>"^hiv}b  >;:!»  m  y'.u..^ 

The  smaller  the  divisor,  the  greater  the  quotient.' 
Example.— What  is  the  quotient  of  54-4-'0()6  ? 

■g-*=9,  therefore;^as9000.  ^    ir 

85.  If  there  are  deoimfds  in  both  dividend  and  di- 
visor— 

RuLB.~vDiyide  as  if  there  were  none,  and  move  the 
quotient  a  number  of  places  equal  to  the  differenoo, 


'■<tir-r^^^ft^!f^^ 


^,  mvitioif. 

between  the  numbers  of  dedmtals  in  the  two  given  qi»n- 
aties :— if  the  decimals  in  the  dividend  exceed  those  in 
the  divisor,  move  to  the  right;  if  the  decimals  m  the 
divisor  exceed  those  in  the  dividend,  move  to  the  left* 

We  hate  seen  that  decimals  in  the  ditidend  moTe  the 
quotient  to  the  right,  and  that  decimals  in  the  Jji«or  "Jj; 
it  to  the  left;  when,  therefore,  both  eaueee  eot  to^fother,  the 
effect  mult  bo  equal  to  the  diiferenoe  between  their  separate 
effoota. 


ISSAMPLU. 


(1) 

6)45 
~0 


(2) 
6)-4& 


(8) 
•05)46 

m 


(4) 
-6) -046 


^005)  460 
00000 


(6) 
•06)'46 


v$6.  If  there  are  cyphers  in  the  dividend,  and  deci- 
mals in  the  divisor — 

RuLE.—Bivido  as  if  there  were  neither,  and  moye 
the  quotient  r  number  of  places  to  the  left,  equal  to 
the  number  of  both  cyphers  and  decimals. 

Both  the  oyplrtr*  in  the  di^end,  and  the  d«5oimalli  in  the 
di^tior  inoreibtt  theifuotieut. 

fexAMPLi.— What  is  the  quotient  of  270-f-  'OU  j 


27 


.9000. 


.i7f-- 


'^^Plff^^ therefore,  270^03; 

87.  If  there  are  decimals  in  the  dividend,  and  cyphers 
in  the  divisor —  ,v  j-u    > 

Rule. ^Divide  as  if  there  were  neither,  and  move 

the  quotient  a  autriber  Of  places  to  the  ri^  e^u*!  to 
the  number  of  botli  Cyphers  snd  decima>s.     ' 

Both  the  deoimala  in  the  dividend,  andt  the  cyphers  in  the 
divisor  dimluish  the  quotient. 

Example.— Whut  4s  the  quMient  of  IS-f^  ! 

^-9,  U»erefcie '«fi?tOO0. 

2  20  ,. 

The  fntefcithieh  rfelftt*  to  Hie'ttiitnagemeirt  idf  iyphers 
and  decimals-,  in  multiplication  and  in  diviyion — thoH«rh 
numeraoff-^^fll  *te  Vei^  ttwily  reitiemibis.^,  5*  the  pi^ii 
in*^e^  considers  what  m^h*  to  be  the  eftbiri  vi'iolthflaf 


I 


8)10000 

Division. 

(M)              (1«)              (W) 
11)10000       8)70170        6)68680 

(17) 
30)86626 

(18) 
$000)47805 

(1») 
40)66020 

(20) 
80)76686 

(21) 
12)68-076 

(22) 
10) -08766 

(28) 
"07)64268 

(24) 
•08)67 -868 

(26) 
•0006)60800 

(28) 
700) '08676 

(27) 
•008)67-862 

(28) 
400)68700 

(29) 
ilO)»7-684 

88.  When  the  divisor  exceeds  12*^ 

The  process  used  is  called  l&»g  division ;  that  is,  we 
perfohn  the  totiltijilicjitioas,  subtractions,  iic,  in  full, 
and  ii6%  as^^fjre,  inertly  in  the  Wind.  This  will  be 
understood  better,  by  applying  the  riiethod  of  long  divi- 
sion to  an  example  in  which — the  divisor  iiot  being 
gr  ater  than  12 — it  is  unnecessary. 


SUprt  Qivi'iioa : 
«)57<}8472 

720484 

tb«  Mme  hy          Long  Oivilion. 
8)6788472(720434 
,  60 

^4 
«2 

f4 


M 

,■.,-..,  82.     ■•       ..  ... 

m  the  seaoQii  method,  we  mDiiiipiy  tbe  divisor  by  tb« 
different  parts  of  the  quotient  ^J|^m  m§i}^  SiMfi.  ^ 


90 


DIVISION. 


i    i 


the  product,  suhtmct  it  from  the  corresponding  portion  of 
the  dividend,  tinite  the  remainder,  and  oring  down  the  rr 

auii«d  digits  of  the  dividend.    All  this  must  be  done  when 
lie  divisor  becomes  large,  or  the  memory  would  be  too 
heavily  burdened. 

89.  Rule — I.  Put  the  divisor  to  the  left  of  the  divi- 
dend, with  a  separating  line. 

II.  Mark  off,  by  la,  separating  line,  a  place  for  the 
quotient,  to  the  right  of  the  dividend. 


in.  Find  the  smallest  number  of  digits  at  the  left 
hand  side  of  the  dividend,  which  expresses  a  quantity 
not  less  than  the  divisor. 

IV.  Put  under  these,  and  subtract  from  them,  the 
greatest  multiple  of  the  divisor  which  they  contain ; 
and  set  down,  underneath,  the  remainder,  if  there  is 
any.  The  digit  by  which  we  have  multiplied  the  divisor 
is  to  be  placed  in  the  quotient. 

V.  To  the  remainder  just  mentioned  add,  or,  as  it  is 
said,  "  iH-ing  down"  so  many  of  the  next  digits  (or 
cyphers,  as  the  case  may  be)  of  the  dividend,  as  are 
required  to  make  a  quantity  net  less  than  the  divisor ; 
and  for  every  digit  or  cypher  of  the  dividend  thus 
brought  down,  except  one,  add  a  cypher  after  the  digit 
last  placed  in  the  quotient. 

VI.  Find  out,  and  set  down  in  the  quotient,  the 
number  of  times  the  dividor  is  contained  in  this  quan- 
tity ;  and  then  subtract  from  the  latter  the  product  of 
the  divisor  and  the  digit  of  the  quotient  just  set  down. 
Proceed  with  the  resulting  remainder,  and  with  all  that 
succeed,  as  with  the  last. 

VII.  If  there  is  a  remainder,  after  the  units  of  tho 
dividend  have  beer.  "  brought  down"  and  divided,  either 
place  it  intx)  the  quotient  with  the  divisor  under  it,  and 
a  separating  line  between  them  [70] ;  or,  putting  the 
decimal  point  in  the  quotient — and  adding  to  the  re- 
mainder as  many  cyphers  as  will  make  it  at  least  equal 
to  the  divisor,  and  to  the  quotient  as  many  cyphers 
minus  one  as  jbnere  have  been  cyphers  add^d  to  ihd 
remaind«r — ^proceed  "with  the  divi«aon. 
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DIVISION. 

90.  Example  1.— Divide  78325826  by  82. 

82)78325826(955193 
73o 

452 
410 

425 

410 


tf 


158 

82 


762 
738 

246 
246 

mt!f  78  V  "^  Q  '^"i  '""^  ^  K  °°'  i.^*^  ^^ '  ^""^  ^*  ^i"  SO  9  times 
into  783  :— 9  is  to  be  put  m  the  Quotient. 

The  values  of  the  higher  denominations  in  the  quotient 
will  be  sufficiently  marked  by  the  digits  which  succeed 
them— It  will,  however,  sometimes  be  proper  to  ascertain. 
It  the  pupil  a^  he  proceeds,  is  acquainted  with  the  orders 
of  units  to  which  they  belong. 

9  times  82  are  738,  which,  being  put  under  783,  and  sub- 
tracted  from  It,  leaves  45  bs  remainder ;  since  this  is  less  than 
the  divisor,  the  digit  put  into  the  quotient  is— as  it  ought  to 
be  L/lJT-the  largest  possible.  2,  the  next  digit  of  the  divi- 
dend, bemg  brought  down,  we  have  452,  into  which  83  goes 
5  time8;~5  being  put  in  the  quotient,  we  subtract  5  times 
the  divisor  from  452,  which  leaves  42  as  remainder.  42, 
with  5,  the  next  digit  of  the  dividend,  makes  425,  into  which 
82  goes  6  times,  leaving  15  as  remainder ;— we  put  another 
5  m  the  quotient  The  last  remainder,  15,  with  8  the  next 
digit  of  the  dividend,  makes  158,  into  which  82  goes  once, 
leaving  76  as  remainder ;— 1  fs  to  be  put  in  the  quotient.    2 

w!.°?*w?**/.**'®^*^l'^°**'**«°g  ^»t*»  76,  makes  762 
into  which  the  divisor  goes  9  times,  and  leaves  24  as  remain^ 

?  '"::  *!  *"  ^  P"*  *^  *^«  quotient.  The  next  digit  beina 
brought  down,  we  have  246,  into  which  82  goes  3  times 
exactly ;— 3  is  to  be  put  in  the  quotient.  This  3  indicates 
o  umte,  as  the  last  4igit  brought  down  expressed  units. 

vu     />        78325826 
Therefore    — .g2f?«^55i93. 
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DIVISION. 


Example  2. 


-rivide  6421284  by  642. 

642)6421284(10002 
642 


1284 
1284 

642  goes  once  into  642,  and  leaves  no  remainder.  Bring- 
ing down  the  next  digit  of  the  dividend  gives  no  digit  m 
the  quotient,  in  which,  therefore,  we  {mt  a  cypher  after/the 
1.  The  next  digit  of  the  dividend,  in  the  same  way,  dves 
no  digit  in  the  quotient,  in  which,  consequently,  vire/put 
another  cypher ;  and,  for  similar  reasons,  another  in  bringing 
down  the  next;  but  the  next  digit  makes  the  (Quantity 
brought  down  1284,  which  contains  the  divisor  twice,  and 
gives  no  remainder : — we  put  2  in  the  quotient. 

91.  When  there  is  a  remainder,  we  may  continue  the 
division,  adding  decimal  places  to  the  quotient,  as  follows— 


Example  3.- 


-Divide  796347  by  847. 
847) 796347(940- 19,  &o. 
7623 


3404 
3388 


.iM' 


1670 
847 


8230 
7623 


92.  The  learner^  after  a  little  practice,  will  gaess 
pr  tty  accurately  what,  in  each  case,  should  be  the  next 
digit  of  the  quotient.  He  has  only  to  multiply  in  his  mind 
the  last  digit  of  the  divisor,  adding  to  the  product  what 
he  would  probably  have  to  carry  from  the  multiplica- 
tion of  the  secotid  last: — if  this  sum  can  be  taken  from 
the  correspondmg  part  of  what  is  to  be  the  i^inuend, 
leaving  little,  or  nothing,  the  assumed  number  is  likely 
to  answer  for  the  next  digit  of  the  quotient. 

98.  ItKAsoN  or  I.-— This  arrangement  is  merely  a  matter  of 
convenience;  some  put  the  divisor  to  the  ri^ht  of  the  dividend, 
and  iinmediately  over  the  quotient— believmg  that  it  is  more 
convenient  to  have  two  quatitiCles  which  arejo  be  inultiplied 
together  as  near  to  each  other  as  jXNisible.  Thus,  lu  dividing 
<»  06  by  64— 


DIVISION. 
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5r.  Brin^- 
ao  digit  m 
)r  aftor/the 
way,  gives 
ly,  we/ put 
in  bringing 
ie  (]|uantity 
twice,  and 

mtinue  the 
18  follows — 


will  guess 
m  the  next 
in  his  mind 
oduct  what 
muUiplica- 
taken  from 
e  i^inuend, 
>er  is  likely 


r  a  matter  of 
ihe  dividend, 
it  it  is  more 
)e  tnnltiplied 
I,  iu  dividing 


6425  •  64 

?1  UibTSc. 

102 
64^ 

485 
4?2 

68,  &o 
Rea«ok  of  n.-Thi»,  also,  is  only  a  matter  of  convenience 
ftjAsoN  OF  IIL-A  smaller  part  of  the  dividend  would  gWe 
iw^  digit  in  the  quotient,  and  a  larger  would  give  more  tlan 

Reason  of  IV.— Since  the  numbers  to  be  multiplied,  and 
the  products  to  be  subtracted,  aro  considerable,  it'^is  not  so 
convenient  as  m  short  division,  to  perfom  the  multiplicatioS 
and  subtrac  lons  mentally.    The  rule  directs  us  to  serdown 

rthe"S;il?e^^  *'^  **"'^*^''^''  ^-^"««  *^«  '^"^^  ^  *^*  b'-S 

wiSSi^lTu  Tu  V-One  digit  of  the  dividend  brought  down 
would  make  the  quantity  to  be  divided  ane  denominatSn  loVe? 
than  the  preceding,  and  the  resulting  digit  of  the  quotient 
also  one  denomination  lower.     But  if  we  a?e  obliged  to  bS 

iS„«T<lf*«'^ti*^^*»'''^"^**y  ^  ^  divided  is  Lo  denonS? 
nations.lower,  and  oon^uenfcly  the  resulting  digit  of  the  quo- 

\r^  "'^^  denominations  lower  than  th?  prec^ing-Sffi. 
from  the  principles  of  notation  [Sec.  I.  281^  in  expressed  by 
using  ajnrpher.  In  the  same'  way,  brinilng  dSwn  three 
figures  6f  ihe^dividend  i-eduri^  the  denomination  three  pImw 

lower  than  the  last— tWo  eyphers  must  then  h6  used.  The 
same  reasoning  holds  for  any  number  of  characters.  Whether 
significant  or  otherwise,  broujht  down  to  any  remainder 

Kkason  of  VI.— We  subtract  the  products  of  the  diffepanf 
parts  of  the  quotient  and  the  divisor  We  %Serent  plrrof 
-.!  1"*^  i^x'^'.u*^'"^  P''*  ****^"  successively  according  as  they 
are^found),  that  we  ihav  discover  what  t&b  remainder  is  from 
which  we  are  to  iw;Mct  the  next  portion  of  the  quotient.     Prom 

I  dJ '  ^*''.*  *  l**^.^  ^^'^  f^l'  »*  is  evident  tSat,  if  there  ar^ 
no  decimals  in  the  divisor,  the  quottem  figure  will  always  be 
of  the  same  denomination  as  the  lowest  in  the  quantity  from 
which  we  subtract  tiie  product  of  it  and  the  divisor         ^ 

RfcAsow  OF  yil.~:^fie  reason  of  this  it)  the  same  as  what 
was  given  for  the  sixth  part  of  the  P^^^^ng  rule  [77]. 

It  is  proper  to  put  a  dot  over  each  digit  of  the  divi- 
dend, as  we  bring  it  down ;  this  will  preveat  our  forget™ 
tmg  any  one,  or  bringing  it  4own  twice. 

_  -.  „  «^.„  tucic  ttic  uypuurs,  aecimals,  or  DotH,  tho 
rules  ahready  given  [8i),  «to.]  are  applicable. 


DITISION. 


95.  To  vrove  the  Div'lm. — ^Multiply  the  quotient 
by  the  divisor ;  the  product  should  be  equal  to  the  divi- 
dend, minus  the  remainder,  if  there  is  any  [79] . 

To  prove  it  by  the  method  of  "casting  out  the 

^ines" — 

Rule. — Cast  the  nines  out  of  the  divisor,  and  the 
quotient ;  multiply  the  remainders,  and  rast  the  nines 
from  their  product : —that  which  is  now  loft  ought  to 
be  the  same  as  what  is  obtained  by  casting  the  nines 
out  of  the  dividend  minus  the  remainder  obtained  from 
the  process  of  division. 

Example. — ^Prove  that    g^  agll81y\. 

Considered  as  a  question  in  multiplication,  this  becomes 
1181  X  54=63776-2=63774.    To  try  if  this  be  true, 

Casting  the  nines  from  1181,  the  remainder  »«  2.  j  «  vy  0=0 

from     54,  „  is  O.J     ^ 

Casting  the  nines  from  63774,  the  remainder  is        .        .     0 

The  two  remainders  are  equal,  both  being  0 ;  hence  the 
multiplication  is  to  be  presumed  right,  and,  consequently, 
the  process  of  division  wnich  supposes  it. 

The  division  involves  an  example  of  n^ultiplication ;  since 
the  product  of  the  divisor  and  quotient  ought  to  be  equal  to 
the  diyidend  minus  the  remainder  [79].  H^nce,  in  proving 
the  multiplication  (supposed),  oa  already  explained  [64],  we 
indireoUy  prove  the  division.  u^ 


EXERCISES. 

(30) 
24)7654 

(31)                     (32)                    (33) 
15)6783               16)5674        :      17)4675 

318ff 

452^',                  354fJ                  275 

(34) 
18)7831 

(35)                   (36)                  (37) 
19)5977            21)6783            22)9767 

435  A 

31411                323                    443|i 

(38) 
23)767500 

(39)                             (40) 
390)5807                 1460)6767600 

33369if 

14-8897                      4635-3425 

(41) 
266)77676700 


808424*6094 

(44) 
64 -26)128 -70586 
2*2808 


DIVISION. 

(42) 
67-1) -1842 
•002 

■"  'iinl.- 


''46) 
14-86)269*0625 
18-76 


9a> 

(48) 
'168) -829749 
6-4232 


(46) 
'0087)  666 

160000 


In  example  40-Hmd  some  of  those  which  follow—after 
obtaining  as  many  decimal  places  in  the  quotient  mwI 
deemed  necessary  it  wiU  be  more  accurate  to  com  dtJ  Ih^ 
reminder  as  eqiud  to  the  diyisor  (since  it  is  mme  thaS^  ine 
half  of  It),  and  add  unity  to  the  last  digit  of  the  quotient 


CONTRACTIONS   Ilf   DIVISION. 

96.  We  may  abbreviate  the  process  of  division  when 
•iff  V^  i"*?^  decimals,  by  cutting  oflF  a  digit  to  the 
right  hand  of  the  divisor,  at  each  new  digit  of  the 
quotient ;  remembering  to  carry  what  would  liave  been 
obtained  by  the  multiplication  of  the  figure  neglected— 
umty  if  this  miJtiphcation  would  have  produced  more 

25r&c.  fsgT         ^^ '  ^  ^  ""^'^  ^^^"^  ^^'  ^'  ^«««  *^*^ 
Example.— Divide  754-337385  by  61-347. 

fil  OA?^'^n^^^l'^'  Contracted  Method. 

61-34I)754.33  7385(12-296   61-347)754-337385(12-296 
MAX!  g2347    ^ 


14086.7 
122694 

181733 
1226.94 

590398 


552 


123 

2755 


36  8082 
"146730 


14086 
12269 

1817 
1227 

"690 
552 

"si 

Of 


9^  DIVISION. 

AooordiM  M  the  denominations  of  the  <!«»*(•»*  ^^"j; 
■mall,  their  products  by  the  lower  denominaUon  of  tlw  diview 
beoonU  inconsiderable,  and  may  be  neglected*  ajd.  conse- 
qJSitly.  the  portions  of  the  dividend  from  whick  ^^  ^^}^ 
Ltc  lien  su£tracted.  What  -hould  have  >«>», 'e^^-r^'l't^" 
the  mttUiplication  of  the  digit  neglected--sjnce  it  »>f«K?  ^o  » 
higher  denomination  ihm  whi.|  M>i  neglected.  aJiw»ld  still  be 
retained  [69]. 

97    We  may  avail  ourselves,  in  division,  of  contri- 
vanoM  very  simUar  to  those  used    in.  mu^tipUcation 

Tt*  divide  by  a  owBposite  number*— 
Rule.— Divide  suooessively  by  its  fa«*ar«. 

ExAMPLi. -Divide  98  by  49.         49=7x7. 

7^98 
7)5 
,  2=:984-7x7.,  or  49. 

Dividing  only  by  7  we  dividto  by  »  qw»»*i*y  7  Jj""^  *^ 
small.  foiTwe  are  to  divide  by  7  times  7  ;  the  result  is.  therefore. 
7  times  too  great :— this  is  corrected  if  we  divide  again  by  7 

98  If  tbe  divisor  is  not  a  composite  number,  we 
cannot,  as  in  multiplication,  abbreviate  the  process, 
except  it  is  a  quantity  which  is  but  Uttle  less  than  a 
number  expressed  by  unity  and  one  or  more  cyphers 

When  this  is  the  case — •  , ,  ,  , 

Rule.— Divide  by  the  nearest  higher  number,  ex- 
pressed  by  unity  and  one  or  more  cyphers ;  add  to  re~ 
mainder  so  many  times  the  auotient  as  the  assumed 
exceeds  the  given  divisor,  and  divide  the  sum  by  the 
preceding  divisor.  Proceed  thus,  adding  to^the  remam- 
der  in  each  case  so  many  times  the  foregomg  quotient 
as  the  assumed  exceeds  the  given  divisor  u^  the  exact, 
or  a  sufficiently  near  approximation  to  the  ^Mot  quoUent 
is  obtained— the  i(w<  divisor  must  be  the  we»,  and  not 
the  assumed  on^e*  The  hwt  remainder  w91  be  the  true 
one ;  and  the  sum  of  all  the  quotientft  WiU  be  the  true 
quotient 


DIVISION. 


m 


ExAMPLi. -Divide  987663425  by  998. 
987663,425=9876634264.1000 
1975.751=t?gTg55x2+425.f.l000. 
4.701=»Iu75  xifTS  1  -fJOOO. 
0-7^090«?X24.701-f.l000. 
00U040«- 7x2+5^1000. 
OOOO,42O=-0Ix2^4.1OOO. 
00004^0208=01x2+^4+998 

remail^der^^  ^*  '^"''"^°*  "  ^^^'  "^  '^208  is  the  la«t 


all  the  quotienifl  are 


The  true  quotient  19      980642-7104  Ar  ♦!.-  *  .v 

And  the  true  re»ai„d,r        OOaS^'  Z  'LZ^ZST^^ 

.iy"°r^'.h^^Vj"'u'n'",.''"""^'"8  qnotLnt  to  ewh  .uooe.- 

tm  the  ,«„««,»  fr„„  ,uTSi7.„!      "^  '*^ "  "»*• 

There  can  be  no  difficulty  when  the  learner,  by  this 

process  comes  to  the  decimals  of  the  quotient      tW„ 

he  third  Ime,  4701  gives, when  divided  bjr  1000,4  IS 

as  quotient,  and  701  units  still  to  U  divide  i-Ith.tT 

to  the  left  of  the  decimal  point,  when  divided  bv  1000 
gives  units  as  quotient ;  but  if,  as  in  7090  (in  the  next 
toe),  one  is  a  decimal  place,  the  quotient  must  be  of 
wk"  '*^°»?»»»»i'"'  ">»»  before-that  i,,  of  the  order 

fcdtfsX'  "'  *'  *'  ''"^*'""  °""'  "^  •""■ 

}>^  ^^A^"  X^Vf^  quantitiei^  we  most  carefully 
near  m  mod  to  what  dennminotinnf.  »!,•  «„-.:._* iJ 

SeVwo^S  "■-^^»  'o  wwrh-tie- p?^~rrJu 


•I 


DIVISION. 


EXSRCIIBS. 


47. 

48. 
49. 
60. 
51. 
52. 
58. 
54. 
56. 
56. 
57. 
58. 
69. 
60. 
61. 
62. 
63. 
64. 
66. 
66. 
67. 
68. 


56789-^741=76^^ 


7867674-^97 1 2=8l6ff»,\^. 

80707U0-f.467000=6  •7198. 

6766168^-7894=867. 

67470-^3900=17•8. 

69000 -f.47600=l '4496. 

76767-7-40700=1-8862. 

6114592-^-704824=8. 

9676744-f-910076=10'6829. 

740070000-^-741000=998  -7449. 

9410607 1 1 1 -i-46678=206048  •  1 182. 

464076000-^400100=1184-9068. 

7876476767  -^346670=21889  •  649. 

47  •6782976-^26  •175=1  -8177. 

47.666^4 -5=10 -59. 

766  •98-f-76-78612==9 -866. 

76  •  8470^3829=196 -7798. 

0  •  1 -^7  •  6846=0  •  0000181 . 

5878-hO -00096=6602088 -88,  &0. 


69.  If  £7500  were  to  be  divided  between  5  persons, 
how  much  ought  each  person  to  receive  ?     Ans.  £1500. 

70.  Divide  7560  acres  of  land  between  15  persons. 

Ans.  Each  will  have  504  acres. 

71.  Divide  £2880  between  60  persons. 

Ans.  Each  will  receive  £48. 

72.  What  is  the  ninth  of  £972  ?     Ans.  £108. 

73.  What  is  each  man's  part  if  £972  be  divided 
among  108  men  ?     Ans.  £9. 

74.  Divide  a  legacy  of  £8526  between  294  persons. 

Ans.   Each  will  have  £29. 

75.  Divide  340480  ounces  of  bread  between  1792 
persons.     Ans.  Each  person's  share  will  be  190  ounces. 

76.  There  are  said  to  be  seven  bells  at  Pekin,  each 
of  which  weighs  120,000  pounds  ;  if  they  were  melted 
up,  how  many  such  as  great  Tom  of  Lincoln,  weighing 
9894  pounds,  or  as  the  great  bell  of  St.  Paul's,  in 
London,  weighing  8400  pounds,  could  be  made  from 
them  >  Ans.  84  like  great  Tom  of  Lincoln,  with  8904 
pounds  left ;  and  100  like  the  great  bell  of  St.  Paul's. 

77.  Mexico  produced  from  the  year  1790  to  1830  a 


DIVISION.  0A 

quantity  of  gold  Trhicb  was  worth  £(i  d'^R  aao  ^ 
6,178,985^80  &rtl.i„™  How  many  lCt'207 
ferthing,  each  «e  in  tS.t  sum?  ^«/29850  "i  n^X 
,J  j't/"?!*  '!"""'^  "f  o"*'""'  has  been  spun  into  i 
tliread  95  miles  long ;  how  many  pounds  of  each  would 
^T^T:^  7  ^*"'''  ^^*  "^««  «  long*  ?     An, 

^osq/J  •'  .°  ""''*''  ""  »'»«»  365  days,  8765  holZ 
525948  minutes,  31556925  seconds,  and  18934I5M0 
thirds ;  supposmg  its  motion  unifom,  how  much  wotdd 

^^\;^.!l  *^®  ""^^  produced  in  Great  Britain  in  th« 

1827,  690,000  from  284.     What  may  be  considered  bm 
^e  produce  of  each  furnace  in  1740,  one^^^anoth^^^^ 

5^00  L:^f^  ?  ^^^^-     -^^^  2881356  in  1740  -^d 
2429*6775  m  1827.  -I'ti/,   ana 

®'j'  i°  J^^^'  ^^'^^^  «*eam  engines  in  Great  Britain 
hi'f*  me'f .^"^  ^'  ^^0,000  horsfs,  or  2  m£ns^a"d" 
nalt  of  men  ;  to  how  many  horses,  and  how  many  men 

^Lnl'r"!4'°^rt  ^'  '"fP^^^  equivalenVone' 
with  another  ?     Ans.  About  28  horses ;  and  156  men. 

ahWn"^!^'"''®  *^.l  P"P'^  *^*^®«  ^i^»»ion,  he  should  bo 
able  to  carry  on  the  process  as  follows  :-L 

ExAMPue.—DiYide  84380848  by  87532. 
87532)84380848(964 


560204 
350128 


Jiitii. 


..V  Miuu^ut  uown;.    la  (y  timet 

^?*rt?™S.*57^fw  *  ^^^  ?«^'  °^1«  fr«^  8  i»  tl^e  dividend): 
flfLi^%?  +  the  1  to  be  carried  from  the  18)  ;  2  Cthe 
remainder  after  subtracting  the  right  hand  digit  o^  '28  AZ 
bi  carH«5%  ^^  V^""  dividend).  '^48  (9  times  5  +  the  2  S 
^J!f'ii^-f'^™  28,  and  1  to  compensite  for  what  we  boJ! 
..,„,,  ^^^  ^e  wo^iaertKi  0  in  the  dividend  as  10) ;  0  (th» 


100 
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renuandcr  whMi  we  nobtraot  the  right  hand  digit  of  48  from 
8  in  the  dividend),  6V  (9  times  7  +  the  4  to  be  carried 
from  the  48);  tt  (the  remaindor  after  subtraoting  the  "ght 
hand  digit  of  67  from  3,  or  rather  13  lu  the  dividend).  7» 
(9  timoi  8  -H  the  0  to  be  carried  from  the  67  -f-  the  1,  for 
whai  We  bbtrdWed  ib  niakfe  8  in  the  ditidond  become  18) ; 
6  (the  renSdodet  4ft<*  inhtrocting  79  from  84  in  th«  dlvi- 

dend) . 
As  the  parte  in  the  parentheeee  are  merely  explanatory, 

and  not  to  bo  repeated,  the  whole  prooeee  would  be, 
Fir.t»ari,4.nr8;  0     28;  2     48^0.    67:  6     79:  5 
fieounJlpart,  4.    12;  1    10:  1.    31i ;  0.    4S :  5.    53 ;  3. 

Th6  retoWnderft  in  tfKlh  cos*  being  cypher*,  itfe  omitted. 

All  this  will  be  very  easy  to  the  pttpil  who  has  prao- 
tiaed  what  hus  llwen  r^commeoded  [13,  23,  and  65]. 


(13, 
vnl  c( 


The  chief  ^seroise  of  tUe  moinory  will  consist  in  rocol- 
leotiug  to  add  to  the  products  of  the  ditferont  parts  of  the 
divisor  by  the  digit  of  ^  quotient  unijler^  condido ration, 
what  is  tQ  bo  carried  from  the  preceding  product,  and 
unity  Wsides — when  the  preceding  digit  of  the  dividend 
h«s  be^n  increased  by  10  ;  then  to  subtract  the  richt 
hand  iligit  of  this  sum  from  the  proper  digit  of  the 
dividend  (increased  by  10  if  necessary). 

^UCSTIONte   irOR   THK   PUPIL. 

1.  What  is  division  ?  feel. 

2.  What  are  the  dllviaend,  divisor,  quotient,  and  re- 
mainder ?  [66] . 

3.  What  is  the  ^^  6if  Aiviridh  ?  ^68]. 

4.  How  arc  quanwtil§fe  Widttr  <l»e  vinculum,  or  muted 
by  the  sign  of  multiplicatiQi^ .divided  ?  [69] . 

6.  What  is  the  rule  when  the  divisor  does  not  exceed 
12,  nor  the  dividend  12  tJm*^  the  divisor  ?  [70]. 

6.  Give  the  tiM0>  «^  thd  r^sont  of  its  diffe  ' 
paft&,  Vhen  the  difisor  does  liot  exceed  12,  but  the 
dividetid  is  mt^e  th^h  12  times  the  divisor  ?  [72  and  77]. 

7.  How  it.  divi^oii  ][)T6ved  ?  [79  and  95]. 

8.  Wha^  ji't^  Iho  rules  when  the  dividetul,,  diviior,  or 
1yK>di  AQnUiii     "^/x^^rs  cr  decimals  ?  [80l.      ,;';!■{.  ■ 

.^a     ■■     'i^    ■■    ■       !i-      __-!    L-A PL-   — ^ >>_^   ^t  !«a       ^B 


V. 


•rtr* 

nam 


different  pari*s..  when  the  cUviaor  exceeds  12  ?  [89  and  93] . 


OMATUT  COMKOlf  MIA(UU.  Jqj 

i,  hn;  h»i!  i"  ";;  *^""  performed,  when  the  di™»r 
w  but  little  IBM  than  a  number  which  mar  be  exnrlZJ 
by  unity  srA  cypher.  ?  [9«1  '  "*  expremed 

.ioi^',4""^' ''  '  '"'  ''™'  """*•  <"■  P«««»ing  diyU 
TM  GREArEST  COMMON  MEA8TOK  OP  ITOMBBES 

until  nothing  remains,  and  the  laat  4iymt  Jm  \^hl 
ntiMbers  ar«  prinw  to  each  other  ^'         ^""^^ 

•nf4a!l8''"^~^^  ***  «^^*^*  ^«<»  »*Mttw  «f  8252 

•*»  1)4248(1 
2252 


W)3252(3 
i298r 


^4)996(3 
7«2  . 


J'li 


:!"f  »uT  d  I'id.i 


;'/q?iiB!tij  ft  8J.J) 


15)264(1 
204 


60)204(3 
180 

"24)60^2 
(48 


•■It*  i>U,}   i.. 


4^)«(i!l 


24' 


■  i  •  f .  1  ■ 
Jbf^ih  has 


10^ 


6BEATE8T  COMMON  MEASURE. 


<  -996,  the  tot  remainder,  becomes  *e,:T^?ri*rTc.  ^ 

ini    Rkabon  or  THK  RULE.-Before  we  prove  the  cor rect- 
•^"^*  .^       r    •#  «iu  h«  TiPceasarv  for  the  pupil  to  be  aatis- 

4heir  Bum,  and  their  amerence.      fr°-'\^  a  HrnAa  itwillevi- 
mm.  for  if  6  go  into  24. 4  times,  and  into  36. 6  timea,  it  wiU^e^v^ 

dently  go  into  24+36.  4+6  times  :-that  is.  if -^  «4.  and  ~- 
,|4.f^+6- 

*  Secondly,  if  6  ?oe8  into  86  oftener  than  it  goes  i^^o  2*.  »*  « 
because  of  the  difference  between  36  and  24 ;  for  as  the  differ- 
ence l^tween  the  numbers  of  times  it  will  ^o  into  them  is 
artolhis  difference.  6  must  be  contained^  in  ^t^^^^^^gj^^^' 

of  times :— tliat  is,  since ^=6.  and  -g=*»  -g—  g  \ov  e  / 
«6-4=s=2.  a  whole  number  [26]-or.  the  difference  between 
the  quantities  is  measured  by  6,  their  mea?^"-  ^,  ..^  „_ 
This  reasoning  would  be  found  equally  correc.  with  any 
other  similar  numbers. 

102  Next ;  to  prove  the  rule  from  the  given  example, 
it  is  necessary  to  prove  that  12  is  a  common  measure ; 
and  that  it  is  the  greatest  common  meabare. 

It  is  a  common  measure.  Beginning  at  the  «J^  ^^  ^J'*  J;'f  f "?' 
we  find  that  12  measures  24,  its  multiple;  and  48,  because  it  is 
Imultiple  of  24 ;  and  their  sum.  24+48  (because  it  measures 
each  of  them)  or  60;  and  180.  because  itib  a  multiple  of  60 , 
JJTd  180+24  (we  have  also  just  seen  that  it  measures  each  of 
Sese)  or  ^V  and  204+60  or  264;  and  792,  because  a  multi- 
^e  of  2?4Tand  7924.25ror  996 ;  and  2988.  •  "J«\tip^e  <,f  996 ; 
Snd  2988+264  op  8262  (one  of  the  giyen  numbers)  and  826i+ 
996  w  4248  (the  other  given  number).  Therefore  it  measures 
each  of  the  given  numbers,  and  is  their  common  measure. 

108.  It  is  also  their  greatest  common  measure.  If  not.^t 
some  other  be  greater;  then  (beginning  now  at  the  top  of  the 
pr^ess)  measuring  4248  and  8262  (this  is  the  supposition),  it 

STu^L  their  dilerence.  996;  -^  l^^ VST  ^a^^?^ 
of  996;  and,  because  it  measures  3262.  and  29^,  it  neasurea 
their  difference,  264 ;  and  792,  because  a  multiple  of  264 ;  and 
SediSnce'b;twe;n996  and  792  or  204;  »«d  *»»•  ^f  «J«?J! 
Ktwen  264  and  204  or  60 ;  and  180  because  a  multiple  of  60 , 
aid  the  differeace  between jm  and  IJO  or  24  ^  anajo,  Decuu=. 
a  multiple  of  24 ;  and  the  difference  between  60  and  48  or  W. 
But  measuring  12,  it  cannot  be  greater  than  12. 


( 


^'r>v^ 


'^^'^''A^^Y^ 


sequentlv  that  i#i8  thAii*  «.,«*jK  -  f7    **  l^— and  oon- 

.ruJe  might  be  pCed  fio/^^i  ^S°"'"°*^'"*'"'"«-    ^i  th« 

nr  i?nt;  ^®  T-?^  ^®''®  ''®"''''^»  *^»*  *te  measure  of  two 
or  more  quanities  can  sometimes  be  found  by  in^pectior 

Anjrquantity   the  cKgit  of  whose  lowest  denSSo 
IS  an  even  number,  is  divisible  by  2  at  least. 

Any  number  ending  in  6  is  divisible  by  5  at  least, 
leatt^  ""  *°^^  ^  *  ^yP^'^  ^  ^^iWe  by  10  at 

Any  number  wnich  leaves  nothing  when  the  threes 

w  *t' 1  '^  *^'  .r  '^  ^  H'^^^^  divisibrbya : 

lewt ;  or  leaves  nothmg  when  Se  nines  are  east  out  of 
the  sum  of  Its  digits,  is  divisible  by  9  at  least. 

EXERCISES. 

and*18945*?^  ^^  T**^^*  *"'°'°''^'*  measure  of  464320 

2.  Of  638296  aid  33888  ?    ^«,.  8.    .il .  T     ..,i 

3.  Of  1 8996  and  29932  ?     Am.  4.  J 

4.  Of  260424  and  54423  ?    i^tm.  9  -     ,     , 

6.  Of  1141974  and  19823208  ?    -4w.  2. 
th^titSw^  ^^^^^  cbmmon  measur.  of  more 

fl^a^'^'^^/ir^^^'li??*^  ^***®^*  common  measure  of  two  of 

nf  Ji;l  if  **"'*  °''°^''°  "'^^^^^  *°d  a  *»»ird :  next, 
ot  this , last  common  measure  and  a  fourth,  &o      The 

^m^mfmlJ^^''^  *^*  ^'*'^'*  ^^'^^^  '"®*'^«  <>f  ^79, 

me^8u*r«!.f^7Q'"^!i?Q^f*™  *>*  ^  is  ttie  greatest  common 
S-pfw  ^^^^  *°^  ^^^^  5  and  by  the  sameiule,  that  it,  the 
Sw\  T?7?^  '"^^'Ton^  ^^<i  6734  (thi  Tomiining 

736,^^d  142^"~'^^''^  *^®  greatest  common  measure  of  936, 
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.  The  oreatest  common  measur<>  of  936  and  736  i»  8,.,«ud 
the  common  measure  of  8  and  14^  i»  2;  i^refore  ^M,^ 
greatest  ooBomonBaeasiupe  of  the  gWeannmbeufc         <»;';« 

106.  Reason  of  the  Rtri^E.— It  ttiay  beshown  to  becotte<ft 
in  the  same  way  as  the  last;  except  that  in  proving  the  num- 
ber fynvA  to  be  a  common  measure,  we  are  to  begm  at  tbe  ena 
of  all  the  prooesses,  and  go  through  ajl  of  them  m  succession ;  - 
and  in  pWving  thftt  it  is  the  greatest  coiimon  taeasure,  We 
a*e  to  b«tn  ^t  the  commencement  of  the  first  pi*oeess,  or  that 
used  to  find  the  common  measure  ef  th«  two  first  nmmberi, 
and  proceed  sncoessitely  throngh  aU. 

EXERCISES. 

<^'  7.  Und  tli^  gt^atei^  coTittnotf  measntfe  df  ^472, 
lt6832,  *ttd  1074.     Ans.6.  '         ^ 

ft.  Of  648485, 10810,  3672835,  «md  478580.    An».  6. 
9.  Of  16264, 1481B,  8600, 75288,  aod  8472.  il-n*  8. 


01.  T»B  LEAST  COMMON  MULTIPLE  OP  NUIIB*R3. 

107.  To  find  the  kast  common  mTidtiplfi  of  tiT©  cpian- 

tltlOQ 

Rule.— Divide  lielr  product  by  thdbf  gHsateit  com- 
mon measure.  Cfe  ;  divide  one  of  tiiem  by  their  greatest 
Coninlon  measum,  and  multipily  the  (jpiotlent  by  the 
other—the  result  of  either  method  will;  be  the  requured 
least  common  multiple. 

, .  JExAMPU3--''J?i«drthe  least  commoB  multiple  of  7i2  aioi  84. 
^i    12  ialiidirtgroMeet  common  maasure. 

^  =e'6,  lind  6  X  84  =a  504,  «ie  ntusMber  songht. 

108.  Reason  of  the  Rwia:.— It  i§  evident;  *hat  if  we  mul- 
tioly  the  ffiven  numbers  together,  their  product  will  be  a 
multiple  0?  e««ch  by  ihe  other  [801-  J*  ^^11  *>«;.^y  **!,;°i 
the  smallest  part  of  this  product,  which  will  strfl  be  their 
common  mnlti^le.^Thus,  to  leam  if,  tor  examplei  its  nine- 
teenth pairt  is  such.  __  ,      -  xll     *    4  — 

From  what  we  have  already  seen  [69],  each  of  the  factors 
of  any  product  diwided  by  any  number  and  multiplied  by  the 
T»i.Adu«*  of  the  other  factors,  is  eoual  to  the  product  of  all  the 
factors  divided  by  the  same,  number*  Hence,  ^2  and  Si  bex»f 
the  given  numbers—  ^tx  i^^^^  A}i, , 
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I?|^  (Mi*  nineteenth  part  flf  theirjroduot)3^gx84,i>r  72x 

multiple  of  84.  and^><72,  wiU  ba  a  .wltiple  of  72  £29], 

''°*Te^'  ^X84,  and  T2xg!(rfll  eaeh  be  the  common 
multiple  of  72  and  84  m.  But  unl««  19  is  a  common  measure 
of  72  and  84,  ^  and  _  o?mu^^  Jb^  ]^th  equivalent  to  integers. 

^fc-2f  ^  Wntity  by  which  we  divide  the  product  of  the 
g  vert  tfumbers,  or  One  Of  them,  befone  m^  mnlt&ly  it  by  ihl 
other  to  obtam  a  new.  and  less  multiple  of  them:  mui  ;be  the 

K^iateS^iu^nH^v  ir>  Wheft^^hj  4iyisof  irc.  select  |s  the 
greacest  quantity  we.  pem  use  for  the  DJurDOSfr-^hAt  «    thm 

ffr<flHee4tfC(,iwo?  weasnriiTof  theVven  nuK^^^      '^^  ^  * 

nnSlJL-'!^'  *\**  *te  l«ist^QX,^WO»  multiple  of  imo 
numbei*,  pwme  to  6Mh  other,  is  their  product. 


m}'  I^i  *^®  ^®*"*  common  multiple  of  78  and  93. 
2.  Of  19  and  72.     Ans.  1368.  ''       ' 

"  4.  ^  ^38296  and  33868.     Am.  27038!?!856. 
6.  Of  18990  and  29932.     Ans.  U2l47m8i 
6.  0f^^0424  and  64423.     -AtwL  1574783938 


•  '■i-*;i: 


^ti  iriJ*i  ,^4., 


,.^"^V-^i^#^  1^9^  common  multirfrof'^O  <yif 
g^JJ-J  m^S^^Jm  9p»W  »PulW,e,;and'  a  third!;  ^xt 
of  this  last  common  multiple  ^a  Yo^th,  &c.'    The 

^  J  IS  the  grea,test  common  measure  of  9  and  3 ;  therefore 
g  X  3,  or  9  is  t^e  lejist  common  multiple  of  9  and  3. 
^^9  is  the  greatest  common  measure  of  9  anr  27 ;  therefore 
^  X  9,  or  27  is  the  required,  least  common  multiple. 
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110.  BsABOir  or  thi:  Rum.— By  the  last  rnle  it  is  eTident 
that  27  is  tht  least  common  multiple  of  9  and  27.  But  sinoe 
d  is  a  multiple  of  8,  27,  which  is  a  multiple  of  9.  must  also  be 
»  multiple  of  8;  27,  therefore,  is  a  multiple  of  each  of  the 
ffiren  numbers*  or  their  common  multiple. 

It  is  likewise  their  least  common  multiple,  because  none 
that  is  smaller  can  be  oonuhon,  also,  to  both  9  and  27,  since 
they  were  found  to  have  27  as  their  least  common  multiple. 


xa^dsfcf . 
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7.  Find  the  least  xjommon  multiple  o^  18,  17,  ^d  43. 
Ans.nib^. 

=   8.  Of  19,  78,  84,  imd  61.    Am.  1265628.    _^^^;^„„ 
-  9.  Of  61, 176832,  29472,  and  5862.    Am.  2937002688. 

10.  Of  63784%  16819,  ««^.  «"* ^^^ggg^seieSSSKm 

.11.  Of  216«^  24181«,866MT5^^-»^.^^^^_^ 

\ 

QUESTIONS. 

1.  How  is  the  greatest  common  measure  of  two  qujua- 
iities  found?  [100].  V    ' 

2.  What  principles  are  necessary  to  prove  the  correct- 
ness of  tie  rule  ;  and  how  is  it  proved  ?    [101,  &c.]. 

3.  How  is  the  greatest  common  measure  of  three,  or 
more  quantities  found  ?  [105]..  . . 

4.  How  is  the^  rule  proved  to  bc^  correct  ?  [106]. 

6.  How  do  ^76  find  the  least  common  multijple  of  two 
numl?(er»  that  are  composite  ?  [1071.      , 
^    6.  Prove  the  rule  to  be  correct  [108], 
'"  7.  How  do  we  fold  the  least  <s6nmion  multiple  of  t^o 
jprime  numbers  ?  [108.] 

8^  How  is  the  least  common  multiple  of  three  or 
more  numbers  fo  and  ?  [109]. 
^  ^.  Prove  the  i  ule  to  be  correct  [1 10] . 

In  future  it  will  bo  taken  fpr  gramieid  that  the  pupil 
is  to  be  asked  the  reasons  for  each  rule,  &c. 


:/>mfl1g 


iqi^it'ia  mim&tm  "^ubI  J:>m:m'^m--oMMi 
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ION  III.        ,1 

' '  -^  REDUCTION  AND  THE  COMPOUND  RULES.    '^! 

The  pupil  should  now  be  made  famHiar  with  roost  of 
the  tables  given  at  the  commencement  pf  this  treatise.. 

,<.i^m.ii:  Urn  M  ^nti  i.  REI>UGJ'ipN.  ,  .  bni  V'om'h'?i^5 
lYUeduotion  enables  us  to  change  quantities  from 
one  denomination  to  another  without  altering  their 
value.  Taken  in  its  more  extended  sense,  we  have  often 
nraotised  it  ahread^ :— thus  we  have  changed  units  into 
tens,  and  tens  into  units,  &o.  j  but,  considered  a^  a 
separate  rule,  it  is  restricted  to  applicate  numbers,  and 
is  not  confined  to  a  change  from  one  denominatioQ  to 

il;he.9z«2:/ higher,  or  lower 

«•?  2.  Reduction  is  either  descending,  or  ascending.  It 
is  reduction  descending  when  the  quantities  are  changed 
from  a  higher  to  a  lower  denominatiop ;  and  reduaion 
o^cen^^i?!^  when  from  a  lower  to  a  higher.         ' 

:         JR^dv^ioh  Descending/      I, ^'\^ 

3.  Rule. — ^Multiply  the  highest  given  denomination 
by  that  quantity  which  expresses  Sie  number  of  the 
next  lower  contained  in  one  of  its  units  j  and  add  to 
th6  product  that  litimbet  of  the  next  lo^er  denomina^ 
tion  whjch  is  foi^nd  in  the  quantity  to  be  reduced. 

Proceed  in  tEe  same  way  With,  the  reMt ;  and  continue 
the  process  until  the  re'qu&ed  denomination  is  obtained. 

ExAMPLB.—Reduce  £6  I65.  0|i.  to  fartliings. 


6  „  16  „  Of 

20.0  :  ... 


Yis 


■I 


>/•   I  i. 


•im  v-M 


■^ip  ^186  ahiUings^jBd  „  16.^  •    • 
1632pence=X6  „  16  „  0. 
6529  farthings^x  je6  „  16  „  Oj. 
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We  multiply  the  pounds  bj  20,  and  at  the  sanu  time  add 
the  shillings.  Since  multiplying  by  2  tens  (20)  can  jgive  no 
units  in  the  product,  there  o^  be  ^o  units  of  shiUings  in 
it  except  those  deriTed  from  the.  6  of  the  I65. : — we  at  once, 
therefore,  put  down  6  in  the  shillings'  place.  Twice  (2  tens' 
times)  6  wt  1^  (tens  pf  shillings),  ^  om  (t^n,s|»iJlJRgs),  to 
be  added  from  the  16«.,  are  13  (tens  of  shillings)— which  we 
put  doi?ni.    M  Ji$».  ore,  conse<(uentIy,  equal  to  IMs. 

1^  tii)[^s  ^.  aire  7^;— since  t^ef9  ftre  no  panoe  in  the 
given  quantity,  there  are  none  to  be  added  to  the  72d. — ^we 

fut  down  2  and  carry  't.    12  times  3  are  36,  and  7  are  43. 
Z  tinat^l  jpff^  13,  ftftd  4  jar^  le.    ^  16s.  arei  therefore, 
equal  to  1632  peiM^,, 

,4  t^nies  2  ^r^  P,,ftp4  f  (in  ^he  Quantity  to  be  reduced)  to 
be  carried  are  ^,  io  be  set  down.  4  times  3  are  1^.  4  tim^s 
6  are  ?4,  land  1  are  25,  4  times  1  are  4,  and  2  are  6.  M^nce 
£6  1&.  0^.  are  equitl  to  6&^  farthings,       •        ' 

^.Seasons  or  thk  RrL.E. — One  pound  u  equal  tp  20«. ; 
tikeif^re  any  number  of  pounds  ih  equi^l  to  20  tittieis  as  many 
shillings;  and  any  number  of  pounds  and  shillings  iS  eqnal 
<t>  2Q  tiioee  ab  many  sellings  as  thiere  «re  posndft,  plus  the 
^wjyUinn. 

it  is  eaety  to  multiply  by  20,  and  Mi  tl^e  J|h|ll|li»gs  at  the 
«am«  time  t  and>  it  shortens  the  proc,e$iS.      "'.      ' 

Shillings  are  equa$  «o  12  times  a»  many  peAoej  pehee  to 
4  times  as  many  farthings ;  hunc^reds  to  4  times  as  many 
quarters ;  quarters  to  28  tinies  as  many  pounds*  &o. 

inb    \^      :     .    •       -  ■■   ..JBXISIICIS^^S,.  ,,i 

i»33i2.  .,.'.■./. , :         :  ■  ,  '.  ■,"    ■  "■;"/   ■■.; 

3.  How  Dj^^ip^p^^c^ep  1^318  19*.  ?    ^iw.  9SJ40.      ., 

4.  How  mapy  pence  iij  £6^  la?.  ?     Ms.  14076. 

5.  How  many  ferthings  in  iB58  13*.  ?    Ans.  56304. 

6.  How  many  farthings  in  JE59  13*.  6J^.  ?  Ans. 
57291. 

7.  How  many  pence  in  £63  0*.  9d.  ?     Ans.  15129. 
S,.  How  many  pojjm4»  ii  .lj5.flwt.,;2  qrs.,    16  ft).? 

Ans.  1864. 

9.  How  many  pounds  in  14  cwi.,  3  qrs.,  16  ft>.  ? 
Ans.  1668.  -  4  L    i 

10.  How  manv  irrains  in  51  ft)  K  a«  10  ^inrf  ia 
grains?    ilw,  199i84.  .,  , 


R$oy€Tipir» 
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;  11.  Bo^  mmy  gra«s  in  7  fl».,  Uo^^  \l^  *|irt.,  14 
graini?    Ata.  45974.      .  ;,«  .o>  ^4  .,j,j, . 

12.  How  many  hours  iQ  20  (commont  tears  ?    iln». 
175300.  '  "^ 

13.  How  fliaiiy  feet  in  1  English  mHo  ?  ,  4ns.  5280. 

14.  How  mpiay  feet  In  1  Irish  inile  ?    jins.  6720.      ' 

15.  How  many  gallons  in  65  tuns  ?     Am.  itl^QO. 

16.  How  many  minutes  in  46  years,  21  days,  8  hours, 
56  minutes  {not  taking  leiap  years  into  a<»eoiiBt)  ?  A1U4 
$4208376.      :  ;  ^ 

17.  Hm  mmy  sq»aj;e  yarda  ih  74  j^^f»:]e  iMsli 
perches  ?    Ans.  2238*5  (2238  and  oqe  lia£f). 

18.  BJow^nany  square  wches  in  97  Mua^j^irisji  perch- 
es?    Ans.  6159888.  .  ^ 

19.  How  many  square  yards  in  46  English  acres,  3 
roods,  12  piet^hes  ?    Ans.  236683. 

20.  How  many  square  acres  in  767  square  Englii^ 
miles.?     i4»w.  490880.      '  ^. 

21.  How  ihftny  cubic  inchcis  in  767  cubic  feet .?  Ans, 
1325376/         V 

22.  How  nasy  quarts  in  767  pecks  ? 
23,'^owjj^fuij  pottles  in  797  peckji? 


Ans.  6136. 
Ant.  3188. 
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Re4''iction  Ascending, 


5.  RuLft.t-rDividothe  given  quantity  by  that  number 
of  its  units  which  is  required  to  malce  one  of  the  next 
higher  denpm*  ^ation — the  remainder,  if-any,  ^1  he  of 
the  denomination  to  be  reduced.  PxSL<iSed  in  th6  same 
manner  until  the  highest  required  denomination  is 
obtained. 

Example. — ^Reduce  856347  farthings  to  pounds,  &c. 
.  .jr;4)556347 
12)214086? 


b     30)17340  n  ^^j  Qi  isbiw^^a  -fenm 


w»g?. 


4divi/led  into  856347  farthings,  gives  214086  pence  and 
8  faa-thmgM  12  divided  into-2|40&  p^.ne«,  gi^  17840 
shillings  and  6  pence.  20  divided  into  17840  d^^ings,  f^frm 
i£i892  and  no  shiiiin^;  there  ii,  t^ei^for^O)  sofj^j^ng  i^  the 
shillings' pUwe  of  the  result.  ,  ^  j 


i 
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WTe  divide  by  20  if  we  divide  by  10  and  2  [See.  II.  97]. 
To  divide  hj  10,  we  have  merely  to  cut  oflf  the  units,  if 
vnji  [See.  I.  34],  which  will  then  be  the  unite  of  ahillings 
in  the  result ;  and  the  quotient  will  be  tens  of  shillings  : — 
dividing  the  latter  by  2,  gives  the  pouads  as  quotient,  and 
the  teneof  shillings,  if  there  are  any  in  the  required  quan- 
tity, as,  reinainder.  ,, 

■   ■"  ■ '  ■  i*  KiiMiinji  yniua  vN^ii    ,!.■ 

6.  RBAsoirB  or  thk  Buls.^— It  is  evident  that'  tovery  4 
farthings  are  equivalent  to  one  penny*  and  every  12  penoo  to 
one  shilling,  &c. ;  and  that  what  is  left  after  taking  away  4 
farthings  as  often  as  possible  from  the  farthings,  must  be 
fkrthingB,  what  remains  after  taking  away  12  pence  as  often 
as  possible  from  the  pence,  must  be  pence,  &c. 

7.  To  proiii'  Reduction. — ^Rednctioh  ascending  and 
descending  prove  each  other. 

ExAMPLs.— £20  175.  2k2.=a20025  farthings:  and  20025 
farthings«£20  17..  2id.  ■  yaumv,: 


Reduction 


£       s.       d, 
20  „  17  „  2k 

20 


'iv-Jii'; 


417 
12 


Reduction 


Proofs 


5006 
4 

4'][20525 

12)5006f 


Proof 


f:..^ 


4)20025    ;     , . 
12)5Q06f 

20)417,;  2 

iB20„17„2i 
20 

417 
12 


ifl 


5006 
4 


20025  furthings. 
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24.  How  many  pence  in  93312  farthings?     Am, 
23328. 

25.  How  many  pounds  in  6960  shiUings?    Ans.  £348. 

26.  How  many  pounds^  &o,  in  976  halfpence  ?    Aiis, 
£2  0s,Bd, 

27.  How  many  pounds,  &c.  in  7675  ba%eiMi|i  .|    4n^, 
m^  ISjjr.  9^.  :•  .  ^  ■•  ^-     :  ^  i>Jt?t  ^--fii.{i:, 

28.  Hiiw  many  onnoeB)  and  oounds  in  4352  draml^ 
A»f.  272  01.,  or  17  lb.  ■■>^^~s.i^ih%^^dq- ,       ,;/< 


REDUCTIOK.  11^ 

29.  How  many  cwt.,  qrs.,  and  pounds  in  1864  pounds  ? 
Ans.  16  cwt.,  2  qrs.,  16  lb.  , 

30.  How  many  hundreds,  &c.,  in  1668  pounds.  Ans 
14  cwt.,  3  qrs.,  16  lb. 

31.  How  many  pounds   Troy  in   115200  grains? 
Ans.  20.  ° 

32.  How  many  pounds  in  107520  oz.  avoirdupoise  ? 
Ans.  6720.   ,  ^ 

.o2^i:  ^?^  ?*°y  hogsheads  in  20658  gaUons  ?    Ans, 
127  hogsheads,  57  gallons. 

34.  How  many  days  in  8760  hours  ?     Ans.  365. 

35.  How  many  Irish  miles  in  1834560  feet  ?    Ans. 
i73. 

36.  How  many  English  miles  in  17297280  inches  ? 
Ans.  273. 

37.  How  many  English  miles,  &o.  in  4147  yards  ? 
Ans.  2  miles,  2  furlongs,  34  perches. 

38.  How  many  Irish  miles,  &c.  in  4247  yards  ?  Ans 
i  mde,  7  furlongs,  6  perches,  6  yards. 

3^.  How  many  English  ells  in  576  nails  ?  Ans.  28 
«ns,  4  qrs. 

40.  How  many  English  acres,  &c.  in  5097  square 
yards  ?     Ans.  1  acre,  8  perches,  15  yards. 

41:  How  many  Irish  acres,  &c.  in  5097  square  yards  ? 
Ans.  2  roods,  24  perches,  1  yard. 

42.  How  ma^iy  cubic  feet,  &o.,  in  1674674  cubic 
mches  ?     Ar^i.  969  feet,  242  inches. 

^J^'  R  yards  in  767  Flemish  ells  ?    Ans. 

075  yards,       .a..     ■?. 


44.  How  ma^y  French  ells  in  676  English  >  Ans.  480. 
^45.  Reduce  JB46  14*.  6rf.,  the  mint  value  of  a  pound 
of  gold,  to  /arthings?     Ans.  44856  farthings. 

46.  The  force  of  a  man  has  been  estimated  as  eqioal 
to  what,  in  turning  a  winch,  would  raise  256  ib,  in 
pumping,^419  ft.,  in  ringing  a  beU,  572  ft>,  and  in  row- 
mg,  608  ft),  3281  feet  in  a  day.  H;ow  many  hundreds, 
Jut  -ters,  &o.,  in  the)  suffi;  of  all  these  quantities  ?  Ans 
16cwt:,2qrB.,  7a».     f,..?  :  "     ,      : 

47.  How  many  lines  in  the  sum  of  900  feet*  ih% 
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lengfli  of  the  temple  of  the  mm  »t  Batbee,  450  foet  its 
breadth,  22  feet  the  circumference,  and  72  feet  the 
heiglit  of  many  of  its  columns  ?     Aim.  207938. 

48.  How  many  square  feet  in  760  English  acres,  the 
inclosure  in  which  the  porcelain  pagoda,  at  Nan-King, 
in  China,  414  feet  hich,  stands  ?     Ans.  33105600. 

49.  The  great  bell  of  Moscow,  now  Wng  in  a  pit, 
the  beam  which  supported  it  having  been  burneA,  weigha 
360000  ft>.  (some  say  much  more) ;  how  mttn^  tons,  A-c, 
in  this  quantity  ?    Ans.  160  tons,  14  owt,  1  qr.,  4  Jb. 
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QUESTIONS   FOR   THE   PUPIL. 

1.  What  is  reduction  ?  [11. 

2.  What  is  the  difference  bertweea  reduetion  4escend-> 
ing  and  reduction  ascending  ?   [2] . 

3.  What  i»  the  rule  for  reduction  deseending  ?    [3] 

4.  What  is  the  rule  for  reduction  asoeodiu^g?    [5]. 

5.  How  is  twluetion  proved  ?   [7], 

QueiHoni founded  on  the  Ta^pa;geSf  ^ 

^.  fiow  are  potmdstednced  to  flurtfalngs,  and  ^things 
to  pounds,  &o.  ? 

7.  How  lure  tons  reduced  to  dnim&,  iitid  drams  to 
tons,  &o.  ? 

8.  Uxiw  afo  Trot  pounds  Md«eed  t«  ^jn&B,  «nd 
grains  to  Troy  pounds,  &o.  ?  ?a>ui( 

9.  How  are  pounds  reduced  to  iprauns  (apothecaries 
weighty,  and  grfdns  to  pounds,  ^o.  ? 

10.  laow  aire  HfetniSh,  InrfiA,  or  Fi«ndi  4lls;  re- 
duced to  intihes.;  Or  ^nclhes  io  Memish,  SngHiA,  mr  French 
ells,  &c.?        ''•^"■^-  ■' 

11.  How  itte  p^  tednced  to  «li»,  &t  ells  to  yairds, 

12.  um  ate  Irish  or  Englidi  Wiles  redneed  ^  liMS, 
or  Bue^  to  Xtidh  or  English  miles,  &o.  ?  ' 

13.  How  ^K^  Iri^  or  English  sqtwre  iniles  K^eod 
to  square  inches,  or  square  inches  to  iric^  or  JSn;^iiA 
nqoare  iniles,  &o.  ?  ' 
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14.  How  are  cubic  feet  reduced  to  cubic  rncbes,  oi- 
cubic  inches  to  cubic  feet,  &o.  ? 

15.  How  are  tuns  reduced  to  naggins,  or  naggins  to 

16.  How  are  butts  reduced  to  gallons,  or  callofas  to 
butts,  &c.  .?  o  '       o 

17.  How  are  lasts  (dry  measure)  reduced  to  pints, 
and  pints  to  lasts,  &c.  P  r       i 

18.  How  are  years  reduced  to  thirds,  or  thirds  to 
years,  &o.  ? 

19.  How  ar^  degrees  (of  the  circle)  reduced  to  4lrds, 
or  third*  td  degrees,  &o.  ? 

THfi  COMPOUND  nistta. 

8.  The  Compound  Rules,  are  those  which  relate  to 
applicate  pumbers  of  more  than  one  denomination. 

If  the  bblos  o^  money,  weights,  and  measures,  W6re 
constructed  according  to  the  decimal  system,  Otfly  thd- 
rules  for  Simple  Addition,  &6.,  ^uld  be  required.' 
Thij  would  be  a  considerable  advantage,  and  greatly 
tend  to  simplify  mercantile  tran8actioiis.--If  10  far"! 
things  were  one  penny,  10  pence  6iie  dhilling,  and  10 
shiUmgs  one  pound,  the  addition,  f61r  example,  of  *i 
9*.  8|d  to  M&s.  e^d.  (a  point  being  tiBed  to  separate 
a  pound,  thdn  the  "  unit  of  comparison,'*  fjrom  it*  parts, 
and  O0O5  to  express  ^  6r  5  tenths  of  4  tWJfliy),  wotild 
be  as  follows — 

£ 
6-865 
Sum,    8'848 

The  addition  might  be  peJ^rmed  %r  the  ordinary 
ruies,  and  the  sum  read  off  as  toTlows—"  eight  pounds, 
eight  shillings,  four  pence,  and  eight  farthings."  But 
even  Witii  ishe  piiBsent  idrangemtet  of  money,  Weights, 
and  JlilifcSur^S,  Hbe  tid^  *h«ady  ^en  for  addition,  8al». 

the  addition,  BubtriM>%n,  IStp,,  of  ttpidHJatle  Miiibers 
consistmg  of  more  than  one  denominatiditt ;  siiioe  the 
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principles  of  both  simple  and  compound  rules  are  pre- 
cisely the  same— the  only  thing  necessary  to  bear 
oarefully  in  mind,  being  the  number  of  any  one  de- 
nomination necessary  to  constitute  a  unit  of  the  next 
ler. 


COMPOUND  ADDITION. 

9.  Rule.— I.  Set  down  the  addends  so  that  quanti- 
ties of  the  same  denomination  may  stand  m  the  same 
vertical  column— units  of  pence,  for  instance,  under 
units  of  pence,  tens  of  pence  under  tens  of  pence,  units 
of  shillings  under  units  of  shillings,  &c. 

II.  Draw  a  separating  line  under  the  addends. 


TTT.  Add  'those  quantities  which  are  of  the  same 
denommation  together—farthings  to  farthings,  pence  to 
pence,  &c.,  beginning  with  the  lowest. 

IV.  If  the  sum  of  any  column  be  less  than  the  num- 
ber of  that  denomination  which  makes  one  of  the  next 
higher,  set  it  down  under  that  column ;  if  not,  for  each 
time  it  contains  that  number  of  its  own  denomination 
which  m^es  one  of  the  next  higher,  carry  one  to  the 
latter  and  set  down  the  remainder,  if  any,  under  the 
column  which  produced  it.  If  in  any  denomination 
there  is  no  remainder,  put  a  cypher  under  it  in  the 


nvluMnt  Dsfj' 


Bum. 

10.  ExAMPM.— Add  together  £&2  lis.  Sfd.,  £41 5».  6|<f ., 
and  X66  I4s.  2j<2. 

£,     8.      d. 
62    17    3f) 
.<:  ,47      5    64  >  addends. 

166   n;  q 

I  and  I  make  3  farthings,  which,  with  |,  make  6  fiur- 
things;  these  are  equi'ttUent  to  one  of  the  next  denomina- 
tion, or  that  of  pencey  to  be  carried,  and  two  of  the  p^n^ 
\  haif-'penny»  to  be  set  down,  i  penny  (to  p^  c^rricai 
'      d  3  arii  l2  peaoe--«qhiftl  to  one 


•nd2aw3,«pitM«,9, 
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carried,  and  17  of  tlTZn^nrLj.'^ff'T'^''  '"  ^ 
«•,»  down.  I  pound  W  «^™  7"' 'J'^  "'^  '^'  ""K".  *<>  1« 
10  pounds— equal  to  fi  L;..  ?  '  .  "  ""  ^*>  •"d  2  are 
1  tin  of  pouXL  be  c^r  ed  I^r'^''  i°>  *'  "o*"'  "^ 
n  .«d  5  S™  10  ten.  ^;^'j:^i  to  ^"eeMotr  ''"'•'  «« 

tl.o"aLtd;t;e;"'st  IlT/nd^^  7t  ^''"  T"  " 
not  so  necessary  to  nut  »  ,.Lk       ^l    ^'  "  "'dently 

remainder,  as  in^Simpre  iddS       "'''"^"  *''«'«  "  "» 


57  14    21 

32  16    4 

19  17    6  . 

8  14    2 

32      5    9j 

47      6~4 

32  17    2 

56  3    9 

27  4    2 

52  4    4 

37  8    2j 


£ZAMPLS : 


£      s.     d. 
151      7     11 


«  253     3     11 


404    11    10, 


a  dot  J^';^:„l^*"|/r^  f  ^°>  we  may  put  down 

least  equal  to  that  1^1."^'  "?  1  ^r^'**^^  ^^''^^^  »«  «t 
which  rrequVed  to  r«^^^^  °^  the  denomination  added 
forward  wh?t  L  ^^^.f  fv  """^  ^/  *^^  next-carrying 
putting  th^U  rem«?n/''  ''""'t''  ^  anything,  anf 

rx^pfe!!*  "^""^'^  -« ^-  --^  dot"- usii^-th: ;:;:{ 


i! 


lie 
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hi 


■^ 


X 

8. 

rf. 

67 

•14 

2 

32 

1(1 

4 

19 

•17 

•6 

8 

14 

2 

32 

6 

•0 

47 

•0 

4 

32 

17 

2 

66 

•3 

•9 

27 

4 

2 

52 

4 

4 

37 

8 

2 

404 

■^iT 

lb 

2  nenoe  nnd  4  mo  6,  and  2  aro  8,  and  9  are  17  penoe- 
i^LFto  T  shillinK  and  6  pence  ;  we  put  down  a  dot  and  canv 
r  6  and  tT^md  4Vre  li,  ancf  9  aro  20  ponoe -equal 
to  1  «hmin«  and  8  pence ;  we  put  down  a  dot  and  carry  8. 
I  and  2  re*10  and  (f  are  16  pence--euual  to  1  shilling  and 
4  Znot  we  put  down  a  dot  and  carry  4.  4  and  4  are  8  and 
2d6^Xch,  being  le«8  than  l%hilUng,  we  set  down 
under  the  column  of  pence,  to  which  it  belongs,  &c.  We  find, 
Tadding  them  up,  that  there  are  three  dots;  we  therefore 
c  r?v  3  to  the  colLn  of  shillings.  3  shillings  and  8  are  11, 
aSd  4  are  15,  and  4  are  19,  and  3  are  22  sh.lUngs-equal  to 
1  pound  and  2  shillings;  we  put  down  a  dot  and  carry  1. 

^'SfrJLrcli^^!lcstthodots,notbeingdl^^^^^^^^ 

may  be  considered  as  either  t(x>  few,  or  too  »«any     This 

method,  though  now  but  Uttle  used,  seems  a  convenient  one. 

14.  Or,  lastly,  set  down  the  suras  of  the  farthing, 

shillings,  &o.,  under  their  respective  columns ;   divide 

the  f^things  by  4,  put  the  cjuotient  under  the  sum  of  he 

pence,  and  the  remainder.  If  any,  m  a  place  set  apar 

for  it  in  the  sum—under  the  column  of  farthings;  add 

tosretber  the  quotient  obtained  from  the  farthings  and 

thf  sum  of  the  pence,  and  placing  the  amount  under 

the  pence,  divide  it  by  12 ;  put  the  quotient  under  the 

Bum  of  the  shillings,  and  the  remainder,  if  any,  in  a 

place  allotted  to  it  in  the  sum— under  Ae  Jow°»\?/ 

i>enoe  ;  add  the  last  quotient  and  the  suu*  Oi  v^e  s=-'-- 

liuffs,  and  putting  under  them  their  sum,  divide  the 

Utter  by  20,  set  down  the  quotient  under  the  sum  oi 


:.*. 
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the  pounds,  and  put  the  romaindor,  if  any,  in  the  8um-- 
Atr'Tl  ^'  «^"I-««»/d^  th^o'  last  quTo;^ 


6  11  111 
72  19    9? 


•  1051  82  47  13  farthings. 

■  4     4     o 

86  50 

1655    6    2| 

d  M  quotient  (to  be  put  down  under  the  pence V  an/ nn« 

Se  f"r?hin  Jrt/r.>^*^  *^  P"'  ^"  the  suC^a^^lrr 
47  ahe  sum  ?»f  *ha\f*^'°  ?"^^%^  ^'•«'"  **^«  farthings)  and 

ZMr  f  "Cr'^  -««£;& 

under  the  shilhngs^,  and  2  pence  (to  be  s^t  down  in  the 
«etdown  ,n  the  .urn  total-under  the  MllU^T^Aat 

«»'■?■->  ^°  I"™?  *?*  '""nP"'™*  role*,  wa  nn  eenerally 
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(1) 
£  $.    d. 

76  4  6 

67  9  9 

49  10  8 

188  4  11 

(6) 
£    s.    d. 

674  14  7 

456  17  8 

676  19  8 

627  4  2 


(9) 
£  «. 
4567  14 
776  16 
76 
61 
44 


17 
0 
6 


d. 
6 

I* 
t 

9 

10 

6 
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(13) 

£  «.  d. 

9767  0  6i 

7649  11  n 

4767  16  101 

164  1  1 

92  7  24 


(17) 

£  «.  d. 

0  14  71 

677  1  0 

6767  2  6 

8697  14  7i 

6684  0  01 


£  «. 

68  14 

69  16 
72  14 


d, 

7 
6 
8 


£  «. 

767  15 
472  14 
667  16 


d. 
6 
6 
7 
428  8  10 


(10) 

£     8.    a 

76  14 

667  13 

67  16 

6  4 

6  8 


7 
6 
7 
2 
4 


(14) 
£  s. 
6767  11 
7676  16 
6948  17 
6786  7 
6325  8 


d. 

6i 

94 

8& 

6 

24 


(18) 
£  «. 
6674  16 
4767  17 
1546  19 
8246  17 
4766  10 


d. 

Ik 

61 

Ik 

6 

61 


(3)  ^ 
£     8.     d, 
76  14  7 
67  15  9 
76  19  10 


(7) 
£  ». 
667  14 
476  16 
647  17 
627  14 


d. 

7 
6 
6 
8 


(11) 
£  ».    d. 

8767  18  11 

4678  14 

767  12 

10  11 

8  4 


10 
9 
6 

11 


(15) 

£  8. 

6764  17 

7457  16 

6748  18 

67  6 

482  6 


d. 

64 

5 

04 

6i 

9 


(19) 
£  $.    d. 
6674  1  04 
4767  11  104 
78  18  lU 
0  19  104 
6044  4  1 


(4)  ^ 

£  s.  d. 

84  8  2 

96  4  Oi 

41  0  6 


(8)  ^ 
£  8.    d. 
827  8  6 
601  2  111 
864  0  6 
121  9  84 


(12) 
£  8. 


d 

6674  17  61 
4767  16  11 i 
8466  17 

2 

9 


5984 
8762 


104 
24 
9 


£ 

684 
66 
7 
6678  18 
489  0 


(16) 
8.    d. 
7  114 
7  7 
12  lOi 
8 
0 


(20) 

£  •• 

4767  14 

748  18 

7674  14 

7  18 

760  6 


d. 

7i 
74 
64 
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(4)  ^ 

£  s.  d. 

84  8  2 

9G  4  Ok 

41  0  6 


(8) 

£     ».    d. 

827  8  6^ 

601  2  111 

864  0  6 

121  9  8i 

* 

(12) 

&     $.    d 

5674  17  61 

4767  16  11 i 

8466  17  lOi 

6984  2  2i 

8762  9  9 

(16)  ^ 

£  «.  d. 

634  7  11^ 

66  7  7 

7  12  lOJ 

6678  18  8 

489  0  0 

(20) 

£  «.  <{. 

4767  14  7i 

748  18  74 

7674  14  64 

7  18  81 

760  6  4 

«  (21) 
£  «.  d. 
674  11  lU 
667  14  lOj 
476  4  11 
347  16  Oi 
476  13  94 


(26) 

£  «.  <l. 

676  4  7i 

7  7  6 

782  19  Oi 

667  0  91 

764  2  6i 


(22) 
£  s. 
476  14 
676  15 
76  17 
676  11 
463  14 


d. 
7 

61 
7i 
8 
9i 


(28) 

£  «.  d. 

674  18  8i 

45  15  74 

476  4  61 

577  16  04 

678  6  34 


«  (26) 

£  ».  d. 

649  4  6i 

7  19  94 

0  16  64 

734  19  9k 

666  14  44 


«  (27) 

£  «.  d. 

876  0  8 

0  6  0 

66  11  11 

123  5  24 

12  0  0 
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«  (24) 

£  8.  d. 

674  17  Gk 

123  12  2 

567  0  7* 

679  18  94 

476  6  64 


(28) 

Jt     g.  d 

219  0  6 

82  11  81 

0  0  04 

127  8  2 

29  6  5k 


^voirdupoise  Weight. 
(80)  _      (81) 


(29)  (80)  (81)  (82) 

J?   2  Jt  ^1   ^  ^^  14   8  17  56  8  14 

87   2  15  66   8  11  87   1  16  57  I  17 

14   1  11  47   1  16  47   2  27  68  2  26 

128   8  12  "  ' 

(88)  (84)  (86)  m) 

76   1  19  88  2  17  476  S  16  667  2  19 

66   8  13  69  2  20  764  1  7  4  1  20 

47   2  17  0  8  0  6  8  14  67  8  2 

81   2  14  67  1  16  0  1  18  767  1  31 


(87)  (88)  (89)        (40) 

cwt.  qrg.  ft  cwt.  qn.    ft  cwt.  qrs.  ft  cwt.  org. 

7ft7   1  16  476   1  244  447   1  7   14  12 

17  756   8  214  576  1  6 

,  "  ~    1  16  467  1  74 

1  0  567  2  16  668   1  6 

2  11  978   1  12  428  0  0, 


767 
44 


1 
1 


667   8   18  767 

576 

841 


8 
0 
7 
0 


4 
6 
0 
0 


ft 
12 

7 
16 

8 
14 


I 


130 


COMPOUND    ADDITION. 


lb 

7 
6 
9 


Vb 
67 
67 
66 
74 
12 


Troy  Weight. 

(41)  (42) 

08.    dwt.  gra.    fl)     oi.    dwt.  gra.    K) 
06^697088 
7      0        0       6       7 


6 
6 


6 
6 


80 


8      8 


6 


21      11      18 


(44) 


(46) 


(48) 
OK.    dwt.  era. 

7  9        8 
9       8       6 

8  7        6 


(46) 


ot.    dwt.  gra.    H)     oas.    dwt.   gra.    lb      oz.    dwt.  gra. 


9      12 
9      11 


6 
8 


10 
6 
6 


14  87 

11  0 

6  0 

8  44 

4  67 


8 
11 

0 
12 

8 


7 

12 

16 

10 

9 


12  57 

3  0 

14  46 

18  22 

10  11 


10 
0 
9 
8 

10 


14 

11 

9 

7 

18 


11 

10 

8 

6 

14 


(47) 

yda.  qrs.  nla 

99      3      1 

47      1      8 

76      8      2 

224      0      2 


Cloth  Measure. 

(48)                      (49)  (60) 

yda.  qra.  nla.     yt  3.  qra.  nla.  yda.  qrs.  nla. 

176      8      3         37      3      2  0      2      1 

47      02           023  682 

7      88           002  003 


(61)                    (62)  (63) 

yds.  qrs.  nla.  yds.  qrs.  nls.  yda.  qra.  nla. 

667      8      2  147      3      3  167      2      1 

476      10  173      1      0  143      8      2 

72      8      3  148      2      1  0      12 

621          92      32  64      03 


(54) 

yda.  qrs.  nla. 

156      1      1 

176      3      1 

64      1      0 

673      2      3 


ts. 
99 
80 
98 
87 
41 


(56) 

hhda.    gla. 
8         9 


0 
8 
2 
1 


89 
46 
27 
26 


Wine  Measure. 

(56) 

ta.      hhda.  gla. 

89         8  8 

7         8  4 

76         1  66 

44         2  7 

64         2  17 


(67) 

ta. 

hhda. 

Kis 

76 

8 

4 

67 

8 

44 

0 

1 

66 

6 

8 

4 

602 

0 

27 

407 
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Time. 

(58)  (69)  (60) 

yrg.    ds.    hrs.    ms.    yrs.    da.  hrs.  ma.   yra.    da.   Lrs.  ms. 


) 

dwt. 
14 

grs. 
11 

11 

10 

9 

8 

7 

6 

18 

14 

(60) 
.  qrs. 
2 

nls. 
1 

8 

2 

0 

8 

(54^ 
qrs. 
1 

) 
nls. 

1 

8 

1 

1 

0 

2 

8 

67) 

ihds. 
8 

gl8. 

8 

44 

1 

66 

8 

4 

0 

27 

99 
88 
77 

859 

0 

120 

9 
8 

7 

56 
57 
49 

60 
6 
0 
6 

90 

76 

0 

1 

0 

1 
8 
2 

50 

67 

58 

0 

69 
0 

76 
6 
8 

127 

120 

121 

47 

9 

7 
9 

11 
8 

11 

50 
44 
44 

205 

115 

2 

42 

41 

17 

61.  What  is  the  sum  of  the  following: — three  hun- 
dred and  ninety-six  pounds  four  shillings  and  two  pence ; 
five  hundred  and  seventy-three  pounds  and  four  pence 
halfpenny ;  twenty-two  pounds  and  three  halfpence ; 
four  thousand  and  five  pounds  six  shillings  and  three 
farthings.?     Am.  iB4996  10*.  S^d. 

62.  A  owes  to  B  je567  16s.  7|rf. ;  to  C  ^647  16*.  ; 
and  to  D  ^£56  Id.  How  much  does  he  owe  in  all  > 
Am.  iE671   12s.  S^d. 

63.  A  man  has  owing  to  him  the  following  sums:-^ 
£3  10s.  Id. ;  <£46  l\d. ;  and  ^252  14*.  U.  How  much 
is  the  entile  .?     Am.  £\02  5s.  S^d. 

64.  A  merchant  sends  oflf  the  following  quantities  of 
hutter: — 47  cwt.,  2  qrs.,  7  ft> ;  38  cwt.,  3  qrs.,  8  lb  ; 
and  16  cwt.,  2  qrs,,  20  ft).  How  much  did  he  send  oflf 
in  all .?     Am.  103  cwt.,  7ft). 

65.  A  merchant  receives  ♦he  following  quantities  of 
tallow,  viz.,  13  cwt.,  1  qr.,  6  lb  ;  10  cwt.,  3  qrs.,  10  ft); 
and  9  cwt.,  1  qr.,  15  tb.  How  much  has  he  received  in 
all  ?     Am.  33  cwt.,  2  qrs.,  3  ft). 

66.  A  silversmith  has  7  lb,  8  o?  ,  16  dwt.  ;  9  ft),  7 
oz.,  3  dwt. ;  and  4  ft),  1  dwt.  What  quantity  has  he  ? 
Ans.  21  ft),  4  oa. 

67.  A  merchant  sells  to  A  76  yards,  3  quarters,  2 
nails  ;  to  B,  90  yards,  3  quarters,  3  nails  ;  and  to  C,  190 
yards,  1  nail.  How  much  has  he  sold  in  all }  A71S.  357 
yards,  3  quarters,  2  nails. 

68.  A  wine  merchant  receives  from  his  correspondent 
4  tuns,  2  hogsheads  ;  6  tuns,  3  hogsheads  ;  and  7  tuns, 
^  ii.-Q=iicau.  xiuw  muca  is  xae  enure  .''  Jins,  iv  luos, 
2  hogsheads. 
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69.  A  man  has  three  farms,  the  first  contains  120 
acres,  2  roods,  7  perches ;  the  second,  150  acres,  3 
roods,  20  perches ;  and  the  third,  200  acres.  How  much 
land  does  he  possesB  in  all  ?  Ans.  471  acres,  1  rood,  27 
perches. 

70.  A  servant  has  had  three  masters ;  with  the  first 
he  lived  2  years  and  9  months ;  with  the  second,  7 
years  and  6  months ;  and  with  the  third,  4  years  and  3 
months.  What  was  the  servant's  age  'n  bavirig  Lis 
last  master,  supposing  he  was  20  year  >n  going 
to  the  first,  and  that  he  went  directly  fro.  »ne  to  the 
other  ?    Ans.  34  years  and  6  months. 

71.  How  many  days  from  the  3rd  of  March  to  the 
23rd  of  June  ?    Ans.  1 12  days. 

72.  Add  together  7  tons,  the  weight  which  a  piece 
of  fir  2  inches  in  diameter  is  capable  of  supporting ;  3 
tons,  what  a  piece  of  iron  one-third  of  an  inch  in 
diameter  will  hear  ;  aiid  1000  lb,  which  wiU  he  sustained 
hy  a  hempen  rope  of  the  same  siae.  Ans.  10  tons,  8 
cwt.,  3  quarters,  20  lb. 

73.  Add  together    the    following: — 2d.y  about    the 
Talue  of  the  Roman  sestertius  ;  7^^.,  that  of  the  dena- 
rius; l|rf.,  a  Greek  obolus;  Qd.y  a  drachma;  ^3  155. 
a  mina  ;  ^£225,  a  talent ;  \s.  Id.j  the  Jewish  shekel ;  and 
je342  35.  9d.y  the  Jewish  talent.     -4*5.  £571  25. 

74.  Add  together  2  dwt.  16  grains,  the  Greek  drachma; 
1  ft),  1  oz.,  10  dwt.,  the  mina ;  67  ft),  7  oz.,  5  dwt.,  the 
talent.     Ans.  68  ft),  8  oz.,  17  dwt.,  16  grai^^s. 


QUESTIONS   FOR    THE   PUPIL. 

1.  What  is  the  difference  between  the  simple  and 
compound  rules?  [8]. 

2.  Might  the  simple  rules  have  been  constructed  so 
as  to  answer  also  for  applicate  numbers  of  different 
denominations?  [8]. 

3.  What  is  the  rule  for  compound  addition  ?  [9j. 

4.  How  is  compound  addition  proved  ?  [15]. 

ous  ?  [12,  &0.] 
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16.    Rule — I.    Place  the  digits  of  the  subtrahend 

under  those  of  the  same  denomination  in  the  minuend 

faithings  under  farthings,  units  of  pence  under  units  of 
pence,  tens  of  pence  under  tens  of  pence,  &c. 

II.  Draw  a  separating  line. 


III.  Subtract  each  denomination  of  the  subtrahend 
from  that  which  corresponds  to  it  in  the  minuend- 
beginning  with  the  lowest. 

IV.  If  any  denomination  of  the  minuend  is  less  than 
that  of  the  subtrahend,  which  is  to  be  taken  from  it, 
add  to  it  one  of  the  next  higher — considered  as  an  equi- 
valent number  of  the  denomination  to  be  increased ; 
and,  either  suppose  unity  to  be  added  to  the  next  deno- 
mination  of  the  subtrahend,  or  to  be  subtracted  from 
the  next  of  the  minuend. 

V.  If  there  is  a  remainder  after  subtracting  any 
denomination  of  the  subtrahend  from  the  correspond- 
ing one  of  the  minuend,  put  it  under  the  column  which 
produced  it. 

VI.  If  in  any  denomination  there  is  no  remainder, 
put  a  cypher  under  it— unless  nothing  is  left  from  any 
higher  denomination. 

17.  Example.— Subtract  £56  13s.  i^.,  from  £%  7s.  6ld. 
£      $.       d. 
96      7      6J,  minuend. 
«      66    13      4|,  subtrahend. 

39  14  11  difference. 
We  cannot  take  f  from  J,  but— borrowing  one  of  the 
pence,  or  4  farthings,  we  add  it  to  the  I  and  then  say  3  far- 
things  from  5,  and  2  farthings,  or  one  halfpenny,  remains : 
we  set  down  l  under  the  farthings.  4  pence  from  5  (we 
have  borrowed  one  of  the  6  pence),  and  one  penny  re- 
mains :  we  set  down  1  under  the  pence  (Hrf.  is  read  "  three 
halfpence").  13  shillings  cannot  be  taken" from  7,  but  (bor^ 
rowing  one  from  the  pounds,  or  20  shillings)  13  shillings 
Irom  27,  and  14  remain :  we  set  down  14  in  the  shillings' 
place  of  the  remainder.  6  pounds  cannot  be  taken  from'5 
Cwe  have  borrowed  one  of  the  6  pounds  in  the  minuend) 
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but  6  from  15,  and  9  remain :  we  put  9  under  the  units  of 
pounds.  5  tens  of  pounds  from  8  tens  (we  have  borrowed 
one  of  the  9),  and  3  remain :  we  put  3  in  the  tens  of  pounds' 
place  of  the  remainder. 

18.  This  rule  and  the  reasons  of  it  are  substantially  the 
same  as  those  already  given  for  Simple  Subtraction  [Sec.  II. 
17,  &.O.]  It  is  evidently  not  so  necessary  to  put  down  cvphers 
where  there  is  nothing  in  a  denomination  of  tlie  remainder. 

19.  Compound  may  be  proved  in  the  same  way  as  simple 
•ubtraction  [Sec.  II.  20]. 


[^^^■^B 

1 

I 

> 

1                  From 
1                   Take 

From 
1                  Take 

From 
Take 

From 
!                   Take 

! 

From 
Take 

1 

(1) 
£     s.    d. 

1098  12    6 

484  16    8 

BZERCIilKS. 

(2)               (8) 
£    a.  d.     £   a.    d. 
767  14  8     76  15    6 
486  18  9       0  14    6 

£    a. 
47  16 
89  17 

d.    £   a.  d. 
7     97  14    6 
4      6  16    7 

II^^^HIfi 

668  16  10 

^^Bi  : 

(6) 
£    a.    d. 
98  14    2 
77  16    8 

(7)             (8) 
£    a.    d.    £    a.    d. 
47  14    6     97  16    6 
88  19    9     88  17    7 

(9)             (10) 

£    a.   d.     £    a.  d. 

147  14  4     660  15  6 

120  10  8     477  17  7 

I 

£    a.    d. 
99  13    8 
47  16    7 

(12) 

£    a.     d. 

767  14    6i 

476    6    71 

£    a.    d. 
891  14    14 
677  16    61 

(14) 
£     a.     d. 
676  18    11 
467  14    n 

(15) 
£    a.    d. 

667  11    61 
479  10  lOi 

(16) 
£    a.    d. 
971    0    04 
0    0    7 

(17) 
£    *.    d. 
437  16    0 
Oil    14 

(18) 
£    a.     d. 
478  10    0 
47  11    Oi 

S^^^nn^fl 

(19) 
cwt.  qrs.  TO 
i  200    2    26 
99    3    16 

Avoirdupoiae  Weight. 

(20)                   ^21) 
cwt.  qrs.  lb      cwt.  qrs.  lb 
276    2    16      9664    2    26 
27    2      7      9074    0    27 

(22) 
cwt.  qrs.  ft 
664    0      0 
476    3      6 

100   s   ii 

1 

■M 
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mits  of 
orrowed 
pounds' 

ally  the 
[Seo.  II. 

(28) 
n>    oz.  dwt. 
r'rom  554    9    19 
fake      97    0    16 

4 
16 

oy  Weight. 
(24) 
Id  ox.  dwt.  gr. 
946    0    10      0 
0    0    17    23 

(24) 

ib  01.  dwt.  gr. 

917    0    14      9 

798    0    18    17 

cyphers 
ader. 

457    9      2 

18 

(6) 

£   a.  d. 

97  14  6 

6  16  7 


(10) 

<£    ».  <l. 
560  15  6 

477  17  7 

(14) 

6  13 

7  14 

d. 

7i 

(18) 
I    $. 
8  10 

[7  11 

d. 

0 

Oi 

(22) 
t.  qrs 
S4    0 
76    3 

0 
6 

JVine  Mecuure. 
(26)  (27)  (28)  (29) 

ts.  hhds.  gis.  ts.  hhds.  gls.  ts.  hhds.  gls.  ts.  hhds.  gis. 
From  81  3  16  64  0  27  804  0  54  56  0  1 
Take    29226       0       8      42    100     8    6127226 


2      0      62 


Time. 
(80)  (81)  (82) 

yrs.  ds.  hs.  ms.  yrs.  ds.  hs.  ms.  yrs.  da.  hs.  ras. 

From  767  181   6  80  476  14  14  16  667  126  14  12 

Take  476  110  14  14  160  16  18  17  400   0  16   0 


291   20  16  16 


33.  A  shopkeeper  bought  a  piece  of  cloth  containing 
42  yards  for  iB22  10*.,  of  which  he  sells  27  yards  for 
iS15  15;. ;  how  many  yards  has  he  left,  and  what  have 
they  cost  him  ?  Ans.  15  yards ;  and  they  cost  him 
£6  155. 

34.  A  merchant  bought  234  tons,  17  cwt.,  1  quarter, 
23  lb,  and  sold  147  tons,  18  cwt.,  2  quarters,  24  fb  ;  how 
much  remained  unsold  f    Ans.  86  tons,  18  cwt.,  2  qrs. 
27  1b. 

35.  If  from  a  piece  of  cloth  containing  496  yards,  3 
quarters,  and  3  nails,  I  cut  247  yards,  2  quarters,  2  naUs, 
what  is  the  length  of  the  remainder  ?  Ans.  249  yards, 
1  quarter,  1  nail. 

36.  A  field  contains  769  acres,  3  roods,  and  20  perches, 
of  which  576  acres,  2  roods,  23  perches  are  tilled  ;  how 
much  remains  untilled  ?    Ans.  193  acres,  37  perches. 

37.  I  owed  my  friend  a  bill  of  jE76  16*.  9|d.,  out  of 
which  I  paid  £b9  17s.  lO^d. ;  how  much  remained  due  f 
Ans.  £IQ  I8s.  lO^d. 

Q 
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38.  A  merchant  bought  600  salt  ox  hides,  weighing 
661  owt.,  2  ft* ;  of  which  he  sold  250  hides,  weighing 
239  cwt.,  3  qrs.,  25  lb.  How  many  hides  had  he  loft, 
and  what  did  they  weigh  ?  Ans.  350  hides,  weighing 
321  owt.,  5  lb. 

39.  A  merchant  has  209  casks  of  butter,  weighing 
400  owt.,  2  qrs.,  14  ft  ;  and  ships  oflF  173  casks, 
weighing  213  cwt.,  2  qrs.,  27  ft.  How  many  casks  has 
he  left ;  and  what  is  their  weight  ?  Ans.  36  casks, 
weighing  186  cwt.,  3  qrs.,  15  ft. 

40.  What  is  the  difference  between  47  English  miles, 
the  length  of  the  Claudia,  a  Roman  aqueduct,  and  1000 
feet,  the  length  of  that  across  the  Dee  and  Vale  of 
Llangollen }     Ans.  247160  feet,  or  46  miles,  4280  feet. 

41.  What  is  the  difference  between  980  feet,  the 
width  of  the  single  arch  of  a  wooden  bridgje  erected  at 
St.  Petersburg,  and  that  over  the  Schuylkill,  at  Phila- 
delphia, 113  yards  and  1  foot  in  span  ?    Ans.  640  feet 

QUESTIONS   FOR   THE    PUPIL. 

1.  What  is  the  rule  for  compound  subtraction  ?  [16]. 

2.  How  is  compound  subtraction  proved  ?  [19]. 


COMPOUND  MULTIPLICATION. 

20.  Since  we  cannot  multiply  pounds,  &o.,  by  pounds, 
&o.,  the  multiplier  must,  in  compound  multipUcation, 
hfii  an  abstract  number. 

21.  When  the  multiplier  does  not  exceed  12 — • 
Rule— I.  Place   the  multiplier  to  the  right   hand 

side  of  the  multiplicand,  and  beneath  it. 

II.  Put  a  separating  line  under  both. 

III.  Multiply  each  denomination  of  the  multiplicand 
by  the  multiplier,  beginning  at  the  right  hand  side. 

IV.  For  every  time  the  number  required  to  make 
one  of  the  next  denomination  is  contained  in  any  pro- 
duct of  the  multiplier  and  a  denomination  of  the  multi- 
plicand, carry  one  to  the  next  product,  and  set  down  the 

!-.j /:#  i-v-.--  : ~._    .A.»-  ~..tvA>..^«^:..^  aUa  •..-.v^Vwaw 

equivalent  to  what  is  carried)  under  the  denomination 
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to  which  it  belonmi ;  but  should  there  be  no  remainder, 
out  a  cypher  in  that  denomination  of  the  product. 
22.  ExAMPuc^Multiplj  £62  17s.  lOd.  by  6. 
£     s.      d. 

62    17     10,  multiplicand. 
6,  multiplier. 

377  7  5;  product. 
Six  times  10  pence  are  CO  pence;  these  are  equal  to  5 
shilUngs  (5  times  12  pence)  toTbe  carried,  and  no  pence  to 
be  set  down  in  the  product— we  therefore  write  a  cypher  in 
the  pence  place  of  the  product.  6  times  7  are  42  shillings, 
and  the  5  to  be  carried  are  47  sbUUngs-we  put  down  7  in 
the  mute'  place  of  shillings,  and  carry  4  tens  of  shillings, 
r  ??,■•  ^  Q®°  shillings)  are  6  (tens  of  shillings),  and  4  (tens 
of  shilhngs)  to  be  carried,  are  10  (tens  of  shillings),  or  5 
pounds  (5  times  2  tens  of  shillings)  to  be  carried,  and 
nothing,  (no  ten  of  shillings)  tobesetdown.  6  times  2  pounds 
are  lA  and  5  to  be  carried  are  17  pounds-or  1  (ten  pounds) 
to  be  carried,  and  7  Tunits  of  pounds)  to  li  set  down. 
6  times  6  (tens  of  pounds)  are  36,  and  1  to  be  carried  are 
37  (tens  of  pounds). 

28.  The  reasons  of  the  rule  will  be  very  e^^sily  understood 
from  what  we  hftve  already  said  [Sec.  II.  41,.  fiut  since,  in 
compound  multiplication,  the  value  of  the  multiplier  has  no 
connexion  with  its  position  in  reference  to  the  multiplicand, 
where  we  set  it  down  is  a  mere  matter  of  convenience ;  neither 
18  it  so  necessary  to  put  cyphers  in  the  product  in  those  deno- 
minations in  which  there  are  no  significant  figures,  as  it  is  in 
simple  multiplication.  . ««  "  «» lu 

24.  Compound  multiplication  may  be  proved  by  rr- 
duuing  the  product  to  its  lowest  denomination,  dividing 
by  the  multiplier,  and  then  reducing  the  quotient 
ExAMPLi:.— Multiply  £4  Zs.  8d.  by  7. 

^  *•    d.  Proof  : 

4   3     8  29   5    8 

7  20 

29   5   8,  product. 


7)7028,  product  reduced. 
12)1004 


lenomination 


Off\Q9 


O 

o 


qnotieni  reduced      4  8  8»<multiplicand. 
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Jt29  6».  Sd.vnl  Umes  th«  muUlplioMid ;  if,  therefore,  the 
prooesi  hM  been  ri»htly  performed,  the  eeTenth  part  of  thi» 
•hould  be  equal  to  the  multiplioand.  .     .,  .  ,      v    >r 

The  Quantities  are  to  be  "  reduced,"  before  the  dlTleion  by  r, 
■Inoe  the  learner  if  not  euppoaed  to  be  able  ae  yet  to  dirlUe 
£2»  6«.  Sd. 


KXKllCISKf. 


£    «.    d. 


§.    d. 


1.  76    14   7iX  2«  168      9    8. 

2.  07    18    6iX  8=  298      0    T|. 
8.    77    10   74 X  4=  810      2    6. 
4.    96    11    7iX  6=  482    18    U. 
6.    77    14   64X  6=  406      7    U. 

6.  147    18    8JX  7«1038    18    OJ. 

7.  428    12   7iX  8=8429      1    0. 

8.  672    16   6  X  9=6166      8    8. 

9.  428    17    8  X  10=4288    12    6. 

10.  672    14    4  Xll=7899    17    8. 

11.  776    16    6  X12=9321      6    0. 

12.  7  ft)  at  6».  24d.  ^,  will  cost  £1  16«.  8|d. 

18.  9  yards  at  10».  Hid.  4^,  will  cost  £4  18».  Hd. 
14.  11  gallons  at  18«.  9d.  -y,  will  cost  £7  11«.  8rf. 
16.  12  ft  at  £1  88.  4d.  V,  will  cost  £14. 

25.  When  the  multiplier  exceeds  12,  and  is  a  com- 
posite number — 

KuLE. — ^Multiply  successively  by  its  factors 

Example  1.— Multiply  je47  13s.  Ad.  by  56. 
£,        B.     d, 
4T       13     4 
7 

56«7x8  ^    *•    **•   - 

333     13     4s47  13    4x7. 
8 


2669       6     8=47  13    4x7x8,  or  56. 

ExAMPLi  2.— Multiply  14*.  2d.  by  100. 
«.     d, 
14     2 
10 

100=»10xlO    *  ».    d. 

£7  1    8«14   2x10. 
10 


£7016   8-14   2x10x10,  or  100. 
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ExAMPLX  8.— Multiply  £8  29.  4d.  hj  700. 


8    2    4 

10      ^ 

2 
2 

d. 

81    3    4  -8 
10 

4x10. 

811  13    4  »8 

7 

4x10) 

5681  13    4  =-8      2      4x10x10x7,  or  700. 
The  reason  of  this  rule  has  been  already  given  [See.  II.  90]. 

26.  When  the  multiplier  is  the  sum  of  oompout* 
numbers— 
Rule.— Multiply  by  each,  and  add  the  results. 

£xAMFL£.— Multiply  £Z  lis.  6d.  by  430. 

£     8.    d. 
3    14    6 

£    5.      d.      £    «.    d. 

87      5    0  x3»lll  15    0,  or  3  14    6x30. 
10 


372    10    0x4=1490    0    0,  or  3  14    6x400. 

1601  15    0,  or  3  14    6x430.' 

The  reason  of  the  rule  is  the  same  as  that  already  giyea 
[Seo.  II.  62].  The  sum  of  the  products  of  the  multiplicand  by 
the  parts  of  the  multiplier,  being  equal  to  the  product  of  the 
multiplicand  by  the  whole  multiplier. 


KXXRCI8X8. 

£  ». 

d. 

£     «. 

d. 

16. 

8    7 

6  X 

18»  60  16 

0. 

17. 

4  16 

7  X 

20=  96  11 

8. 

18. 

6  14 

6iX 

22=126  19  11. 

19. 

2  17 

6  X 

86=108  10 

0.               V 

20. 

8  16 

7  X 

66=214    8 

8. 

21. 

2    8 

6  X 

64S189    4 

0. 

22. 

8    4 

7  X 

81=261  11 

8. 

28. 

0    9 

4  X 

100=  46  18 

4. 

24. 

0  16 

4  Xl000a816  18 

4. 

26. 

100  yards  at  9«.  Aid.  ^f.  will  eost  £46  17 

26. 

700  gallons 

at  18«.  4<2.  ^, 

wiU  cost  466  13 

27. 

is4u  gaiiOus 

at  04.  §<3.  <^>  ' 

will  oost 

80 

u 

28. 

860  yards  at  18«.  id*  V,  will  oost 

240 

0 

6. 
4. 

u. 
0. 
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27  If  the  multiplier  is  not  a  composite  number— 
EuLE.— Multiply  successively  by  the  factors  of  the 
nearest  composite,  and  add  to  or  subtract  from  the  pro- 
duct so  many  times  the  multiplicand  as  the  assumed 
composite  number  is  less,  or  greater  than  the  givft'^ 
multiplier. 


£ZAMPL1:  1 


76«8x9-f4 


-Multiply  £62  12s.  Qd.  by  76. 
£     s.     d. 
62    12    6 
8 


501      0 


0 
9 


£    s.    d. 


4509      0    0=62  12 
250    10    0=62  12 


6x8x9,  or  72. 
6x4. 


4759    10    0=62  12    6x8x9+4,  or  76. 

KxAMPLE  2.'— Multiply  £42  3s.  4d.  by  27. 

£  8.  d. 
42  3  4 
4 


27=4x7-1 


168  13 


4 
7 


1180  13 
42    3 


4=42 
4=42 


s. 
3 
3 


4x4x7,  or  28. 
4x1. 


1138  10    0=42    3    4x4x7-1,  or  27. 

The  reason  of  the  rule  ib  the  same  as  that  already  given 
[Sec,  II.  61]. 

BXKRCI8E8. 

£  $.  d.                    £  »■  d. 

29.    12  2    4  X  83=    1005  13  8. 

80.    16  0    04X146=    2193  3  OJ. 

31.  122  5    0  X102=  12469  10  0. 

32.  963  0    01X999—962040  2  64. 

as.  When  the  multiplier  is  larg^i,  pe  m9^  §f^n  con- 
veniently proceed  as  follows —  '-■    :■"  ^-   -^ 

Rule. — ^Write  once,  ten  times,  &c.,  the  muUipfliSand, 
and,  multiplying  these  respectively  by  the  units,  tens 
&o.,  of  Uie  multiplier,  add  the  results. 
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^AMPtR—Multiply  JE47  les.  2d.  by  5783 
6783«5  X 1000+7  x  100+8  x  10+3  X 1. 

(Inits  of  the  multiplicand,      47  16    2x3=       H3    8    t 
Tens  of  the  multipUcand,     478    1    8  x  8  =«     3824  13    4. 

Hundred!  of  the  muHipWcad.     4780  16     8x7«    33465  16     8 

10 

Thottsaadi  of  the  mnltlpBcand,  47808     6     8  X5s=  239041  IS     4. 

Product  of  multiplicand  and  multiplier  =276475  11  10. 

EXERCnXS. 

85.  780  17    4    X    92  =  71839  14    8 

86.  ]8  17    7|X122=   9013  10    I] 
Ift     S    ^„  7iXl62«   6865  11  10|. 

39     fiS**^^"'^*  ^?   ^^    *  ^'^  ^»  «ost  ie50    13 
89.    92  gallons  at     0   14    2  #",  wUl  cost     65     3  ^^^^ 

40.  What  is  the  difference  between  the  price  of  743 
ounces  of  gold  at  pi  7,.  10^  per  o«.  Trly^lnl^^ 

vJn^Uit-  time  Of  King  John  (money  being  then  more 
va  uable  than  at  present  the  price,  per  day,  of  a.  cart 
with  three  horses  was  fixed  at  i.  ^.^  wha^'wUd^ 

4^.   Veils  hkvo  been  made  of  the  silk  of  caterpillars 
a  square  yard  of  which  would  weigh  about  4  S* 
J^at  would  be  the  weight  of  so  many  sduaro  varrof 

S:  21^5111  ""^«^r^',  *  Bq-relngLrmLl 
^»w.  2151  lb,  1  OB.,  6  dwt.)  16  grs.,  Tfoy. 

QUESTIONS    TO    BE   ANSWERED    BY    THE    PUPIL. 

1.  Can  the  mdtipUer  be  an  applicate  number  ?  [20  f. 

whenthrmnff-  ^''J"^^  for  compound  inultipEcation 
wuen  ttte  muitinher  does  not.  ^x'^e,^'*  io  >  mn  '^ 

itemn5^**  "^^  """^  ^^^'^  ii  exceeds 'li'aiMl  is  * 
*n.i»08itenuniber?  psj.  **«"  i^ 


4. 


:t 


i3d 
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4    When  it  is  the  sum  of  composite  numbers  ?  [26]. 
5.'  When  it  exceeds  12,  and  not  a  composite  number  t 

'•^6?  How  is  compound  multiplication  proved  ?  [24]. 


COMPOUND  DIVISION. 

29.  Compound  Division  enables  us,  if  we  divide  an 
applicate  nSmber  into  any  number  of  eq^'^l  J J^^'  *«, 
Jcertain  what  each  of  them  will  be  j  or  to  find  out 
iTow  many  times  one  applicate  number  is  contained  m 

*°lf  the  divisor  be  an  applicate,  the  quotient  will  be  an 
abstract  number-for  the  Quotient  wW  ^/*^Plf«\^y 
the  divisor,  must  give  the  dividend  [Sec  "./^]  ; ^«* 
two  applicate  numbers  cannot  be  multiplied  together 
m^  If  the  divisor  be  abstract,  the  quotient  will  be 
ippicate-for,  multiplied  by  th.  quotient,  it  »iust  grv« 
II  dividend-Ian  applicate  number.  Therefore,  either 
divisor  or  quotient  must  be  abstract. 

30.  When  the  divisor  is  abstract,  and  does  not  ex- 

Xltll.  Set  down  tbe.dividend,flviso^  and  sepa- 
rating line— as  directed  in  simple  division  [Sec.  U.  73J. 

n  Divide  the  divisor,  successively,  into  all  the  deno- 
minations of  the  dividend,  beginning  with  the  highest 

III  Put  the  number  expressing  how  often  the  divisor 
is  contained  in  each  denomination  of  the  dividend  under 
that  denomination— and  in  the  quotient. 

IV  If  the  divisor  is  not  contained  in  a  denomina- 
tion oif  the  dividend,  multiply  that  denomination  by  the 
number  which  expresses  how  many  of  the  next  lower 
denomination  is  contained  in  one  of  its  umte,  and  add 
the  product  to  that  next  lower  in  the  dividend. 

V.  "  Reduce"  each  succeeding  remainder  m  the  same 
way,*  and  add  the  product  to  the  next  lower  denomi- 
—n^s^kn  in  fliA  dividend. 

**  VI   if  any  thing  is  left  after  the  quotient  from  the 
lowest  denomination  of  the  dividend  is  obtained,  put  rt 


Compound  divisiow.*  jgj 

31.  Example  1— Divide  je72  6«.  9|<?.  by  5. 

£     s.     d. 
g)72     6     9j 

Example  2.~Divide  £52  4s.  1^.  by  7. 

^     «.      d. 
7)52    4      13 

waaa  a  rartbmg  to  the  quotient.    If  it  is  ezaetlv  half  ^1 
nlnaO.^        'l~^  j'-^---.«««  w4  uio  quouesi  ana  (iivisor. 
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EXEROISEI* 


£      S. 

96    7 

76  14 
47  17 

96  19 

77  16 
82  12 
44  16 

97  14 
9.  147  14 

10.  157  16 

11.  176  14 


1. 
2. 
8. 
4. 
6. 
6. 
7. 
8. 


d.  £ 

6^  2=48 
74-  3=26 
6^  4=11 
4-i.  5±=19 
7^  6=12 
24-  7=4 
7^  8=  5 
3-j.  9=10 
6^-10=14 
7-j.ll=14 
6-5-12=14 


8.     d. 
8    9. 

11  64. 
19    4i. 

7  lOi. 
19    64. 

13  2. 

12  1. 
17  II. 
16      6i. 

6    lU. 

14  6J. 


The  above  fuotients  are  true  to  the  nearest  farthing. 
34.  Wirtn  the  divisor  exceeds  12,  and  is  a  composite 

"^Ruir.^IHyidfi  successively  by  tiie  factors. 
ExAMPiA^Divide  £12  17s.  9d.  by  36. 

■■m>-'  8)12  17    9 

*>  12)4    5  11 

36»Sxl2  7    2 

This  rule  will  be  understood  from  Sec.  II 97. 

BXBKCISEt 

£  9.  d.  *  ».  rf- 

12.      24  17  6-^  ^=^1    0  81. 

18.    576   18  8-^  86=16    0  Ah. 

14.    447   12  2+48=9    6  6. 

16.  647    12  4+  66=  9  16  7.^ 
16.974Q   14  6->12^1    t  5  J. 

17.  740  18  4^-49=15    2  Z\. 

35.  Wben  tbe  ^visot  eJtijefeds  12,  aioEd  is  ttol  >.  coiii- 

Aosite  numbet —  ,    *     *  i      '  i?it  ^^«  . 

Rule.— Pjoceed  by  tbe  method  of  long  Avision , 
but  in  petibriing  the  miritiplication  of  the  r^maindets 
bvthetturabers  which  make  them  respectively  a  deno- 
linftioii  lower,  and  »^di«g  to  the^^produots£.that  ne^ 

«et  d<wm  tihe  mumpUersi  &o.  dbtawed.^PlaQe  Oi©  %^ 
tient  as  directed  in  long  division  [Sec.  U.  Saj.l  1  .•  -    ! 


COMPOUMD  DlViStOJS.  i|35 

ExAMPUB.— Diyide  £87  Ifli.  4d.  by  68i       :     -  : -_ 

£    s.    d.  £    8.    d^ 
62)87  16    4  (1    8    4. 
62  ^ 

25 

20  multiplier. 

ihillingg  616(=«^X20+16) 

12  moltipHer. 

pence      244(=20xl2-f4) 
186 

"68 
4  multiplier 

farthings  232  (=58x4) 
186 

"46 

62  goes  into  £87  once  (that  is,  it  gives  £1  in  the  quotiene\ 
and  leaves  £25  £25  are  equal  to  500s.  (25x20),  which 
with  IQs.  in  the  dividend,  make  516s.    62  goes  into  516?  8 

o®>fnS*ToA^^,«NS^^®»  ^*- »»  *^e  quotient),  and  leaves  20<., 
9' 2f0rf.  (20x12)  as  remainder.    62  goes  into  240,  &o. 

WeW'we  to  put  f  in  the  quotient,  the  remainder  would  b« 
46,  which ^18  more  than  half  the  divisor;  we  consider  the 
quotient,  therefore,  as  4  farthings,  that  is,  we  add  one  penny 
^1  V^>.j®  P®**°®  supposed  to  be  already  in  the  quotient. 
Al  Us.  4d.  IS  nearer  to  the  true  quotient  than  £1  8s.  ^d.[Z2J. 

This  is  the  same  in  principle  as  the  mle  given  above  [80]— 
put  since  the  numbers  are  large,  it  is  more  convenient  actually 
to  set  down  the  sums  of  the  different  denoroinations  of  the  divi- 
dend and  the  nreceding  remainders  (reduced),  the  products  ol 
the  ^visor  and  quotients,  and  the  numbers  by  which  we  multi- 
ply  for  the  necessary  reductions:  this  prevMits  the  memorv 
trom  being  too  much  burdened  [Sec  II.  93]. 

36.  When  the  divisor  and  dividend  are  both  applicate 
numbets  of  one  and  the  same  denomination^  and  no 
reduction  is  required — 

iiULE.=— jT-rOceed  as  already  directed  fSeo.  21  70, 
72,  or  89].  ' 
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ExAMPiJ!.— Divide  £45  by  £5. 

je5)45 

That  is  £5  is  the  ninth  part  of  £45. 

37  When  the  divisor  and  dividend  are  applicate,  but 
notoif  the  same  denomination;  or  more  than  one  de- 
nomination is  found  in  either,  or  both— • 

Rule  —Reduce  both  divisor  and  dividend  to  the  low- 
est denomination  contamed  in  either  [3],  and  then  pro- 
ceed with  the  division. 

Example.— Divide  £37  55.  9ld.  by  35.  6^. 
ad.  £    s.    d. 

170  fiEurthings. 


170)35797(211 
340 


179 
170 

"~97 


Therefore  Zs.  6^1.  is  the 
211th  part  of  £37  5s.  9  jd. 


»7  not  being  less  than  the  half  of  170  [32],  we  consider  it 
fts  equal  to  the  divisor,  and  therefore  add  1  to  the  0  obuiined 
as  the  last  quotient. 

EXERCISES. 


£     ». 
176  12 
184  17 
4736  14 
73  16 
147  14 
157  16 
58  15 
62  10 
8764    4 


18. 
19. 
20. 
21. 
22. 
23. 
24. 
26. 
26. 

27.  4728  13 

28.  8234    0 
5286    2 


29 

80*.  4598 


d.  £ 

2  -J.  191=  0 
8  ^  183=  0 
7  J.  448=10  13 
7  jL.  271=  0    5 

6  -1-  973==:  0 

7  4-  487=  0 
2  ^  751=  0 
6i-j-  419=  0 
Oi-s-  468=18  14 
2  .J-  817=14  18 
64^  261=31 
7|-i-  875=  5 
2  4*9842=  0 


d. 

6. 

9. 
104 

5i 

Oi 

6|. 

6|. 
111. 

6J. 

4i. 
10  Hi. 

84. 

44. 


8. 

18 
14 


8 
6 
1 
2 


19 
9 
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31.  A  cubic  foot  of  distilled  water  weighs  1000  ounces 
what  will  be  the  weight  of  one  cubic  inch?  Ant 
863-1829  grains,  nearly. 

32.  How  many  Sabbath  days'  journeys  (each  1155 
yards)  in  the  Jewish  days'  journey,  which  was  equal  to 
33  miles  and  2  furlongs  English  ?  Ans.  50-66,  &c. 

33.  How  many  pounds  of  butter  at   ll^d.   per  fc 
would  purchase  a  cow,  the  price  of  which  is  JB14  15».  ? 
Ans.  301-2766. 


QUESTIONS   FOR   THE   PUPIL. 

1.  What  is  the  use  of  compound  division  ?  [29]. 

2.  What  kind  is  the  quotient  when  the  divisor  is  an 
.ibstract,  and  what  kind  is  it  when  the  divisor  is  au 
applicate  number  ?  [29]. 

3.  What  are  the  rules  when  the  divisor  is  abstract, 
and  does  not  exceed  12  ?  [30]  ; 

4.  W!ien  it  exceeds  12,  and  is  composite  ?  [34j  ; 

6.  When  it  exceeds  12,  and  is  not  composite  ?  [35]  ; 
6.  And  when  the  divisor  is  an  applicate  number  ?  [36 
and  37]. 
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SECTION  IV. 

FRACTIONS. 

1.  If  one  or  more  units  are  divided  into  equal  parts, 
and  one  or  more  of  these  parts  are  taken,  we  have  what 
is  called  a  fraction. 

Any  example  in  division — ^before  the  process  has  been 
performed — may  be  considered  as  affording  a  fraction : — 
thus  I  (which  means  5  to  he  divided  by  6  [Sec.  II.  68]  ) 
is  a  fraction  of  5 — its  sixth  part ;  that  is,  5  being  divided 
into  six  equal  parts,  f  will  express  one  of  them  ;  or  (as 
we  shall  see  presently),  if  unity  is  divided  into  six  equal 
parts,  five  of  them  will  be  represented  by  f . 

2.  When  th^  dividend  and  divisor  constitute  a  frac- 
tion, they  change  their  names — the  former  being  then 
termed  the  numerator,  and  the  latter  the  denominator  ; 
for  while  the  denominator  tells  the  denomination  or 
kind  of  parts  into  which  the  unit  is  supposed  to  be 
divided,  the  niimerator  numerates  them,  or  indicates  the 
number  of  them  which  is  taken.  Thus  ^  (read  three- 
sevenths)  means  that  the  parts  are  "  sevenths,"  and  that 
"  three"  of  them  are  represented.  The  numerator  and 
denominator  are  called  the  terms  of  the  fractions. 

3.  The  greater  the  numerator,  the  greater  the  value 
of  the  fraction — because  the  quotient  obtained  when  we 
divide  the  numerator  by  the  denominator  is  its  real 
value  ;  and  the  greater  the  dividend  the  larger  the 
quotient.  On  the  contrary,  the  greater  the  denomina- 
tor the  less  the  fraction — since  the  larger  the  divisor 
the  smaller  the  quotient  [Sec.  11.  78]  : — Whence  ^  is 
greater  than  f — ^which  is  expressed  thus,  4]>4  >  l^ut  | 
is  less  than  | — ^which  is  expressed  by  f  <Cf  • 

4.  Since  the  fraction  is  equal  to  the  quotient  of  its 
numerator  divided  by  its  denominator,  as  long  as  this 
quotient  is  unchanged,  the  value  of  the  fraction  is  the 
same,  though  its  form  may  be  altered.  Hence  we  can 
multiply  or  divide  both  terms  of  a  fraction  by  the  same 
number  without  affecting  ics  value ;  since  this  is  equally 
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to  increase  or  diminish  both  the  dividend  and  divisor— 
whieh  does  not  affect  the  quotient. 

6.  The  following  will  represent  unity,  seven-sevenths, 
and  five-sevenths. 

I i__j      I  *  III 


M°^      iTTlTin      ITmTITI 


The  very  faint  lines  indicate  what  |  wants  to  make 
it  equal  to  unity,  and  identical  with  ^.  In  the  diagrams 
which  are  to  follow,  we  shall,  in  this  manner,  generally 
subjoin  the  difference  between  the  fraction  and  unity. 

The  teacher  should  impress  on  the  mind  of  the  pupil 
that  he  might  have  chosen  any  other  unity  to  exemplify 
the  nature  of  a  fraction. 

6.  The  following  will  show  that  4  may  be  considered 
as  either  the  4  of  1,  or  the  }  of  5,  both — though  not 
identical — being  perfectly  equal. 

4  of  5  units. 


I  of  1  unit. 


Unity. 


QJIIII 


«»|r- 


;  1 1 

m  ————— 


Cn 


In  the  one  case  we  may  suppose  that  the  five  parts 
belong  to  but  one  unit ;  in  the  other,  that  each  of  the 
five  belongs  to  different  units  of  the  same  kind. 

Lastly,  4  may  be  considered  as  the  4  of  one  unit  five 
times  as  large  as  the  former  ;  thus — 
i  of  1  unit. 


equal  to 


1  of  5  units. 

en 


<  E 


i . 
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7.  If  its  numerator  is  equal  to,  or  greater  than  its 
denominator,,  the  fraction  is  said  to  be  improper;  be- 
cause, although  it  has  the  fractional  form,  it  is  equal 
to,  or  greater  than  an  integer.  Thus  |  is  an  improper 
fraotioi,  and  means  that  each  of  its  seven  parts  is  equal 
to  one  of  those  obtained  from  a  unit  divided  into  five 
equal  parts.  When  the  numerator  of  a  proper  fraction 
is  divided  by  its  denominator,  the  quotient  will  be  ex- 
pressed by  decimals;  but  when  the  numerator  of  an 
improper  fraction  is  divided  by  its  denominator,  part, 
at  least,  of  the  quotient  will  be  an  integer. 

It  is  not  inaccurate  to  consider  ^  as  a  fraction,  since 
it  consists  of  "parts"  of  an  integer.  It  would  not, 
however,  be  true  to  call  it  part  of  an  integer ;  but  this 
is  not  required  by  the  definition  of  a  fraction — ^whioh, 
as  we  have  said,  consists  of  "  part,"  or  "  parts  "  of  a 

unit    [1].  ; 

8.  A  mixed  number  is  one  that  contains  an  integer 
and  a  fraction;  thus  If — ^which  is  equivalent  to,  but 
not  identical  with  the  improper  fraction  |.  The  fol- 
lowing will  exemplify  the  improper  fraction,  and  its 
equivalent  mixed  number — 


Unity.    I 


id 


? 


n 


Unity    +  I 

U 


TT 


9.  To  reduce  an  improper  fraction  to  a  mixed  number 
An  improper  fraction  is  reduced  to  a  mixed  number  if 

we  divide  the  numerator  by  the  denominator,  and,  after 
the  units  in  the  quotient  have  been  obtained,  set  down 
the  remainder  with  the  divisor  under  it,  for  denominator ; 
thus  I  is  evidently  equal  to  If — as  we  have  already 
noticed  wLcn  we  treated  of  division  [Sec.  II.  71]. 

10.  A  simple  ^  xction  has  reference  to  one  or  more 
integers;  thus  ^ — ^which  means,  as  we  have  seen  [6], 
the  T^ve-sevenths  of  one  unit,  or  the  oTie-seventh  of  ^^ 
units. 
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11.  A  compound  fraction  supposes  one  fraction  to 
refer  to  another  ;  thus  f  of  | — ^represented  also  by  |  X  f 
(three-fourths  mJitiplied  by  four-ninths),  means  not 
the  four-ninths  of  unity,  but  the  four-ninths  of  the 
three-fourths  of  unity : — that  is,  unity  being  divided  into 
four  parts,  three  of  these  are  to  be  divided  into  nine 
parts,  and  then  four  of  these  nine  are  to  be  taken ;  thus — 


± 

n>« 

*? 

.,- 

*|o 

. 

12.  A  complex  fraction  has  a  fraction,  or  a  mixed 

number  in  its  numerator,  denominator,  or  both  ;  thus  *, 

which  means  that  we  are  to  take  the  fourth  part,  not 
of  unity,  but  of  the  f  of  unity.  This  will  be  exem- 
plified by — 


J 

1 

• 

Unity. 

•«|r|^ 



8     i     li      lA. 

7»-»-r>7T)  are  complex  fractions,  and  will  be  better 

understood  when  we  treat  of  the  division  of  fractions. 

1 3.  Fractions  are  also  distinguished  by  the  nature  of 
their  denominators.  When  the  denominator  is  unilyy 
followed  by  one  or  more  cyphers,  it  is  a  decimal  frac" 
lion — thus,  I'lr,  xAtt)  Stc. ;  all  other  fractions  are  vulgar 
—thus,  I,  f ,  ,fy,  &c. 

Arithmetical  processes  may  often  be  performed  with 
fractions,  without  actually  dividing  the  numerators  by 
the  denominators.  Since  a  fraction,  like  an  integer, 
luujr  uu  iiicrooiHca  OF  cuiuiuisneci,  it  is  capEDie  oi  adui- 
tion,  subtraction,  &o. 


f 
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14.  To  redooe  an  integer  to  a  firaction  of  any  deno- 
mination. -      .     .-  1. 

An  integer  may  bo  considered  as  a  fraction  if  we  make 
nnity  its  denominator :— thus  f  may  be  taken  for  5; 

Mnc<3 1=5.  . 

We  may  give  an  integer  any  denommator  we  please 
if  we  previously  multiply  it  by  that  denominator ; 

25         30        35   ^       ,      25_6X5_5_ 
thus,  6=-g-,  or  ^,or  y,  &c.,.for  y-^— -^-0, 

,  30     5X6     6     .    » 

KXXRCI8K8. 

1.  Reduce  7  to  a  fraction,  having  4  as  denominator 

Am.  V-  , 

2.  Reduce  13  to  a  fraction,  having  16  as  denomma- 
tor.    Ans.  W. 

3.   4=V.  I  4.    19=V.  I  5.  42=*tV-  I  6.  71  =  «H*. 

15.  To  reduce  fractions  to  lower  terms. 

Before  the  addition,  &c.,  of  fractions,  it  will  be  often 
convenient  to  reduce  their  terms  as  much  as  possible. 
For  this  purpose — 

Rule. — ^Divide  each  term  by  the  greatest  common 

measure  of  both. 

40    5     ^     40    40-ir8    5 

ExAMPLE.-^=g.    For  72=72X8=9' 

We  have  already  seen  that  we  do  not  alter  the  quotient — 
which  is  the  real  value  of  the  fraction  [4]— if  we  multiply  or 
divide  the  numerator  and  denominator  by  the  same  number. 

What  has  been  said,  Sec.  II.  104,  will  be  usefully  remem- 
bered here. 


EXERCISES. 

Reduce  the  foUowi^jg  to  their  lowest  terms. 

14.  ih=^\ 


7       574 337 

t:  UPS- 


10     _S4»— -J83. 

12:  HPT' 


IR      39 13 


16.  d=f 

17.  M=l; 
—    .-»    -               ^°-  rrs—v  .  - 
In  the  answers  to  questions  given  as  exercises,  we  shall, 

in  future,  generally  reduce  fifttCtioas  to  their  lowest  uono- 
minations. 


IQ      lon^oo   rr 

20.    3''*»arsi. 
91      1188"?  I  20. 

23.  f«=-f|t. 

94.    Al«=sa41 


.1004 


.^7 
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16.  To  find  tho  value  of  a  fraction  in  tcnns  of  a 
lower  denomination — 

Rule. — Reduce  the  numerator  by  the  rule  already 
given  [Sec.  III.  3],  and  place  the  denominator  uncler  it. 

Example. — ^What  is  the  value,  in  shillingB,  of  ?  of  a  pound  i 
i&3  reduced  to  8hiUing»s=60«. ;  therefore  £|  reduced  to  shil- 
lings™ V*- 

The  reason  of  the  rule  is  the  same  as  that  already  given 
[Sec.  III.  4].  The  j  of  a  pound  becomes  20  times  as  much  if 
the  "  unit  of  compariHon"  is  changed  from  a  pound  to  a  shilling. 

We  may,  if  we  please,  obtain  the  value  of  the  result- 
ing fraction  by  actually  performing  the  division  [9]  ; 
thuB  y».  =  16*. : — ^hence  j£|  =  155. 


KXERCI8ES. 


;.  je«=i4s.  6d. 

r   Tit 


28.  £|=15«. 

29.  j£A=5» 
an    ^ 'I  ^1 


30.  £ 


Ho- 


ld. 


25. 
26. 
27.  £llr^l9s. 

17.  To  express  one  quantity  as  the  fraction  of  an- 
other— 

Rule. — ^Reduce  both  quantities  to  the  lowest  deno- 
mination contained  in  either — if  they  are  not  already 
of  the  same  denomination  ;  and  then  put  that  which  is 
to  be  the  fraction  of  the  other  as  numerator,  and  the 
remaining  quantity  as  denominator. 

ExAMPLB.— What  fraction  of  a  pound  is  2|d.  I  <ei=06O 
farthines,  and  2|d.=9  farthings ;  therefore  ^l-g  is  the  re- 
quired fraction,  that  is,  2id.=£^. 

Reason  or  the  Rule. — One  pound,  for  example,  contains 
960  farthings,  therefore  one  farthing  is  £^1^  (the  960th  part 
of  a  pound),  and  9  times  this,  or  2|,  is  £9  X  f^rr^^vf?* 


EXERCISES. 


31.  What  fraction  of  a  pound  is  14«.  6d.  ?    Atis.  |J. 

32.  What  fraction  of  jeiOO  is  17*.  4d.}    An^;  tHt- 

33.  What  fraction  of  iSlOO  is  iE32  10*.  ?     4*».  |-|- 
3>^.  What  fraction  of  9  yards,  2  quarters  is  7  yards, 

3  quarters  ?     Ans.  ^^. 

35.  What  part  of  an  Irish  is  an  English  mile  ?  Ans.  || . 

36.  What  fraction  of  6*.  8d.  is  2*.  Id.  }     Aiis.  -j^. 

37.  What  part  of  ft  powld  avoirattpOise  IB  a>  pouau 
Troy?    Am.  j^f 
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QUESTIONS. 

1.  What  is  a  fraction  ?  [1]. 

2.  Wiien  the  divisor  and  dividend  are  made  to  con- 
stitute a  fraction,  what  do  their  names  become  ?  [21. 

3.  What  are  the  effects  of  increasing  or  diminisning 
the  numerator,  or  denominator  ?  [3] . 

4.  Why  may  the  numerator  and  denominator  be  mul- 
tiplied or  divided  by  the  same  number  without  altering 
the  value  of  the  fraction  ?  [4] . 

6.  What  is  an  improper  fraction  ?  [7] . 

6.  What  is  a  mixed  number  ?  [8] . 

7.  Show  that  a  mixed  number  is  not  identical  with 
the  equivalent  improper  fraction  ?  [8] . 

8.  How  is  an  improper  fraction  reduced  to  a  mixed 
number  ?  [9J . 

9.  What, IS  the  difference  between  a  simple,  a  com- 
pound, and  a  complex  fraction  ?  [10,  11,  and  12]  ; 

10.  Between  a  vulgar  and  decimal  fraction  ?  [13]. 

11.  How  is  an  integer  reduced  to  a  fraction  of  any 
denomination  ?  [14] . 

12.  How  is  a  fraction  reduced  to  a  lower  term } 
[15]. 

13.  How  is  the  value  of  a  fraction  found  in  terms  of 
a  lower  denomination  ?  [16] . 

14.  How  do  we  express  one  quantity  as  the  fraction 
of  another?  [17]. 


VULGAR  yRACTIONS. 

ADDITION. 

18.  If  the  fractions  to  be  added  have  a  common 
denominator — 

Rule.— Add  all  the  numerators,  and  place  the  com- 
mon denominator  under  their  sum. 

EXAMPLK. — l-f-^sEsy. 

EeaoOm  of  ths  £uii£. — ^if  w«  add  together  5  and  6  of  any 
kind  of  individuals,  their  sum  must  be  11  of  th<i  same  kind 
of  individuals— sinoe  the  process  of  addition  has  not  changed 
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their  nature.    But  the  unite  to  be  added  were,  in  the  present 
instance,  serenths ;  therefore  their  sum  consists  of  sevenths 
Addition  maj  be  illustrated  as  follows  :— 


CEE3  lifrrin  hrfrrl]  li  I'l  i  iji  !i  n 

I        VI 


KXERCISKS. 


1. 

2. 


6  ^_I  " 


11 1  r 


5  J.  J ?  _i_  t 

«•  12TT3TT5 — ^ra= 

6  14-3  I  s_lif i  r 

7  i24-i7-i_'3 4» 99 

8  litiJlfJZIJ^V 

°-  Ti"rri'rn=rT='^iV- 


19.  If  the  fractions  to  be  added  have  not  a  common 
denominator,  and  all  the  denominators  are  prime  to  each 
other — 

Rule.— Multiply  the  numerator  and  d'^nominator  of 
each  fraction  by  the  product  of  the  denominators  of  all 
the  others,  and  then  add  the  resulting  fractions— bv 
the  last  rule.  ^ 

Example.— What  is  the  sum  of  H-|+^  T^^ 
2    3    42x4x7  ,3x3x7  ,4x3x4    56,63.48     167 
3n-^7    3x4x7"^4x3x7'^7^^3^4"'84+84'^84='84 

Having  found  the  denominatOT  of  one  fraction,  We  may  at 
once  put  It  as  the  common  denominator;  since  the  same 
Se  Mm       of  *^^°  denominators)  must  necessarily  produce 

^nSL?'^'^''  OF  THE  RuLE.-To  bring  the  fractions  to  a 
JiSl??/T"''^****f  we  have  merely  multiplied  the  nume- 
rator  and  denominator  of  each  by  the  same  number,  which 
[4]  does  not  a  ter  the  fraction.  It  is  necessary  to  find  a 
common  denominator;  for  if  we  add  the  fractions  with- 
out so  doing,  we  cannot  put  the   denominator  of  any  one 

of  them  as  the  denominator  of  their  sjm:— thus   ^-^+^ 

ih«  *;?***"?*'  ^^i^^l  °oJ.^  correct-since  it  would  suppose  all 
the  quantities  to  be  thirds,  while  some  of  them  are  fourths 
and  seyeaths.  which  are  /«««  than   thirds;   neither   would 


y—  he  correct— since  it  would  suppose  ail  ^  ih«n  to  U 
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•erentlut  although  some  of  theia  are   thirds   and  fonrthi. 
which  are  greater  than  sevenths. 

21.  In  altering  the  denominators,  we  have  only  changed 
the  parts  into  which  the  unit  is  supposed  to  bo  divided,  to  an 
equivalent  number  of  others  which  are  smaller.  It  is  neces- 
ilary  to  diminish  tiie  size  of  these  parts,  or  each  fraction  wotdd 
not  be  exactly  equal  to  some  number  of  them.  This  will 
be  more  evident  if  we  take  only  two  of  the  above  fractions. 
Thus,  to  add  I  and  j. 


8^4 


2X4    3x8     8      9  ^17 
''8X4+4X3~'12"^12    12 


These  fractions,  before  and  after  thoy  receive  a  common 
denominator,  will  be  represented  as  follows : — 


Unity. 


-i- 


f- 

_J 

"■■" 

i       1 

equal  to 


Vf    I 


•» 

equal  to 


We  have  increased  the  number  of  the  parts  just  as  much 
as  we  have  diminished  their  size ;  if  we  had  taken  parts  larger 
than  twelfths,  we  could  not  have  found  any  numbers  of  them 
exactly  equivalent,  respectively,  to  both  I  and  I. 


BXERCISES. 


"22.  If  the  fr»ctioTis  to  be  added  have  not  a  cotnmon 
denominator,  and  all  the  denominators  are  not  prime 
to  each  other — 

Proceed  as  directed  by  the  last  rule ;  or— 

,   BuLE. — Find  the  least  common  multiple  of  &1I  tho 
j^_>.-:~>A^_^  ra__  tt   -ir^"*   o-_  i    al; :iii.-ai.-  _j 

denoQim&tor ;  multl|^ly  the  numerator  of  each  fraction 
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into  the  quotient  obtained  on  dividing  the  common  mul- 
tiple  by  Its  denomiHator-thia  will  give  the  new  nume- 
lators  ;  then  add  the  numerators  as  already  directed  [l8l. 

ExAMPi.K.-Add  ,^-f  4^  +  ,^^.      288    is   the   least   common 
umltiplo  of  32,  48,  and  72;  tktrot6re|-,4-i-J_i-^^±^-^X'' 

2S8-..48X4    288_^2_X3_45      24^    if   gf  '''    ' 

f-       .>««        — 2"88+:>88-^-288' 


-f 


0'> 


288        -r       288        " 288-^288-«-288'=238- 

timltjpie  of    the  deaommators   [43)~since  V><J288^  .32 

288~  ^^'^'' 

«ia«ce;_  g^^pg^.  F&r  w«  ofetaiH  the  same  quotient,  whether 

nuinoer— .IS  in  noth  cases  we  to  the  verv  same  nmonn. 
;toTit.'''  """'^^'  ^'  ^^^^^^  ^'-  -^  ea^  b?s«KteTri 

tio^swe  Salr  h"?lf ^''  ^'f  '"'^  H"'«  t«  each  other  the  frac- 
w/yJ/!!?  ?  "  ?''''*'  ^:''^®'"  ^^^'^'"^  '^  ^«  «*«k«  the  ieast  common 
multip/e  of  the  denominator.-,  ratlier  than  the  tJroduct  of  ^ I 

stance,  had  we  proceeded  according  to  the  last  rule  [19],  w« 
would    have    found      -J  j  _  i  ^.     1"280      13482       4608 
40320      ^^    40320       ^^^'^^^~'  ^  ^^^-"^1 10&U2-f-il0592=- 
110692  *        '  111)592  ^^  evidently  a  fraction  <Joatftining  larger 
terms  than    °1. 


288" 


25.  ^4.|4-*='4  3— 29  3 
26    oTf T -2     «j  — -Ifl  0 

28. 
20. 
30. 
31. 


74.5,4.4 — ftaa 
14.54.5 — ;j((5 
■  "  ■  iZil^ 


'2-i7 

.9  3  9 


EXERCIOES. 

32. 
33. 
34 


fttfttlt!!!?^- 


^T.^TC  7 — J  J) =■trD■• 
|l4-I5  '  5_.36ii 9  6lyl 

I  ffT"  1  5T-7— TffTrS—^rit  if  IT- 

tioni.^"*  ^'^'^'^^^  *  ^^'^^'^  ^"^*^^''  ^^  ''^^  improper  iVao- 

hal".'''';r^^^''°'  /^'   ^?*'^"*^^   P^^*  ^«*^   »   ^^action, 
nli^    A^f^'^-   ^f^o»»inator   as  the   fractional  part 
114],  and  add  It  to  the  fractional  part, 
KxAMPi-E.~What  fraction  is  equal  10  41?    4^«r4.-|-la: 


'^.^if-l 
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26  Reason  or  the  Rule.— We  have  already  seen  that  an 
integer  may  be  expressed  as  a  fraction  having  any  denoini- 
S  wrpiaU  :-tbe  reduction  of  a  mixed  numbex-.  tl.cre- 
fore.  iTn^Hy  thu  addition  of  fraetion*,  previously  reduced  to 
H,  common  denominator. 

EXERCISES. 

44.  99.',=^^^ 

45.  12fW=VY- 

46.  15i^V 


38.  16',=»|^ 
59.  18|==»f . 

40.  79|=i=». 

41.  47|=*r. 

42.  74j;=«r- 

43.  9&|=*r^ 


47.  46|=3l3. 

48.  13?— '2" 


49.  27||=Yi^. 


26.  To  add  mixed  numbers— 

I^tTLE  —Add  together  the  fractional  parts ;  tben,  it 
the  sum  is  an  improper  fraction,  reduce  it  to  a  mixed 
number  [9],  and  to  its  integral  part  add  the  integers  m 
\he  given  addends  ;  if  it  is  not  an  improper  fraction,  set 
H  down  alon^  with  the  sum  of  the  given  integers. 

Example  i7— What  is  the  sum  of  4f  + 18|  1 


.\  2 1  4 

-  3  — ^8 


4| 
18i 


3um   23* 

6  eighths  and  7  eighths  are  12  eighths ;  but,  as  8  eighths 
make  one  unit,  12  eighths  are  equal  to  one  unit  and  4 
eighths-that  is,  one  to  '  e  Carried,  and  \  to  be  set  down.  I 
isnd  18  are  19,  and  4  are  23. 

Example  2.-Add  12|  and  ^f^ 


.4  7. 


|l+l=-3* 


-1.U. 


25- 

29H=29§# 


sum  42^ 

In  this  case  it  is  necessary,  before  performing  the  addition 
[19  and  22],  to  reduce  the  fractional  parts  to  a  common 
denominator. 

27.  Reason  or  the  Rxn^.-The  a,ddition  of  ^^^l,;^^"^] 
bera  is  perlbrmed  on  the  same  principle  as  simple  addition, 
Sut!  in  the  first  example,  for  instance.  «^A/  of  one  denomina- 
tion is  equal  to  one  of  the  next-while  in  simp.e  addition  [bee 
II.  3],  tm  of  one  denomination  is  equal  to  one  of  the  next. 

XUIERCISES. 


60.  4H-31=8J 


waj.    -■-II    I    "o  "3.3" 

53.  10Ui1^«:22tV 

54.  ll|-f-8i=193- 


55.  3f4-lU4-t4U=29m. 

56.  40^4-38^4-'*0?=:!l»i 

57.  81?4.Gii4-ll=99iV. 
68.  92;V-f-37A+7t=I37|||. 
59.  173V;.8l55l|««27Jf||. 


^•ULOAK    FRACftONfe, 


149 


QUESTIONS. 

uafor'^Trtd'Sf  '"•»»='"*»='-"'»'<"'  ''enomi- 

I    ^'  i^i*'  '"  t''°  '■"'^  *■"'•  "dditiou  when  the  fractions 
have  different  denominator.,  all  prime  to  eaeh  other? 

4.  What  is  the  rule  when  the  denominators  are  not 
the  same,  but  are  not  all  prime  to  each  other  ?  [221 

fraciio^r[24].""'"'  ""'"''"  '''""'^  """^  'V^r 
6.  How  are  mixed  numbers  added  ?  [26]. 

SUBTRACTION. 

den'otiLr^"'*  '"''""'  "'^^  *^^^  ^-^  ^  ~n 

from^r^'fTf 'J^*"''"-   *^^^"™erator  of  the  sulitrahend 
from  that  of  the  minuend,  and  place  the  common  deno- 
mmator  under  the  difference. 
Example.— Subtract  f  from  J. 

7_4_7-4    3 

-9.  Reasokt  OF  THE  RuLE.-If  we  take  4  individual  of  nnv 
krnd.  from  /  of  the  same  kind,  three  of  them  will  rcm-iin      h 
the  exatnple  we  t.ike  4  (ninths)  from  7  (ninths),  and  3  are  left- 
which  must  be  ninths,  since  the  process  of  subtraction  cann"^ 


o 

I 


^f*i 


r  i  ,*'  . 


Unity. 


4 


7 


■I 


T^«* 


H 


•§ 


150 


VULGAR    FRACTIONS. 


EXKHCISES. 


1. 

2. 
3. 
4. 
5. 


t  7  _    5  2 

Tfi        U 3J 

21 7_ 1. 

22      2a — iT' 


6 
7 
8 
0. 


18 7  .i 

aa      25 — 2?' 

I  U  b   II 

D        8 — •f'    „ 
TT— XT' 


"•  T  r — TT 

AW.     2  1        21 


30.  If  the  subtrahend  and  minuend  have  not  a  com- 
mon denominator — 

lluLE. — Reduce  them  to  a  common  denominator  [19 
and  22]  ;  then  proceed  as  directed  by  the  last  rule. 


Example. — Subtract  ^  from 


7  5 63 40. 

8  5 12        12" 


.23 

"12" 


CI.  Reason  of  the  Rule.— It  is  similar  to  tliat  already 
given  [20]  for  reduc'ijg  fractions  to  a  common  denominator, 
previously  to  adding  tliem. 


I 


lilXERCISES. 


11. 

12. 
13. 
14. 


3_5 7 

1  1 5  2  9 

12        1^       fO' 
.7l_3 I 


8 

14 

T? 


^  —  i 
12. 
T5- 


ttt:?- 


15. 
IG. 
17. 

18. 


116 Ui  1 -li'J 

114         1  12 — '8^61' 

4  7 5  ;»3U7 

;'^3        16 — 1V)'28" 

3(i 41) 5 

4D        si ■2  8-  „ 

7  SB 3  2U 3  3 

'iVi        Siff 12" 


32.  To  subtract  mixed  numbers,  or  fractions  from 
mixed  numbers. 

If  the  fractional  parts  have  a  common  denominator — 

ItpLE — I.  Subtract  the  fractional  part  of  the  subtra- 
hend from  that  of  the  minuend,  and  set  down  the  differ- 
ence with  the  common  denominator  under  it:  then 
subtract  the  integral  part  of  the  subtrahend  from  the 
integral  part  of  the  minuend. 

II.  If  the  fractional  part  of  the  minuend  is  less  than 
that  of  the  subtrahend,  increase  it  by  adding  the  com- 
mon denominator  to  its  numerator,  and  decrease  the 
integral  part  of  the  minuend  by  unity. 

Example  1. — 4^  from  9|. 

9|  minuend. 
4^  subtrahend. 

6]  difference. 
3  eighths  from  5  eighths  -iiid  2  eighths  (=])  re^n-in.    4 
from  9  and  5  remain. 


VULGAR    TRACTIONS.  15^ 

Example  2.— Subtract  123  f^^^^  i^ 

18i  minuend. 
12|  subtrahend. 

5^  difference. 

on!  from  ^h.'Z??'  ^^H^"  from  1  fourth  ;    but  (borrowing 
one  trom  the  next  denomination,  considering  it  as  4  fourths 

^  tourths  (=^)  remain.     12  from  17,  and  5  remain. 

a  mLf/nT'°r°^  '7u  ^"*\«'''  ^^  ^^^^  ^^  considered  as 
a  mixed  number,  and  brought  under  the  rule. 

Example  3.— Subtract  3|  from  17. 

rainftoJi.*^'  fractional  parts  have  not  a  common  deno- 

Rule.— Bring  them  to  a  common  denominator,  and 
then  proceed  as  directed  in  the  last  rule. 

Example  1. —Subtract  42 j  from  56 ». 
56»=56-i-\,  minuend. 
42^=42^,  subtrahend. 

14y'2,  difference. 


19.  27^-3^=24J. 

20.  15|--7l=74  # 


21. 

22. 
2.^ 


27f- 

12|~12J=|. 
84U -.11—; 


EXERCISSS. 


26 


izi^fo   '?: 


4. 


1  ^^  >• 


24.  824.|4-.fiIii:7|U4 

25.  76P72Vijr4'^^^ 


67|— 34j3,=32i5. 

27.  97i-32i|=64!v 

28.  60|-41>'=l9i^ 

29.  92^-90;v=2ji. 

31.  60-1^3  =59  a  ^ 

32.  12|~ioj=rli 
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QUESTIONS. 

1 .  "What  is  the  rulo  for  the  subtraction  of  fractions, 
when  thoy  have  a  common  denominator  ?  [28]. 

2.  What  is  the  rule,  when  they  have  not  a  common 
denominator  ?   [30] . 

3.  How  are  mixed  numbers,  or  fractions,  subtracted 
from  mixed  numberi:,,  or  integers  ?  [32  and  34] . 


MULTIPLICATION. 

36.  To  multiply  a  fraction  by  a  whole  number ;  or 
the  contrary — 

Rule. — Multiply  the  numerator  by  the  whole  number, 
and  put  the  djenominator  of  the  fraction  under  the  pro- 
duct. 

Example.— Multiply  ^  by  5. 

87.  Reason  of  the  Rulk.— To  multiply  by  any  number, 
we  are  to  add  the  multiplicand  [Sec.  II.  83]  so  many  times 
as  are  indicated  by  the  multiplier ;  but  to  add  fractions  having 
a  common  denominator  we  must  add  the  numerators  [18],  and 
put  the  common  denominator  under  the  product.  Hence — 
4..g_4  ,  4,4,  4^4_4-}-4+44-4+4_4x5_20 

We  increase  the  number  of  those  "parts"  of  the  integer 
which  constitute  the  fraction,  to  an  amount  expressed  by  the 
multiplier — tlieir  size  being  unchanged.  It  would  evidently 
be  the  same  thing  to  incriease  their  size  to  an  equal  extent 
without  altering  their  number— this  would  be  effected  by 
dividing  the  denominator  by  the  given  multiplier;  thus 
^f,  X  5  =  f.  This  will  become  still  more  evident  if  we  reduce 
the  fractions  resulting  from  both  methods  to  others  having  a 

20  /    4x5\        1    4  /         4     \ 
common  denominator— for   -   #=^- Vand    -  f  ==  1 

will  then  be  found  equal.  « 

As,  very  frequently,  the  multiplier  is  not  contained  in  the 
denomin.itor  any  number  of  times  expressed  by  an  integer, 
the  method  given  in  the  rule  is  more  generally  applicable 


ml.^     _..1~    _;il      <.»:.J.^««1n    n>.^1n     it'      nn      infnn>n>.      ici      tn    \na     TT11l1fl> 


* . ,. eVivxcIxtijr    tipptj    —     o-        ■- 

plied  by  a  fraction— since  the  same  product  is  obtained  in 
what«ver  order  the  factors  are  taken  [Sec,  II.  85]. 


Vulgar  fractions. 


IS^ 


38.  The  integral  quantity  which  is  to  form  one  of 
the  factors  may  consist  of  raoro  than  one  denomination. 
ExAMPLK.— What  is  the  f  of  £5  2s.  9d.  ? 

£   8.    d.         £    s.  d.        £   s.    d. 

9X2 


6    2 


9X? 


s 
£ 
5 


5. 

2 


»3    8    6. 


1. 

2. 
3. 

4. 
5. 


|X2^1f. 

AX12«10|. 

Jxl2=«9i. 

V'jX30«14. 


Ans 


XXKRCISKB. 

6.  27x*=«12. 

7.  Wxl8=x32. 

8.  i|x8«7f 

9.  l&lx?«9. 
10.15x1-3.  ...  ..„^, 

16.  How  much  is  ^^  of  26  acres  2  roods  ? 
20  acres  3  roods. 

17.  How  much  is  ||  of  24  hours  30  minutes.? 
7  hours. 

18.  How  much  is  ^\\\  of  19  cwt.,  3  qrs.,  7ft).?   Ans 
7  cwt.,  3  qrs.,  2  lb. 

19.  How  much  is  {f  of  ^£29  ?    Ans.  jEW=i28  19.f 
6irf. 

39.  To  multiply  one  fraction  by  another 

KuLE. —Multiply  the  numerators  together,  and  under 
theii  product  place  the  product  of  the  denominators. 
Example.— Multiply  |  by  |. 

4    5^4x5    20 
9    6    9x6'*'54' 
40.  Reason  or  the  RuLE.-If.  in  the  example  giveu.  we 
were  to  multiply  f  by  6.  the  product  (V)  would  bo  6  times 
too  great— since  it  was  by  the  sixth  part  of  5  (i),  we  should 

Jo^h!  S^t'^^'^lr^"'  the%roduct  wSl  bJ^ome^Uarit  ougit 
to  be  (that  ,s,  6  times  smaller),  if  we  multiply  its  denominator 
Dy  0,  and  thus  cause  the  size  of  the  parts  to  become  6  times  less. 
We  have  already  Ulustrated  this  subject  when  explain- 
ing the  nature  of  a  compound  fraction  [11]. 

GXBRCISK8. 

24.|fx?i-m 

23.    X|XA-||f. 

26.|x*=al 

27.|i|xffi«jVA\ 
•52.  How  much  is  the  |  of  J  ?     Ans.  }. 
33.  H-)w  much  is  the  f  of  |  ?     Atis.  /,. 


20.  Axl»'i 

21.  ilx  "^: 


X2. 

23 


fX. 

4  X  3 


X|^f. 


29.  |x|->. 
31.  ,^X!'==X- 


"Tff* 


IM 


vcr.UAft   rusvtujyt. 


i 


41.  Wlu'ii  viv  luiiltiply  uiio  |M'(Hu>i'  tVueUou  by  unufher, 
wo  obtAiii  II  iMckliu't  Humncr  tluui  I'lthcr  of  the  t'lU'tors.— 
NovoriholoBH  Huoh  ninltijiruMition  in  a  Hpt'oios  <>f  juliH- 
tit»i»  ;  tor  whou  wo  mitl  u  fruc'ion  f>t//r,  ^tluit  is,  \vlu<ti 
wo  iako  tlw)  tvhok  oi'  it,)  -  i  ^  -»  tVuotioii  itwlf  an 
rosiult ;  but  whon  wo  adu  U.  /<»>«v  /4</i  mtc/,  ni»ut.  is,  (ako 
«o  iHMcA  of  it  iiH  IH  iiulinaUni  by  tlio  fradtioual  iiiultipli(>r,) 
wo  luuHt  noooMHarily  get  a  roMult  which  is  loss  thnit  whou 
wo  took  U»o  wAo/«t  ut*  it.  Bosidos,  tho  multiplication 
of  a  fraction  by  a  tVaotiou  wupposos  nmltipliuatiou 
by  one  numbor — tho  muuerator  (tf  tl  ■  inuUipluu',  aud 
f which  will  bo  soon  prosoutly)  diviHiou  liy  anothor — tht" 
aonomiimtor  of  tlio  inuHipIior.  IIoikh*,  wIuu  tho  divisiou 
oxooods  tho  inuUipHcation—  which  is  tho  oaso  when  thi! 
nmltiplior  is  u  proper  fraction — tl»o  nisult  is,  in  reality, 
that  of  division  ;  and  tho  nnnibin-  stiid  to  bo  ninltijiliod 
must  bo  jviadc  Iohs  than  bo  tore. 

42.  To  mulUply  a  fraction,  or  a  nuxod  nun>l>or  by  a 
mixed  number. 

Rule. — Keduco  mixed  numbers  to  itnpropor  frnotiimH 
f94j,  and  then  proceed  ac(H.)rding  tu  tho  last  ruh>. 

ExAMPLK  1, —Multiply  J  by  43. 

4j— V  •  thoreloro  i'x4g=«i'x  V^-'aV- 

KxAMPLK  2.— Multiply  5^  by  (\l 
6J«.%'',  and  6|«:',»  ;  tlvoroforo  5^'xft;^=-V  X ^==-'4^. 

48.    Hkason  or  tuk    Uuuk. — Wo  movely    put    (li»   u)i\»«  I 
uunibera  iato  a  ntore  mmvoniont  iWut,  witliout  nlturiiig  tlu<iiv 
v»lue. 

Tb  obtftltt  tho  VPi^uiroti  pi-oihiot.,  wo  might  umUiply  «»iu'h 
part  of  the  muUiplionml  hy  «jaoh  ^  <^rt  of  tho  multiplier.— TluiJi, 
taking  the  first  example. 

Jx4j-.|x44-Jx^-V-i-.U' 

KXKRCIso:)). 


=  '3V+1I= 


•vv. 


84.  8?Xl-7«, 

S6.  4x7|x3-.101|. 

as."  JlxiexlSi-Ssogf 


39.  3Axmx|=50ff 

40.  6|xiXtX^=c2r"V. 

41.  12^xl3|x(>t=1007ll 

42.  3^x142x15=818^ 

43.  l4xl5TVx33«740rV5- 


44.  What  is  tho^  product  of  6,  and  the  |  of  0 
Am,  30. 

45.  What  is  tho  product  .^f  *  of  f ,  and  f  of  ^  - 


ui.oAii  rit/.i,inN8. 


Ii55 


44    If  «-c  pciooiv..  the  numcmtor  of  ono  fraction  to 
bo  tl>„  .«,„„..»  tlu,  cl,„„„„i,mt.,r  of  tho  othc,  w     ".av 

5    0    flX«    3x0-i-(i    5 

w.  'olnf  ZITm'  '""''"'"  I«"-''"^«'!"«  «'"  "ml(i,,li„aU  ,„, 
w(.  (laii  rodiioo  the  nmiiorator  of  ono  fiactioi   anti  il„ 
;;;-mm,^or   of  another    to   lower   ter„;C  by  Tvt  ' 
ho  I.  by  the  H,un«  numbe,  :_th«s,  to  multiply  A  b,  V  ■''• 

QUESTIONS. 

1.  How  is  u  fraction  multiplied  by  a  whole  numhor 
or  the  contrary?   [3G].  J'  **  wume  nunit>L'r 

onfoMl!?rT"""V'';^,  *'^^'  ^*"^^^'«^'  ^^J«^»  constitute* 
Uon?  [38].  ''^'^""^^^  -onsist.r  a  single  denomina: 

an^l  Jp%l0 ''"  "''  '"  ""^'^'^"^  '"^  ^^^*^"^  ^ 
4    Explain  how  it  is  that  the  product  of  two  momr 

fractions  is  loss  than  either  ?  [41]  ^  ^"^^ 

6.  What  is  the   rule  for   multiplying  a  fraction  or 

a  mixed  number  by  a  mix    1  numhcA-  ?  [42] 
(••  How  may  fractions  sometimes  be  reduced   before 

they  are  multiplied  ?  [44  and  46] .  ' 


IM 
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DIVISION. 

46.  To  divldo  u  vulgar  fraotion  h^  a  whole  number—* 
Rule. — Multiply  the  donominator  of  the  fraction  by 

the  wholo  number,  and  put  the  produot  under  it-s  nu- 
merator. 

2 

Example.— g  H-  4  »  ^^  « i?\j. 

47.  Ukajion  or  thc  Rule. — To  divide  a  quantity  by  8, 
for  instnnoo,  is  to  mako  it  8  times  smaller  than  beforo.  But 
it  is  evident  tliat  if,  while  we  leave  the  number  of  the  parts  the 
•atno,  we  make  their  fixe  8  times  leas,  wo  make  the  fmctioa 
itself  8  times  less — hence  to  multiply  the  denominator  by  3, 
is  to  divide  the  ft'action  by  the  same  number. 

A  similar  effect  will  be  produced  if  we  divide  the  numera* 

tor   by  8;    since  the  fraction   is   made  3  times  smaller,  if, 

while  we  leave  tne  size  of  thc  parto  tho  same,  we  make  their 

8  8-^4     2 

number  3  times  less ;   thus  --r  4  sae  -~-=b-      But  since  the 

numerator  is  not  always  exactly  divisiblo  by  the  divisor,  the 
method  given  in  the  rule  is  more  generally  applicable. 

The  division  of  a  fraction  by  a  whole  number  has 
been  already  illustrated,  when  we  explained  the  nature 
of  a  complex  fraction  [12]. 


EXERCISES. 


.  7 
'ffff- 


,  1 


5.  fH3=.U. 
8.  T^-r3-rV 


10.  |-rll=:A- 
12.  t\-M4=3V- 


1.  l^-f-2«J. 

2.  11^8= 

4.  |4-9. 

48  It  follows  from  what  we  have  said  of  the  multi- 
plication and  division  of  a  fraction  by  an  integer,  that, 
when  we  multiply  or  divide  its  numerator  and  denomi- 
nator  by  the  same  number,  we  do  not  alter  its  value — 
since  we  then,  at  the  same  time,  equally  increase  and 
decrease  it. 

49.  To  divide  a  fraction  by  a  fraction — 
Rule. — Invert  tho  divisor  (or  suppose  it  to  be  in- 
verted), and  then  proceed  a«  if  tho  fractions  were  to  be 
multiplied. 
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ExAMPLK.— Divide  ^  by  », 

--u'^    <>    4    f>x4    20 

7  •  4'*7^;J*'<x;i^2l" 
IUakon  or  TiiF  IUri.K.  -If,  for  instniioo,  in  the  exninr.!*' 
just  givon,  wo  divido  ^  by  8  (tlio  numerator  of  the  divisor), 
wo  U80  a  quantity  4  tinicB  too  groat,  since  it  in  not  by  ;5,  but 
tho  U.urth  part  of  3  (•')  we  are  to  divide,  and  the  quotient 
(,/, )  is  4  times  too  small.— It  is,  however,  made  what  it  ought 
In.  ^^] .'?  ^"  multiply  its  numerator  by  4— when  it  becom.'s 
^\,  which  was  tho  result  obtainv'  by  the  rule. 

50.  Tho  division  of  one  fraction  by  another  jntiv  bo 
illustrated  as  follows — 


Unity. 


J.' 


i 


Ijjj 


The  quotient  of  f-hf  must  be  some  quantity,  which, 
taken  three-fourth  tinjcs  (that  Is,  raultipliecl  by  f ),  viiil 
bo  equal  to  4  of  unity.  For  since  the  quotient  multiplied 
by  the  divisor  ought  to  be  equal  to  the  dividend  [See. 
II.  79],  4  is  ■}  of  the  quotient.  Hence,  if  we  divido  the 
five-sevenths  of  unity  into  three  equal  parts,  eich  of 
these  will  be  o««3-fourth  of  the  quotient— that  i.s,  precisely 
what  tho  dividend  wants  to  make  it  four-fourths  of  the 
quotient,  or  the  quotient  itself. 

51.  When  we  divide  one  proper  fraction  by  another, 
the  quotient  is  greater  than  the  dividend.  Nevertheiess 
such  division  is  a  species  of  subtraction.  For  the  quo- 
tient expresses  how  often  the  divisor  can  be  taken  from 
the  dividend;  but  were  the  fraction  to  be  divided  by 
unity,  the  dividend  itself  would  express  how  often  the 
divisor  could  be  taken  from  it ;  when,  therefore,  the 
divisor  is  loss  than  unity,  the  number  of  times  it  can  be 
taken  from  the  dividend  must  be  expressed  by  a  quantity 
greater  than  the  dividend  [Sec.  II.  78].    Besid-s,  divid- 

I!fl?°®i.^'^^^^°?,^^  '"pother  supposes  the  raultiplieation 
Oi  tuo  atvidend  by  one  number  and  the  division  of  it  by 
another— but  when  the  multiplication  is  by  a  grcaei 


its 
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number  than  the  division,  the  result  is,  in  reality,  that 
of  multiplication,  and  the  quantity  said  to  be  divided 
must  bo  increased. 


11  Itlzl^v 

1'%       H    .    S 13 


EXERCISES, 
16. 

17. 

l«     Is  ."s 11 


19.  U^j\^ 

20.  J-^=t. 


01      I    .    5 


.      0  1    2  t 


F=f 


5. 


62.  To  divide  a  whole  number  by  a  fraction— 
KuLE. — Multiply  the  whole  number  by  the  denomi- 
nator of  the  fraction,  and  make  its  numerator  the  deno- 
minator of  the  product. 

Example. — Divide  5  by  f . 

3^5x7_35 

"7       3    ~3* 

Thia  rule  is  a  consequence  of  the  last;  for  every  whole  num- 
ber may  be  considered  as  a  fraction  having  unity  for  deno- 
minator [14];  lience5-f-3=5_j.3_5^7_.3^5_ 

It  is  not  necessary  that  the  whole  number  should  consist  of 
but  one  denomination  [o8]. 

Example.— Divide  17.s.  3]</.  by  f . 

17s.  '6l(L^l=ns.  3|c/.x|=Xl  85.  Qirf. 


EXERCISES. 


25.    5  4-' 


2r 


22.  3-i-^=G^ 

23.  llH-t=l9i         2G.  ly 

24.  42-h^J^=^G4.     27.  9^^ 

31.  Divide  .£7  16s.  2d.  by  f 

32.  Divide  £S  I3s.  Ad.  by  |. 


:5' 


28.  8-f-i*^8* 
,     ^0.       29.  14-j-t7^38. 
:G3.  30.  1G^1=32. 

Am.  i£17  Us. 
Ans.  JSIO  Ss. 


A^d 


33.  Divide  £o  Os.  Id,  by  |i.     Ans.  m  95.  2\d. 

53.  To  divide  a  mixed  number  by  a  wtole  number, 
or  a  fraction — 

Rule. — Divide  each  part  of  the  muxed  number  accord- 
ing t<)  the  rules  already  given  [46  and  49] ,  and  add  the 
quotients.  Or  reduce  the  mixed  number  to  an  improper 
fraction  [24],  and  then  divide,  as  already  directed  [46 
and  49]. 

Example  1.— Divide  9^  by  2 

9?^3=*9-^.3-f.5.^3=3^-H3|. 
Example  2.— Divide  14^  by  7. 


U3  . 
TT- 


\m. 


W;  therefore  14A.^|r=:V¥-J-]=«  Wxl«^^f»^ 
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Whole  aividend  by  the  divisor.     ^  ''  "'""''  '''  ^^^^^^°S  ^J»« 


in  the  second  example  wriiavo  put  the  mixed  number  into 
uent  lorin,  without  altering  its  value. 


a  more  convenient 


34.  8  »-^  17=3  5 

35.  5lV^3JK/*, 

37.  19;4-:.4l==*p  ^'^ 

38.  IG  ||'^4»Jif'..i 

151  •  cj — ■'^'r«i2« 


EXERCISES. 


39.    43|S^44.__r  J4  50 

40.  84  2^52=3)  r- 

18/A-i--^.>^=:Jua7  7;' 


41 


42.  lofi!!  ^!X=l3S^l', 

43.  i8^i?iij-.:'''-- 

K^ir  J""  %^''f  ^°  V"*'^''  ^^  ^  "^i^^d  number- 

fractLT^?!      ''/•?,'  '"^^'^  °"^^^^^  ''  ^«  ""proper 
fiaction    [24]  ;  and  then  proceed   as  already  directed 

Example.— Divide  8  by  4f. 

42=2j3,  therefore  8^4|=8-^233^8x-''-=l'7 

fra^tb^h^cli  TeV^lrto'tlidii'-   "'^^"^   ^^^^  the^Lproper 
aend  t.e  same  LXf:^:^'^:^^  JuvS Sf.^^  ^'^  ^^' ^^ 

EXERCISKS. 

•  **2ff — -^aJT*  I         47  21^14-*-=l_7  3 

48.  Divide  £7  16s.  Id.  by  3'-.     Ans  ^2  fie  'iTsj 

49.  Divide  ^3  3.  ^.  b^?"  ir'lf  Oj/ '*'• 

-nil'd  J„"„£  "  ''•'"'"'"'•  ■"■  "  »-^  -"">-,  bv  a 

Rui,E. -Reduce  mixed  numbers  to  imnroner  fm,.tinn= 
[24]  i  and  tlien  proceed  as  already  directT[49] 

EiAMPLE  1.— Divide  |  by  51. 

*}=¥.  therefore  |-f.5i=?j.s3_3y  «  _  ,7 

Example  2.— Divide  8^  by  7|. 
A=ff?^'  "■"'  ^^='^'  "">""■""  8T"T^7|=.^^y=,,  X 

<livWed-wi,,h„„.,  l,o"rver»l,«tag '.'S  ™L"   """""-""V 


f 
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EXERCISES. 


l\0       3     .   *^  5  3  13 

r.'i      15    .    14 35 

*^^'  2'a~:~^:s — ffir* 

1  "J 


32  "^•^ — 8T* 

54.  61^5'=U^^. 


57.  §3^8*-^?!. 

58.  13^2L-}4i-f.3HJ, 

59.  2l-^f+Hl^. 


58.  When  the  divisor,  dividend,  or  both,  are  com- 
pound, or  complex  fractions — 

lluLr:. — Reduce  compound  and  complex  to  simple 
fractions — by  performing  the  multiplication,  in  those 
which  are  compound,  and  the  division,  in  those  which 
are  conjplex  ;  then  proofed  as  already  directed  [49,  &c.] 

Example  1. —  Divida  ^-  of  g  hy  f. 


-12  0 
■iffS- 


l<]xAMPLE  2. — Divide  ■^  by  f . 
l=_-,\  [40]',  thorelwe  1-5-1=,%^  1=^*3X^=^3,. 


EXERCISES. 

()0. 
01. 

,11  5     •     5   V   3  '%043 

*T2— T?XlT      '^^OTS- 

64. 

%       3 

02. 

65. 

27 

til  .  21  V  « 94S3  3 

03. 

21 

(J^  — 5X75— J  2 ITS- 

66. 

X    •    3v5       ^391 

"Y 

QUESTIONS. 

1.  How  is  a  fraction  dived  by  an  integer  .?  [46]. 

2.  IIow  is  a  traction  divided  b}^  a  fractbn  ?  [49]. 

3.  Expljiin  how  it  occurs  that  the  quotient  of  two 
fractions  is  sometimes  greater  than  tlie  dividend  }  [ol]. 

4.  How  is  a  whole  number  divided  by  a  fraction? 

5.  What  is  the  rule  for  dividing  a  mixed  number  by 
an  in  tester,  or  a  fraction  f  [o3]. 

6.  What  are  the  rules  for  dividing  an  integer,  a  frac- 
tion, or  mixed  number,  by  a  mixed  number  t  [55  and 
56]. 

7.  What  is  the  rule  when  the  divisor,  dividend,  or 
both  are  compound,  or  complex  fractions  ?  [58] . 
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MISCELLANEOUS    EXERCiyES    IN    VULGAR    FRACTIONS. 


1.  How  much  is  }  of  186  acres,  3  roods?  Ans. 
20  acres,  3  roods. 

2.  How  much  is  -J  of  15  hours,  45  minutes  ?  Ans. 
7  hours. 

3.  How  much  is  -^^W  of  19  cwt.,  3  qrs.,  7  ft)  ?  Ans. 
7  cwt.,  3  qrs.,  2  ft). 

4.  How  much  is  /^Vo  of  iSlOO  >     Ans.  £36  9s. 

5.  If  one  farm  contains  20  acres,  3  roods,  and 
another  26  acres,  2  roods,  what  fraction  of  the  former 
is  th«  latter  .?     A7is.  yVV- 

6.  What  is  the  simplest  form  of  a  fraction  express- 
ing the  comparative  magnitude  of  two  vessels — the  ono 
containing  4  tuns,  3  hhds.,  and  the  other  5  tuns,  2 
hhds.  ?     Ans.  if. 

7.  What  is  the  sum  of  |-  of  a  pound,  and  f  of  a 
shilling.?     A71S,  13s.  lO^d. 

8.  What  is  the  sum  of  p.  and  j\-d.  ?     Ans.  l^^d. 

9.  What  is  the  sum  of  i3|,  |5.,  and  /^d!.  >     Ans 
35.  If  }rf. 

10.  Suppose  I  have  ^  of  a  ship,  and  that  I  buy  -j^ 
more  ;  what  is  my  entire  share  }     Arts.  \^. 

11.  A  boy  divided  his  marbles  m  the  following  manner : 
he  gave  to  A  i  of  them,  to  B  yV>  *o  C  },  and  to  D  ^, 
keeping  the  rest  to  himself;  how  much  did  he  give 
away,  and  how  much  did  he  keep  .''  Ans.  He  gave  away 
yVj  of  them,  and  kept  ^^■^■^. 

12.  What  is  the  sum  of  |  of  a  yard,  |  of  a  foot,  and 
I  of  an  inch  }     Ans.  7  inches. 

13.  What  is  the  difference  letween  the  ^  of  a  pound, 
and  b\d.  ?     Ans.  Us.  6^d. 

14.  If  an  acre  of  potatoes  yield  about  82  barrels  of 
29  stone  each,  and  an  acre  of  wheat  4  quarters  of  460 
ft) — but  the  wheat  gives  three  times  as  much  nourish- 
msnt  as  the  potatoes  ;  what  will  express  the  subsistence 
given  by  each,  in  terms  of  the  other .?  Am.  The  pota- 
to38  will  give  4}^  times  as  much  as  the  wheat ;  and  the 
wheat  the  //^  P^rt  of  what  is  given  by  the  potatoes. 

15.  In  Fahrenheit's  thermometer  there  are  180  de- 

f>Teea   betwAnn    fliA    Knilinnr    nnA    ffPA'/inof   nmnt.<J  •    in    flint 
^        .    .__    ^ ^    J J    — 
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of  Reauraar  only  80  ;  wliat  fraction  of  a  degree  in  the 
latter  expresses  a  degree  of  the  former  ?     Ans.  ^. 

16.  The  average  fall  of  rain  in  the  United  Kingdom 
is  about  34  inches  in  depth  during  the  year  in  the  plains  ; 
but  in  the  hilly  countries  about  50  inches  ;  what  fraction 
of  the  latter  expresses  the  former  ?     Ans.  |^. 

IZ.  Taking  Chimborazo  as  21,000  feet  high,  and 
Purgeool,  in  the  Himalayas,  as  22,480  ;  what  fraction 
of  the  height  of  Purgeool  expresses  that  of  Chimborazo  ? 
Ans.  Iff 

18.  Taking  4200  feet  as  the  depth  of  a  fissure  or 
crevice  at  Cutaco,  in  the  Andes,  and  5000  feet  as  the 
depth  of  that  at  Chota,  in  the  same  range  of  mountains  ; 
how  will  the  depth  of  the  former  be  expressed  as  a 
fraction  of  the  latter  .'     Ans.  f  i. 


DECIMAL  FRACTIONS. 

59.  A  decimal  fraction,  as  already  remarked  [13], 
has  unity  with  one,  or  more  cyphers  to  the  right  hand, 
for  its  denominator  ;  thus,  to\o  '^^  ^  decimal  fraction. 
Since  the  division  of  the  numerator  of  a  decimal  fraction 
by  its  denominator — from  the  very  nature  of  notation 
[Sec.  I.  34] — is  performed  by  moving  the  decimal 
point,  the  quotient  of  a  decimal  fraction — the  equi- 
valent decimal — is  obtained  with  the  greatest  facility. 
Thus  Y/g-n-=*005  ;  for  to  divide  any  quantity  by  a 
thousand,  we  have  only  to  move  the  decimal  point  three 
places  to  the  right. 

60.  It  is  as  inaccurate  to  confound  a  decimal  fraction 
with  the  corresponding  decimal,  as  to  confound  a  vulgar 
fraction  with  its  quotient. — For  if  75  is  the  quotient 
of  3 1-  0 ,  or  of  VoV  5  ^^^  is  distinct  from  either  ;  so  also 
is  -75  the  quotient  of  }  or  of  yV^^,  and  equally  distinct 
from  either. 

61.  A  decimal  is  changed  into  its  corresponding  deci- 
mal fraction  by  putting  unity  with  as  many  cyphers  as 
it  contains  decimal  places,  under  it,  for  denominator — 
having  first  taken  away  its  decimal  point.    Thus  •5646rjr. 


•008=  T«V¥5  &c 


DEWMAL    PRACTI0N3. 


163 


62.  Decimal  fractions  follow  exact;  7  Use  same  rules 
as  vulgar  fractions.— It  is,  however,*  ^cneraJIy  irore 
convenient  to  obtain  their  quotients  [5S],  and  th-n  per- 
form on  them  the  required  processes  of  addition,  &e  . 
by  the  methods  already  described  [See.  II.  11    &c  ] 

63.  To  reduce  a  vulgar  fraction  to  a  d^cmk  or  to  a 
dieamai  fraction — 

,,  .I^ULE— Divide  the  numerator  by  the  denominator-^ 
thiswil  give  the  required  decimal;  the  latter  maybe 
changed  int<j  Its  corresponding  dedmaj  lmction:-,ii« 
ah-eaoy  ie«eribed  [61]. 

Example  1.— Reduce  ^  tw  a  deeiwaJ  fraetioa. 

4)3^ 

Example  2.— What  deeimai  of  a  pownd  18  ,7|rf.  f 

lld.=. £17]  £^\\ ;  bul  £^Vi5==^0032,  &c. 
This  rule  requires  no  explanation. 


1      7__JJ76 


i=-37 
4-  |i=^. 


3.  ^9j=-S6. 


IO.\fJIlClb£S. 

5.  |=:-62a. 

6.  ?§=-973&c. 

7.  i=-5. 

8.  y5^==-.3125. 


9.   -V,=  9047G,  &e. 

10.  1=^^. 

12.  |-^=-5;V75. 


13.  Reduce  12*-.  6<3?.  to  the  dedma!  of  a  wound    Am 
625. 

14.  Redjice  15s.  to  the  decimal  of  a  pound.  Ans.  -75 

15.  Reduce  3  quarters,  2  nails,  to  the  decimal  of  a 
jrard.     Ans.  -875. 

16.  Reduce  3  ewt.,  1  qr.,  7  fes,to  the  decimal  of  a 
ton.     Ans.  -1^5625 

64.  To  reduce  a  decimal  to  a  lower  denomination— 

HT  oi'^;"^^^^''''?  '^^y  *^'  '    '    ^^""^^^y  given  [See. 
ill.  dj  tor  the  reduction  of  :  itc^;  ?rs. 

EXAMPT.E  i.— Express  £-6237  in  texms  of  a  shiUing    * 

•6237 
20 

^abv\i;.v,  i.^in\j  oaiiiing;s.-=:«fc.' 02537 
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ESAJVIPI.B  2.— Redace  £-9734  to  shillings,  k^. 

■91U 
20 


l'9-4G8a  sliimngs=£-9734. 
12 


5:6160  pcnee=-4G8s. 
4 


2^4640  ftvrtning8=:'61&^? 

65.  Tina  rule  is  founded  on  the  sarae  reasoM-  as  were  giver* 
flbr  the  mode  of  reducing  integers  r.Sec.  HI.  4].  .^  ^      ,  •> 

I\Iuldplyiivg  the  decimal  of  a,  pound  by  20,  reduces  it  to  shit- 
liT."-3  and.  thl  dedmalof  a  ahillins.  Multiplying  the  d«cimalr 
of  A  shilling  by  12,  reduces  it  to  pence  and  the  decinial  ot  a^ 
penny.  M.ultiplyiMg  the  decimal  of  a  penny  by  4,  reduces  it 
to  farthings  and  the- decimal  of  a  farthings. 
\ 

EXK'it'CISES. 

23    What  is  the  value  of  £'86875  ?     Ans,.  lis-.  4^^ 

24.  What  is  the  value  of  £-537f>.?     A%s.  Ws.  9d. 

25.  How  muoh  is  -875  of  a  prd  ?  Ans.  3  qjrs.,  2  nails.. 
26. 'How  luueh  i«  -1.65625'  of  a  ton.?     Ans.  3  ewt.^ 

rqr.,7ib. 
27    W^iat  is  the  valae  of  ^£-05?     Ans.  Is. 
28.  How   much   k  "9375    af  a  cwt.  ?     Ans.  3  qrs.„ 

29    What  IS  the  value  of  £-135?      Ans.  \9s. 

30.  How  much  i&  -Qo-  of  aiv  oz.  Troy,  ?     Ans.  19  dw.t. 

31    How  much  is  '875  of  a  gallon  .?     Ans..  7  pmts. 

32.  How  much  is  '3945  of  a  day }     An^.  9  hours, 

2S'  4'   48'". 

33.  How  much  is   -09375   bf  aii  acre  .?      Ans.   15. 

perches.  i     r   • 

66  The  following  will  be  found  iLsaful,  and— bemg 
intimately  connected  with  the  do<.trine  of  fractions- 
may  be  advantageously  introduced  here  : 

To  find  at  once  what  decimal  of  a  pound'  is  equiva- 
fent  to  any  number  of  shillings,  pence,  &a. 
When  there  is  an  even  number  of  shillings — 
Rule.— Consider  tliem  to  be  half  as  many  tenths  oi 
9i  T^nimrL 
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EXAMPLK. — 105.=X'8.  • 

f.l'^r?-  *^V^''li'"gs  are  equal  toone-tenthof  a  pound;  there- 
fore 8  times  2*.  are  equal  to  8  tenths. 

07.  When  the  number  of  shillings  is  odd— 
liuLE.— Consider  half  the  next  lower  even  number 

an  so  many  tenths  of  a  pound,  and  with  these  set  down 

5  iumdredths. 

Example. — 15s.=£'7b. 

For,l5s.==l4s.fls.-  but  by  the  last  rule  145.=£r;  and 

68.  When  there  are  pence  and  farthings— 
o^      l^'^^"^^^^^^'^  reduced  to  farthings,  they  exceed 

1  .u-  \  ?  •  number,  and  put  the  sum  in  the  second 
and  third  decimal  places.  After  taking  25  from  the 
number  of  farthings,  divide  the  remainder  by  3,  and  put 
the  nearest  quantity  to  the  true  quotient,  in  the  fourth 
ueciraal  place. 

If,  when  reduced  to  farthings,  they  are  less  than  25 
set  down  the  number  in  the  third,  or  in  the  second  and 
third  decimal  pla.es ;  and  put  what  is  nearest  to  one- 
third  of  them  m  the  fourth. 

Example  1.— What  decimal  of  a  pound  is  equal  to8^,d  '^ 

JJr^^,  ^^''*.!''>%  ^'""^^  ^^  ««"*ai»«  25,  we  add  one  tc 
the  number  of  farthings,  which  makes  it  36--we  put  30  in 
the  seco:id  and  third  decimal  places.  The  numb.-^v  nearest 
to  the  third  of  10  (35-25  farthings)  is  3-we  puVs  n  the 
fourth  decimal  place.     Therefore,  8f=X0363. 

Example  2.— What  decimal  of  a  pound  is  equal  to  l^d.  % 

7  i^r^  Ti!*^'?^^  V^"}"^  *ll^..''^^''^'*  °"«^^^^  *o  the  third  of 
/  18  A.    Iherefore  If  (?.=£■  0072. 

Example  3.~What  decimal  of  a  pound  is  equal  to  h\d.  ? 

SidJiloLT*^'"^'^  "^^  *^^  ^^"^^  ^^  ^^  ''  '^'    Therefore 

thfnn?^'''7  ?I  ^"^  RuLE.-We  consider  10  farthings  as 
imund  T.  ''^^^'  ^^^  ""5  ^^^^'^'^g  ^«  th«  «««  thousandth  of 
faEtr  tT'^  f  P^""^  ?'"'*'*«  °^  "«'^^ly  0^^  thousand 
maivSn«n    uf'  ^?^^^«r,  in   1000    farthings    (taken   as   so 

T2I  ?1-;  ""^/''tn^  .*  P^"''^)  ^«^^«  *«  ^  "^ist'Ae  of  about  40- 

Eani  ;  wt-  ^^^^/  """"^  ^^^-^^  UriUr.^^^.     Hence,  to  a 

iflousand  farthings  (considered  as  thousandths  of  a  x^c^^^^A\ 
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forty,  or  one  in  25,  must  be  added;  that  is,  about  tlio  one- 
thirtieth  of  the  number  of  farthings.  It  is  evident  tliat,  as 
those  about  25  have  not  been  allowed  for  when  we  added  one 
to  the  farthings,  one-thirtieth  of  their  number,  also,  must  be 
added— or,  which  is  the  same  thing,  om-third  of  their  number, 
in  ihQ  fourth  or  next  lower  decimal  place. 

If  the  farthings  are  less  than  25,  it  is  evident  that  the 
correction  should  still  be  about  the  thirtieth  of  their  number, 
or  one-third  of  it,  iu  tha  fourth  decimal  place. 

EXERCISES 


17.  198.  llid.=r£-9977. 

18   7|rf.=£0322. 

19.  £27  5s.  10(i.=<£27-2915. 


20.  14*.  3irf.=£-7155. 

21.  19s.  115d.==£-9087. 

22.  £42  lis.  6i£/.=£ •42-677. 


70.  To  find  at  once  the  number  of  shillings,  pence, 
&c.,  in  any  decimal  of  a  pound — 

Rule.— Double  the  number  of  tenths  for  shillings— 
to  which,  if  the  hundredths  arc  not  less  than  5,  add  one. 
Consider  the  digit  in  the  second  place  (after  Subtracting 
5,  if  it  is  not  less  than  5),  as  tens,  and  that  in  the  third 
as  units  of  farthings ;  and  subtract  unity  from  the  result 
if  it  exceeds  25. 

Example.— £-6874=135.  M. 

G  tenths  are  equal  to  twelve  bhillings ;  as  the  hundredths 
are  not  less  than  5,  there  is  an  a<W?t?ona/ shilling -which 
makes  loi-.  Subtracting  5  from  the  hundredths  and  adding 
the  remainder  (reduced  to  tliousandths)  to  the  thou- 
sandths, wc  have  37  thousandths  from  which— since  they 
exceed  25,  we  subtract  unity ;  this  leaves  3G  as  the  number 
of  farthings.  £-6874,  therefore,  is  equal  to  13s.  and. 36 
farthings — or  135.  9d. 

This  rule  follows  from  the  last  three— being  the  reverse  of 
them. 


CIRCULATING  DECIMALS. 

7\-  We  cannot,  as  already  noticed  [Sec.  II.  72], 
alw-iys  obtain  an  exact  quotient,  when  we  divide  one 
number  by  another  : — in  such  a  ease,  what  is  called  an 
tn-ierminate  or  (because  the  same  di^it,  or  digits,  con- 

ii\Mi'k\X\     ICUUij     Ui      i;nOUiaVfc  i  -  cl     r  zvtvf  I  C'hQ  j     vi      •.v^v. ^ 
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decimal  is  produced.— The  decimal  is  said  to  be  tertni- 
nate  it  there  is  an  exact  quotieiitr~or  one  which  leaves 
no  remainder. 

72.  An  interminate  decimal,  in  which  only  a  sincrle 

figure  IS  repeated,  i.^  called  a  repetend ;  if  two  or  m?re 

digits  constantly  recur,  they  form  a  periodical  decimal. 

xnus  •/?,  &c.,  IS  a  repetend;   but  -597597,  &c.  is  a 

periodical.^    For  the  sake  of  brevity,  the  repeated  digit, 

or  period  IS  set  down  but  once,  and  may  bo  marked  as 

tolbws,  -5  (  =  -555,  &c.)  or  •M93'  (  =  -493493493,  &c.) 

The  ordinary  method  of  marking  i\m  period  is  some-- 

what   different— what   is   here    given,   however,   seems 

preferable,  and  can  scarcely  be  mistaken,  even  by  those 

m  the  habit  of  using  the  other. 

When  the  decimal  contains  only  an  infimte  part- 
that  is,  only  the  repeated  digit^or  period— it  is  a  pure 
repetend,  or  a  ^^we.periodical.  But  when  there  is  both 
a  linite  and  an  mfinite  part,  it  is  a  mxed  repetend  or 
■mixed  circulate.     Thus 


8Go^64271'(=-865G4271G4271G427L&c)is  a  mixed  circulate 

73  The  number  of  digits  in  a  period  must  always  be 
less  than  tlie  divisor.  For,  different  digits  in  the  perio() 
suppose  different  remainders  daring  the  division  •  but 
the  number  of  remainders  can  never  exceed— nor 'even 
be  equal  to  the  divisor.  Thus,  let  iha  latter  be  seven :  the 
only  remainders  possible  are  1,  2,  3,  4,  .,  and  6  ;  any 
other  tnan  one  of  these  would  contain  the  divisor  at 
least  once— which  would  indicate  [Sec.  II.  71]  that  the 
quotient  figure  is  not  sufficiently  large. 

74.  It  is  sometimes  useful  to  change  a  decimal  into 
Its  equivalent  vulgar  fraction— as,  for  instance,  when  in 
adding,  &c.,  those  which  circulate,  we  desire  to  obtain 
an  exact  result.     For  this  purpose — 

BuLE— I.  If  the  decimal  is  a  pure  repetend,  put  the 
repeated  digit  for  numerator,  and  9  for  denominator. 

II.  If  it  is  a  pure  periodical,  put  the  period  for 
numerator,  and  so  many  nines  as  there  are  digits  in  tho 
pe^iou,  Tor  denominator. 
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Example  1. — What  vulgar  fraction  is  equivalent  to  '3'  1 

Example  2. — What  vulgar  fraction  is  equivalent  to 
•^7SJ4'?    Am.  nil 

75.  Heason  of  I. — J  will  bo  foun^l  equal  to  '111,  &c. — or 
•1';  thorcfore  i}  (=8X6)=-83u.  &c.=(:]Xlll,  &c.)  For  if 
we  multiply  two  equal  quuntitiea  by  tlie  same,  or  by  equal 
quantities,  the  productH  will  still  be  equal. 

In  the  same  way  it  could  be  shown  that  any  oMcr  digit 
divided  by  9  would  give  that  other  digit  as  a  repeteud. — And, 
consequently,  a  repeteud  of  any  digit  will  be  equal  to  a  vulgar 
fraction  having  the  same  digit  for  numerator,  and  0  for  deno- 
minator. 

Reason  of  H. — ^'j,-  will  give  -0101,  &o. — or  -^01'  as  quotient. 
For  before  unity  can  be  divided  by  9U,  it  must  be  msidered 
as  100  hundredths ;  and  the  quotient  [Sec.  II.  77]  will  be  one 
hundredth,  or  '01.  One  hundredth,  the  remainder,  must  be  hiade 
100  ten  thousandths  before  it  will  contain  99  ;  and  the  quotient 
will  be  one  ten  thotisandth,  or  0001.  One  ton  thousandth,  the 
remainder,  mvist,  in  the  same  way,  bo  considered  as  ten  mi/lion- 
etha;  and  the  next  quotient  will  be  one  mil lioneth, or  -000001 — 
and  80  on  with  the  other  quotients,  which,  taken  together, 
Will  be  •014-0001-f-000001-j-&c.,  or  -010101,  &c.— represented 
by  •^01'. 

§5  (=37XA=37X.^C1')  will  give  •07;?737,  &c.— or  -^07'  aa 
quotient.     Thus 

010101,  &c 
37 


70707 
30303 


873737,  &c.=37X- or. 

In  the  same  way  it  could  be  shown  that  ani/  other  tAvo  digits 
divided  by  99  would  give  those  other  digits  as  the  period  of  a 
circulate. — And,  conseq\iently,  a  circulate  having  any  two 
digits  as  a  period,  will  be  equal  to  a  vulgar  fraction  iuiving  the 
same  digits  for  numerator,  and  2  nines  for  denominate  f. 

For  similar  reasons  ^^  will  give  -001001,  &c.,  or  -^001'  as 
quotientr.   But  -001001,  &c.,  X  (for  instance)  563=-5635B3,  &c 
Thus  001001001,  &c. 

563 


8003003003 
6006006006 
5005005005 


563563563563,  &c.=563x -^001  . 
In  the  same  way  it  could  be  shown  tha  t  any  other  three  digits 
divided  by  999  would  give  a  circulating  ('ecimal  having  these 


1. 
2. 
3. 
4. 
5. 
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(ligHs  as  a  periofi   -And 


tUr 


conHcqiinntly,  a  clrcu'l.itiBg  tlooimnl 

ec    Jigits  ns  periuil  wi^i   be  equiU  to  u  vulga-r 

th«  same  digits  for   numerator,  atid  .'J  naus 


ijflving  any 
•tVjictioii  Imvi 
for  denominiu 

We  might,  in  n  Mrailar  way,  show  that  awy  ntimbcr  of  dijrlm 
«»ividea  by  an  nuil  number  of  nines  must  give  a  circuliietv, 
each  period  ot  which  would  consi.M^  if  tuose  digits.— Ami 
;onscciuetHly,a  <!irculat«  whose  pui..,.i.s  would  consist  of  any 
ligits  rau-t  be  equal  to  a  vulgar  fraction  having  one  of  itn 
periods  <ni  numerator,  and  a  number  of  nities  eq-ual  to  the 
number  oi  digits  in  tiie  per'    1,  for  denominator. 

76.  If  the  'decimal  in  d  mixed  repeteud  or  a  mixed 
circulate — 

Rule.— Subtract  the  finite  part  from  the  whole,  and 
set  down  the  difterence  fur  numerator;  put  for  dono- 
mil  tor  80  many  cyphers  as  there  ai  ■  digits  iii  the  finitt 
part,  and  to  the  left  of  the  cyphi ,  .o  many  flines  as 
there  are  digits  in  the  wjlnile  part. 
,rJ'lt^^^I-~^^^^  ^»  ^^^  vulgar  fraction   equivalent   to 

There  are  2  digits  in  97,  the  liuitc  part,  and  4  in  8734. 
the  infinite  part.     Therefore 
978784  -97     978637    . 
999906~~909900'  ^^  ^''*  required   vulgai-  fraction. 

.Jf«~S^f  TnrT^J"''  Ilui.E._If,  for  example,  wo  multiply 
•97^8. 34'  by  100,  tho  product  is  97  -8734=^974- -8734  This  (bt 
the  last  rule)  is  equal  to  97+^^^^-,  whrch  (as  wo  multiplied  by 
100)  IS  one  hundred  times  greater  than  th«  origin.-.l  quantity- - 
but  If  w«  divide  it  by  100  we  obtain  AV+dilii,  Ivhich  hi 
cyua/tho  original  quantity.  To  pevfonn  the  addition  of  V'A 
Y^  Ff^irlTr,  we  must  [19  and  22]  i-oduco  them  to  a  comnum 
<lenomm,«vtot— wheh  tlrcy  become 
97^X99^400  8734<)Q  _97X9999,  8734 
99990000  ^'99990000""  099900" "^l99»0"o  —  ^•'*^°^®  ?^^^  = 
10000-1)  Q"X1Q000-1      87j£_97yl0000-n7  ,     8784 

n,.,.r.^-^  tT^.annA ""'— h  OQQi 


999900      ~f"999900~       999900 
9/0000^97,    8734      978734-97    978637 
-r, 


999900"* 
'999900'  ^^^^'^^^  's  exactly  the 


999900    "^999900""    999900        „„ 

resuU  obtained  by  the  rule.     The  same  reasoning  would  hold 
WHli  any  other  example. 

EXERCISES. 

7.  -574 


1. 
2. 
3. 
4. 
5. 
0. 


-5'=^ 


^8'==| 
73'=p 


•^145'=|k. 
•^057'^5/a. 
•M5632'a=MM3. 


-5  7  4 
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78.  Exceppt  where  ffreat  accuracy  is  required,  it  is  not 
necessary  to  reduce  circulating  decimals  to  their  equi- 
talent  vulgar  fractions,  and  we  may  add,  and  subtract 
them,  &c.,  like  other  decimals — merely  taking  care  to 
put  down  so  many  of  them  as  will  secure  sufficient 
aocuraoy. ' 

79.  It  may  bo  hore  remarked,  that  no  vulgar  fraction 
will  give  a  finite  decimal  if,  when  reduced  to  its  lowest 
terms,  the  denominator  contains  any  prime  factors  (fac- 
tors that  are  prime  numbers — and  all  the  factors,  can 
be  reduced  to  such)  except  ticos  or  fives.  For  neither 
10,  100,  1000,  &e.,  nor  any  multiples  of  these — as 
30,  400,  5000,  &c.,  nor  the  sum  of  any  of  their  multi- 
ples—as 6420  (5000+400-1-20),  &c.,  will  exactly  con- 
tain any  prime  numbers,  but  2  or  5.     Thus  |  (consi- 

j      ,        30  tenthsv     .„    .  .  , 

dered  as  — -^ 1  will  give  an  exact  quotient ;  so  also 

.,,        •        . ,      ,        70  tenths\ 
will  I  I  considered  as   ?; 1. 


JL 

2 


2 

10  tenths 


one  ;  for  |  (considereu  as 

ke^  does  not  contain  7  exactly. 

ivill  TWi 


■■)  or 


But  \  wUl  not  give 
100  hundredths, 


For  a  similar  reason  4 
tient ;  since  f  (considered,as 


give  an  exact  quo- 

40  tenths,      400  hundredths, 

or s -^ 


&c.)  does  not  exactly  contain  7. 

80c  A  finite  decimal  must  have  so  many  decimal  places 
as  will  be  equal  to  the  greatest  number  of  twos,  or  fives, 
contained  as  factors  in  the  denominator  of  the  original 
vulgar  fraction,  reduced  to  its  lowest  terms. 

Thus  ^  will  give  one  decimal  place;  for  2  (found 
OTUst  in  its  denominator)  is  contained  in  10  (5X2);  and 
,       -       10  tenths    ,       .     .„     . 
therefore  5 (=^)  ^"^  &^^  some  digit  (in  the 

tenths'  place  [Sec.  II.  77]),  that  is,  om  decimal   as 
quotient. 

^  (.^^2^2)  ^^^^  ^^^^  ^^^  decimal  places ;  because 
2  being  found  twice  as  a  factor  in  \\s  denominator. 
H  will  not  be  enough  to  consider  the  numerator  as  so 


H 


CIRCULATIVG    DECniAI.S. 

30  tenths 


171 


many   tenths  ;    for  — ~ (==a)  cannot  give  an  exact 

quotient— 30  being  equal  to  3X2X5,  which  contains  2, 
but  not  2X2.     It  will,  however,  be  sufficient  to  reduce 

the  numerator  to  hundredths ;  because  ^^^  ^^^^dredths 

4 
tmll  give  an  exact  quotient— for  300  is  equal  to  3X2 X 
2X5X5,  and  consequently  contains  2X2.  Fut  300 
hundredths  divided  by  an  integer  will  give  hundredths-^ 
or  two  decimals  as  quotient.  Hence,  when  there  are  two 
twos  found  as  factors  in  the  denominator  of  the  vulgar 
fraction,  there  are  also  two  decimal  places  in  the  quotient. 

tV  \  ^=2x2x2X5''  ^*^"**^°s  2  repeated  three  times 
as  a  factor,  in  its  denominator,  and  will  give  three 
decimal  places.  For  though  10  tenths— aud  therefore 
6X10  tenths— contains  5,  one  of  the  factors  of  40,  \\ 
does  not  contain  2X2X2,  the  others;  consequenth 
It  will  not  give  an  exact  quotient.— Nor,  for  the  same 
reason,  will  6X100  hundredths.     GxlOOO  thousandths. 

•J.    .               *u  .  •    '^  >^  1000  thousandths 
will  give  one-that  is, (^^o^)  ^ai 


40 


leave  no  remainder  ;  for  6x  1000  (=6X2x2x2X5X 
5X5)  contains  2X2X2X5.  But  6X  1000  thousandths 
divided  by  an  integer  will  give  thousandth— ov  three 
decimals  as  quotient.  Hence,  when  there  are  three  twos 
found  as  factors  in  the  denominator  of  the  vulvar  frac- 
tion, there  are  also  three  decimal  places  in  the  quotient. 

81.  Were  the  fives  to  constitute  the  larger  number  of 
factors— as,  for  instance,  in  yV  As^  &c.,  the  same  reason 
ing  would  show  that  the  number  of  decimal  places  would 
be  equal  to  the  number  of  fives. 

It  might  also  be  proved,  in  the  same  way,  that  were 
the  greatest  number  of  twos  or  fives,  in  the  denominator 
of  the  vulgar  fraction,  any  other  than  one  of  those  num- 
bers giv;;n  above,  there  would  be  an  equal  number  of 
decimal  places  in  the  quotient. 

82  A  pure  ch-culate  will  have  so  many  digits  in  its 
period  as  will  be  eou  tl  to  the  least  number  of  nines,  whicb 
would  represent  a  quantity  measured  by  the  denomina- 
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tor  of  the  original  vulgar  fr.-iction,  rodueed  to  its  hwesl 
terms,     i  or  wo  have  Keen  [74]  that  sucU  a  circulate  will ' 
bo  oqual  to  a  fraction  having  some  period  for  its  nume- 
rator, aud  some  number  of  nines  for  its  denominator— 
that  IS,  It  will  be  equal  to  some  fraction,  the  numerator 
ot  which  (the  jperiod  of  the  circulate)  will   bo  as  vuluti 
times  the  numerator  of  the  given  vukar  fraction,  as  the 
quantity  represented  by  the  nines  is  of  its  denominator, 
i^or  it  a  fraction  having  a  given  denominator  is  equal  to 
another  which  has  a  larger,  it  is  because  the  numerator 
ot  the  latter  is  to  the  same  amount  larger  than  that  of 
the  former— in  which  case  the  increased  size  of  the  nu- 
raerator  counteracts  the  effect  of  the  increased  size  of  the 
denominator.     Thus  f^^  ;  because,  if  the  n"inerator 
ot  |f  13  J  times  greater  than  that  of  f ,  the  denominator 
ot  U,  also,  IS  five  times  greater  than  that  of  4. 
Let  the  given  fraction  bo  -^^.     Since  A— •'3846ir)'  • 

A  ';P^/^ -t^^i^^  5  tV,  also,  is  equal^o  UUH  ;  - 
and,  therefore,  whatever  multiple  384615  is  of  5, 999H99 
ra  the  same  of  13.— But  999999  is  the  least  multiple  of 
13,  consisting  of  nines.  If  not,  let  some  other  be  less. 
Ihen  take  foi-  numerator,  such  a  multiple  of  5,  as  that 
lesser  number  of  nines  is  of  13-and  put  that  lesser 
number  of  nines  for  its  denominator.  The  numerator  of 
this  new  fraction  wUl  [75]  form  the  period  of  a  circulate 
equal  to  the  original  fraction,  liut  as  this  new  period  is 
different  from  3S4615  (the  former  one),  the  circulate  of 
which  It  is  an  element,  is  also  different  from  the  former 
circulate  ;  there  are,  therefore,  two  different  circulates 
equal  to  tV— that  is  two  different  values,  or  quotients 
tor  the  same  fraction— which  is  impossible.  Hence  4t 
is  absurd  to  suppose  that  any  less  number  of  nines  is  a 
multiple  of  13. 

83.  The  periodical  obtained  does  not  contain  a  finite 
part,  when  neither  2  nor  5  is  found  in  the  denominator 
Of  the  vulgar  fraction— reduced  to  its  lowest  terms. 

For  [76]  a  finite  part  would  add  cyphers  to  the  right 
hand  of  the  nines  in  the  denominator  of  the  vulgar 
fraction,  obtained  from  the  circulate.  But  cyphera  would 
suppose  the  denominator  of  the  original  fraction  to 
contam  twos,  or  fives— since   no  other  prime  factors 
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coud  give  cyphers  m  tlioir  multiple- the  rl.noininatnr 
01  the  vulgar  fraction  obtained  from  the  circulate 

84.  it  there  is  a  finite  part  in  the  decini'd,  it  will 
contain  as  many  digits  as  there  are  units  in  the  i;r'vit..,t 
number  of  twos  or  fives  found  in  the  denominatoi  of  th^ 
original  vulgar  fraction,  reduced  to  its  lowest  terms 

Lot  the  original  f motion  be /^.     Since  56— 2x2x 
2X7,  the  equivalent  fraction  must  have  as  ^nauy  nines  as 
will  just  contain  the  7  (cyphers  would  not  causd  number 
of  mnes  to  be  a  multiple  of  7),  multiplied  by  as  many 
tens  as  forma  product  which  will  just  contain  the  twos  'L 
factors.    Bu   we  have  seen  [80]  that  one  ten  (which  adds 
one  cypher  to  the  nines)  contains  one  Iwo,  or  Jke  ;  that 
the  produc   of  two  tens    which  add  two  cyphers  io  the 
nines),  contains  the  product  of  two  twos  or  fives  ;  that 
the  product  of  three  tens  (which  add  three  cyphers  to  the 
nines),  contains  the  product  of  three  twos  or  Jives,  &c. 
Ihat  IS,  there  will  be  so  many  cyphers  in  the  denomi- 
nator as  will  be  equal  to  the  gi^atott  number  of  twasor 
faves,  found  among  the  flictors  in  the  denominator  of  the 
original  vulgar  fraction. 

an  equal  number  of  cyphers  to  the  denominator  of  the 

on  tho^fe  TT  ^'V ' '''  'y^'^''''  ^"  '^''  denominator, 
nLi  •  ?  Z"^^'  ovideiitly  suppose  an  equal  number  of 
places  m  the  finite  part  of  a  circulate  .—there  will  there- 
n/t;il\'''  *^^%fif^*«,  P'^rt  of  a  circulate  so  many  digits 
as  will  be  equa  to  the  greatest  nur.ber  of  tivos  or  fivr. 
found  among  the  factors  in  the  denominator  of  a  vul<.ar 
traction  containing,  also,  other  factors  than  2  or  5.       ^ 

nn^K  u'T^^  ^'°"'  ^^^*  ^^^  ^^^«  s^id'  that  there  is  no 
number  which  is  not  exactly  contained  in  some  quantity 

fod.  ^  'I'  ^'  """'."  ^^^'«'  "^'  ^y  ^"^  ''  "^or«  nines 
followed  by  cyphers,  or  by  unity  followed  by  cyphers 


Contractions  in    Multiplication   and    Division 
(derived  from  the  properties  of  fractions.) 

86.  To  multiply  any  number  by  5 — 
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Example.— 73GX  6=' \"o=3680. 

Reason.— 5= '^o;    tlicrefure  73GXi:='i3GX '5°: 

87.  To  multiply  by  25— 

Rule. — Remove  the  quantity  two  places  to  iho  left 
and  divide  by  4.  ' 

Example.— 6732  X  25=« '  V  °°=1 68300. 
Reason.— 25=»^o  ;  therefore  6732x25=6732X'*o 

88.  To  multiply  by  125—  ' 

Rule.— -Remove  the  quantity  three  places  to  the  left, 
and  divide  the  result  by  8. 

Example.— 7866  X 1 26='  <•  «|ooo=9831 26. 

Reason.— 125=»<V'^  5  therefore  7865X  125=7865 X»Sr°o. 

89.  To  multiply  by  75— 

Rule.— Remove  the  quantity  two  places  to  the  left, 
then  multiply  the  result  by  3,  and  divide  the  product 
by  4.  ^ 

Example  . — ^85  X  76=m^ox3__.405«oo— 5  j  375 

mxT'^^^^'^""^^^^  ^'*'    therefore   685  X  75=685  v 

90.  To  multiply  by  35 — 

^  Rule. — To  the  multiplicand  removed  two  places  to 
the  left  and  divided  by  4,  add  the  multiplicand  removed 
one  place  to  the  left. 

+3^789^3773^0.''  ""  ^^  =  "'*^^°  +  6™60  =  1697400 
_Re^son.— 35  =  1^0  ^  10  ;  therefore  67896  X  35  =  67896  X 

Many  similar  abbreviations  will  easily  suggest  themselves  to 
both  pupil  and  teacher. 

91.  To  divide  by  any  one  of  the  above  multipliers— 
Rule.— Multiply  by  the  equivalent  fraction,  inverted. 
Example.— Divide  847  by  6.     847  ~  6  =847-f- V°=  847  X 

fr«?Hon°''~^''  ^''''^''-  K  '*"•*'  ""'"^^'*  ^'^e"  ^^e  divide  by  the 
invert  it,  and  then  consider  it  ss  a  multiplier  [49j. 

92.  Sometimes  what  is  convenient  as  a  multiplier 
will  not  be  equally  so  as  a  divisor:  thus  35.  For  it  is 
not  so  easy  to  divide,  as  to  multiply  by  '^  +  10  its 
equivalent  mixed  number.  '  ' 
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QUESTIONS    FOR    THE    PT.'Pri.. 

,    1    Show  that  a  decimal  fraction,  and  the  correspond, 
ing  decmial  arc  not  identical   [59].  't^spona 

tion'r^lon  ''  ""  '^'"""''^  ''^''""''^  '''*''  ^  ^^^^"^'^^  ^^^0 

nv,]  f.f  ?•  ^'^^  "i?*^«^8  «f  adding,  &c.,  vulgar  and  deci- 
mal  tractions  different  ?   [62j.  '.       ° 

[63]  ^^"^"^  ''  "*  ^"^^'''  ''^'^''°^'^  *^  *  ^'^^^"'^^   ^^^c^i^'^  -^ 
tion  P^rel/'  ""  '^^'''"'^^  '"'''^'''''''^  *^  ^  ^^'^^''  denomina- 

o.^.^  In^.f"  P''''''^''  f^^^^^'^  ^"^  P^"«^  «^^»g«d,  «^ 
67,  C  68]     '^''''^^^•^"^S  ^^^"'-^1  of  a  pound  ?  [60, 

.7-  ^?,'?^  ^«  *l^e  decimal  of  a  pound  changed,  at  otux, 
into  shillings,  pence,  &c.  ?  ^70]:  ' 

8    What    are   terminate    and    circulating    decimals  ? 

9.  What  are  a  repetend  and  a  periodical,  a  pure 
and  a  mixed  circulate  ?   [72] .  i       f^^ 

10  Why  cannot  the  number  of  digits  in  a  period  be 
equal  to  the  number  of  units  contained  in  the  divisor  : 

11.  How  is  a  pure  circulate  or  pure  repetend  changed 
into  an  equivalent  vulgar  fraction  ?  [74] . 

12.  How  is  a  mixed  repetend  or  mixed  circulate 
reduced  to  an  equivalent  vulgar  fraction  ?  [76] 

13.  What  kind  of  vulgar  fraction  can  produce  no 
equivalent  Ji7ttte  decimal .?  [79]. 

14.  What  number  of  decimal  pkces  must  necessaray 
be  found  in  a  finite  decimal  .?  [80] . 

15.  How  many  digits  must  be  found  in  the  periods 
ot  a  pure  circulate  .?  [82] .    -  ♦ 

16  When  is  no  finite  part  found  in  ~a  repetend,  or 
circulate  ?  [83].  ^  ' 

17.  How  many  digits  must  be  found  in  the  finite  part 
ot  a  mixed  circulate  .?  [84] . 

18.  On  what  principal  can  we  use  the  properties  of 
trac  ions  as  a  means  of  abbreviating  the  processes  cf 
multiplication  and  division  ?  [86,  &c  ] 
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PROPORTION. 

1.  The  rule  of  Proportion  is  called  also  the  golden 
rule,  from  its  extensive  aty  ;  in  some  cases  it  is  termed 
the  rule  of  Mrce— because,  by  means  of  it,  when  three 
numbers  are  given,  a  fourth,  which  is  unknown,  may  be 
found. 

2.  The  rule  of  proportion  is  divided  into  the  simpie^ 
and  the  compound.  Sometimes  also  it  is  divided  into 
the  dircd,  and  inverse— which,  is  not  accurate,  as  was 
shown  by  Ilatton,  in  his  arithmetic  published  nearly  one 
hundred  years  ago. 

3.  The  pupil,  to  have  accurate  ideas  of  the  rule  of 
proportion,  must  bo  acquainted  with  a  few  simple  but 
important  principles,  connected  with  the  nature  of  raf.ios, 
and  the  doctrine  of  proportion. 

The  following  truths  arc  self-evident : — 

If  the  same,  or  equal  quantities  are  added  to  equal 

quantities,  the  sums  are  equal.    Thus,  if  we  add  the  samt 

quantity,  4  for  instance,  to  5X6  and  3x10,  which  are 

equal,  wo  shall  have  5X6  +  4=:=3X  10  +  4. 

Or   if  we  add   equal   quantities    to  those   which    are 

equal,  the  sums  will  be  equal.     Thus,  since 

5X6=3X10,  and  24-2=4 
5x6-f2x2=3xl0-f-4. 

4.  If  the  same,  or  equal  quantities  are  suhtraded 
from  others  which  are  equal,  the  remainders  will  be 
equal.  Thus,  if  we  subtract  3  from  each  of  the  equal 
quantities  7,  and  5+2,  we  shall  have 

7-3=5+2-3. 

And  since  8=6+2,  and  4=3  +  1. 

8-4=6+2-3+1. 

5.  If  equal  quantities  are  multiplied  by  the  same,  or 
by  equal  quantities,  the  products  will  be  equal.     Thus 
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if  VTQ  multiply  tlie  equals  r-)-\-(J,  and   10-|rl   by  3,  we 
sliall  have 

64-6x3=10+1x3, 

And  since  4  -f  9=13,  and  3  X  G=  1 8. 

44-9X3x6=13x18. 

6.  If  equal  quantities  are  divided  by  the  same,  or  by 
equal  quantities,  the  quotients  will  be  equal.  Thus  if 
we  divide  the  equals  8  and  4+4  by  2,  we  shall  have 

•8_4-h4 

2~~~T 
And  since  20=17  +  3,  and  10=r2X5. 

i>0_17+3 

ia~1Fx5 

7.  Ratio  is  the  relation  which  exists  between  two 
quantities,  and  is  expressed  by  two  dots  ( :  )  placed  be- 
tween them— thus  5  :  7  (read,  5  is  to  7)  ;  which  means 
that  5  has  a  certain  relation  to  7.  The  former  quantity 
16  called  the  antecedent,  and  the  latter  the  consequent. 

8.  If  we  invert  the  terms  o-f  a  ratio,  we  shall  have 
their  invosc  ratio  ;  thus  7  :  5  is  the  inverse  of  5  :  7. 

9.  The  relatiMi  between  two  quantities  may  consist 
in  one  being  greater  or  less  than  ihoi  other — then  the 
ratio  is  term.ed  arithmetical ;  or  in  one  being  some  mul- 
iipk  or  part  of  the  other — and  then  it  is  geemtricaL 

If  two  quantities  are  equal,  the  ratio  between  them 
is  said  to  be  that  of  equality ;  if  they  are  unequal  it  is 
a  ratio  of  greater  inequality  when  the  antecedent  is 
greater  than  the  consequent,  and  of  lesser  inequality 
when  it  is  less. 

10.  As  the  arithvietical  ratio  between  two  quantities 
is  measured  by  their  difference,  so  long  as  this  difference 
is  not  altered,  the  ratio  is  unchanged.  Thus  the  ratio 
of  7  :  5  is  equal  to  that  15  :  13 — for  2  is,  in  each  case, 
the  difference  between  the  antecedent  and  consequent. 

Hence  we  may  add  the  same  quantity  to  both  the 
antecedent  and  consequent  of  an  arithmetical  ratio,  or 
may  subtract  it  from  them,  without  changing  the  ratio. 
Thus  7  :  5,  7+3  :  5+3,  and  7-2  :  5-2,  are  equal 
arithmetical  ratios. 

But  we  cannot  multiply  or  divide  the  terras  of  an  arith- 
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ilietical  ratio  by  the  same  number.  Thus  12x2  :  10X2, 
12-T-2  :  lO-f-2,  and  12  :  10  are  not  equal  arithmetical 
ratios;  for  12X2—10X2=4,  12—2—10—2=1,  and 
12-10=2. 

11.  A  geometrical  ratio  is  meiisured  by  the  quotient 
obtained  if  we  divide  its  antecedent  by  its  consequent ; — 
therefore,  so  long  as  this  quotient  is  unaltered  the  ratio  is 
not  changed,  lleuco  ratios  expressed  by  equal  fractions 
are  equal ;  thus  10  :  5=12  :  0,  for  Y==^ . — Hence,  also, 
we  may  multiply  or  divide  both  terms  of  a  geometrical 
ratio  by  the  same  number  without  altering  the  ratio  ; 


thus  7X2  :  14X2—7  :  14— because   _i^: 


14X2 
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But  we  cannot  add  the  same  quantity  to  both  terms 
of  a  geometrical  ratio,  nor  mhlrad  it  from  them,  with- 
out aUering  the  ratio. 

12.  When  (the  pupil  [Sec.  IV.  17]  was  taught  how 
to  express  one  quantity  as  the  fraction  of  another,  ho 
in  reality  learned  how  to  discover  tho  geometrical  ratio 
between  the  two  quantities.  Thus,  to  repeat  the  ques- 
tion formerly  given,  "  What  fraction  of  a  pound  is 
2\d.  V — which  in  reality  means,  "  What  relation  is 
there  between  2{d.  and  a  pound  ;"  or  "  What  must  we 
consider  2\d.^  if  we  consider  a  pound  as  unity  ;"  "  or," 
In  fine,  "  What  is  the  value  of  2{  :  1" — 

We  have  seen  [Sec.  I.  40]  that  the  relation  between 
quantities  cannot  be  ascertained,  unless  they  are  made 
to  have  the  same  "  unit  of  comparison  :"  but  a  farthing 
is  the  only  unit  of  comparison  which  can  be  applied  to 
both  2\d.  and  £>\  ;  we  must  therefore  reduce  them  to 
farthings — when  the  ratio  of  one  to  the  other  will  be- 
come that  of  9  :  960.  But  we  have  also  seen  that  a 
geometrical  ratio  is  not  altered,  if  we  divide  both  its 
terms  by  the  same  number  ;  therefore  9  :  960  is  the  same 
ratio  as  ^f ^  :  ff^^  or  ^f ^  :  1. — That  is,  the  ratio  between 
2\d.  and  £1  may  be  expressed  by  2\d.  :  ^1,  or  9  :  960, 
or  •?,■#-  :  1  ;  or,  the  pound  being  considered  as  unity,  the 


■ffo  0 


9. 


farthing  will  be  represented  by  j^{ 

13.  The  geometrical  ratio  between  two  numbers  is  the 
same  as  that  which  exists  between  the  quotient  of  the 
fraction  which  represents  their  ratio,  and  unity.     Thus, 


PROPORTIOH. 


179 


in  the  last  example  9  :  960  and    i    .  i  .  , 

It  is  not  necc  Jry  thit  wo  IhLlh     u'^  ^^^""^  '*^>»- 

integers,  nor  even  bvafil:.    a    -     \^  *^^^  ^  «*P~a»  ^J 

ratio  may  be  conside«»H  ♦/.  ^^.•.*  w   '  georaetnoal 

by  which  we  miut  mnl.l^i '"  •  "*' ^  ( V)  «  the  quantity 
to  the  other ;  if  ^  2  U  L'^^,?!^'*"".*"  ■"/■">  ''  ^l-xJ 
if  3  :  7,  it  is  «42857i!  ii\  *]'  * -^J"" ^o*^"^  i  but 

one  quantUv  so  as  to  nf.t!  v     '"""'P"".  w  d'visor  of 

there  i  n^lTo^ZolVZT:^!^'^,^,  "'"^ 
number  is  ,ome  part  or  mulSpleTraaTotW.'ZtT 

beingX  Sr""  *"""  "'  »  S^"-"^'""*'  ~«-.  unity 
5  IS  to  7  as  9  :  a),  means  that  the  two  ratios  "5  •  Vt„j 

of  -™  CtJi  Vat^TSrsTfni'!''.  rin'r 

:^  r^"H^?::^;L'^„rP<''''<'"  i  when  geoieti 

terns  the  Zr.  A  ^•"'1  ""■'^'  ""^  *^«  "">  "Wdh 
ra"tl.e»»<M«;  thus  IBS:  6:  .-7:8,  5  and  8  are  the 
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extreme!,  6  and  7  the  means.  When  the  same  quantity 
is  found  in  both  moans,  it  is  called  the  mean  of  the 
extremes  ;  thus,  since  5:6:  :  6  : 7,  6  is^^  wmn  of  5  and 
7.  When  the  proportion  is  arithmetical,  the  mean  of 
two  quantities  is  called  their  arithndital  mean  ;  when 
the  proportion  is  geometrical,  it  is  termed  their  geome-' 
trical  mean.  Thus  7  is  the  arithmetical  mean  of  4 
and  10  ;  for,  since  7-4rr=:10-7, 4  :  7 :  :  7  :  10.  And  8  is 
the  geometrical  mean  of  2  and  32 ;  for,  smoe  f =/i, 
2  :  8 :  :  8  :  32. 

16.  In  an  arithmetical  proportion,  "the  turn  of  the 
means  is  equal  to  the  sum  of  the  extremes."  Thus,  since 
11  :  9:  :  17  :  16  is  pn  arithmetical  proportion,  11  —  9= 
17—16  ;  but,  adding  9  to  both  the  equal  quantities,  we 
haye  11-9+9=17-164-9  [3]  ;  and,  adding  15  to 
these,  we  have  ll-9+94-15=17-164-94-16 ;  but 
U_9^.9_|-15  is  equal  to  11  +  15 — since  9  to  be  sub- 
tracted and  9  to  be  added  =0 ;  and  17-154-9-fl5= 
17^9 — ainoe  16  to  be  subtracted  and  15  to  be  added  =0 : 
therefore  11  +  16  (the  sum  of  the  extremes)  =17+9 
(the  sum  of  the  means). — The  same  thing  might  be 
proved  from  any  other  arithmetical  proportion  ;  and, 
therefore,  it  is  true  in  every  case. 

17.  This  equation  (as  it  is  called) ,  or  the  equality  which 
exists  between  the  sum  of  the  means  and  the  sum  of  the 
extremes,  is  the  test  of  an  arithmetical  proportion  : — that 
is,  it  shows  us  whether,  or  not,  four  given  quantities 
constitute  an  arithmetical  proportion.  It  also  enables  us 
to  find  a  fourth  arithmetical  proportional  to  three  given 
numbers — since  any  mean  is  evidently  the  difference 
between  the  sum  of  the  extremes  and  the  other  mean ; 
and  any  extreme,  the  difiercnce  between  the  sum  of  the 
means  and  the  other  extreme — 

For  if  4  :  7:  :8  :  11  be  the  arithmetical  proportion, 
4+11=7+8  [16]  ;  anil,  subtracting  4  from  the  equals, 
we  have  1 1  (one  of  the  extremes)  =7+8—4  (the  sum  of 
the  means,  minus  the  other  extreme)  ;  and,  subtracting  7, 
we  have  4+11—7  ^the  sum  of  the  extremes  minus  one 
of  the  means)  =8  (the  other  mean).  We  might  in  the 
same  way  find  the  remaining  extreme,  or  the  remaining 
mean.     Any  other  arithmetical  proport'  '"  ^ 


«'*a  would  hav« 
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aniwere^j^  a.  weU^hence  what  we  'are  said  la  tm. 
18    ExAMPLi:.-Find  a  fourth  proportional  to  7,  8,  6. 

minus  the  iiven  wtreme  -.6"v~ali  i'  •*""  *^*^*^«  "«*»• 
pleted  will  1^       «*»'««»«.  -6) ,  and  the  proportion  com- 

the  sirJn?  X^^"^^  ^^  ^^  ^'^^  quantities  ia  half 
;«?.!♦    ?u  ^^'^  «^^:e»»««-     For  the  suri  of  the  means  i- 

are  equal—twice  <m«  of  the  means  is  equal  to  the  suni 
of  the  extremes;  conseauently,  half  Sie  sum  of  th^ 
means--or  one  of  them,  will  be  equal  to  half  th^  sum  of 
19T27*  ""  '^"  arithm'etical  mean  o?  Tand 
27  18  ___  (-23)  ;  and  the  proportion  completed  ii 

19  :  23  ::  23  :  27,  for  194.27«23+23. 
is  e^L^^n"?]!^  any  four  qt  entities  the  sum  of  the  means 

m  anthmeUcal  proportion.    Let  the  quantities  be 

8      6      7      5. 

'8-1-5-6  +  7. 

havettfl^flT  T^  "^.  *^1  «^«*I  ^"'^"^ties,  we 
ofThLt  T^"^^"^'  *°^  subtracting  5  from  eadh 
of  these,  we   have   8+5-6-5=6+7i6~6.      h7t 

and  r*!"L  'l^^^^l  *^  ^-6'  «"°«  ^  *o  be  added 
and  6  t»  be  subtracted  are  =0  ;  and  +6+7-6-o== 

7-5,  smce  6  to  be  added  and  6  to  >e  subtracted  =0  • 

i2  * 


-t. '.. 


^*-"^:-« 


l; 


.^4 


therefore 
8—6=7- 
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8 + 6— 6~-5=±6  4-  7—6—5 
-5  ;  but  if  8— 6=7— 5»  8 


is  tlie  same  as 
6  aad  7  :  5,  are 
two  eqi  al  ajrithinetioal  ratios ;  and  if  they  are  two  e^^ual 
arithmedcal  ratios,  they  constitute  an  arithmetical  pro- 
portion. It  ini^t  in  the  same  vay  be  proved  that 
«ny  other  ibur  quantities  are  in  arithmetical  proportion, 
^  the  suid  of  the  means  is  equal  to  the  sum  of  the 
extremes. 
21.   In  a  geometrical  proportion,  "the  produci  of 


lies  by  7,  we  have  (<y<X7)=:y  X7  ;  and  multiplying 
iachoftheseby8,wehave  14X8^16X7(  V'X7X8)  :— 
out  14X8  i»  the  product  of  the  extremes;  and  16X7 
e  the  product  of  the  means.  The  same  reasoning  would 
aold  with  any  other  geometrical  proportion,  and  there- 
fore it  is  true  in  all  cases. 

22.  T^s  equation  (aj  it  is  called),  or  the  equality  of 
the  produet  of  the  means  and  the  product  of  the  extremes, 
IS  the  test  of  a  geo'/netrical  proportion :  that  is,  it  shows 
us  whether  or  not  four  given  quantities  consf  lite  a 
geometrical  proportion^  It  also  enables  us  to  find  a 
fourth  geometrical  proportional  to  three  given  quanti- 
ties— ^which  is  the  object  of  the  rule  of  three;  since  any 
me^n  is,  evidently,  tnt  quotient  of  the  product  of  the 
extremes  divided  by  the  other  mean  ;  and  any  extreme, 
is  the  quotient  of  the  product  of  the  meanis  divided  by 
the  other  extreme. 

For  if  T  :  14  : :  11  :  22  be  the  geometrical  proportion, 
7X22=14X  11 ;  and,  dividing  the  equals  by  7,  ^e  have 

14X11 
22  (one  of  the  extremes)  == — zj —  (the  product  oi'  the 

meano  divided  by  the  other  extrems)  ;  and,  dividing  these 

7X22 
by  lljwe  hare-  -,-*—( the  product  of  the  extremes  di- 
vided by  one  mean)=14  (the  other  moan).  We  might 
in  the  same  way  find  the  remaining  mean  or  the  remain- 
ing extreme.  Anv  other  proportion  would  have  answered 
just  as  well— —and  tHerfefore  what  we  have  said  la  true 
in  every  case. 


■^&., , ' 
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^'^«^^^—rmi  a  fourth  proportional  to  8, 10,  and  14 
Makmg  the  required  quantity  one  of  the  extreme^^^^^^^ 

haveJ:10::14:.;and8:10::14:l^V  product 
jf  the  means  divided  by  the  given  extreme  «17-5  ^ 
And  the  proportion  completed  will  bT  ^^' 

„,.      ,,  8  :4P::  l4:17-5. 

Making  the  required  number  one  of  the  means,  we  shall 

8x14  ■■"■- 


have  8  :  10  ;  :  ?  :  14:  and  8 


10 


10 


(the  product  of 


the  extreme?  divided  by  the  given  mean,  «ll-2^  •  14 
And  the  proportion  completed  will  W  ^  ' 

8  :  i0::ll-2:i4; 


1. 
2. 
8. 
4. 
6. 
6. 
7. 
8. 


To 

*i 
»» 
*f 


3, 

6. 

8. 

6. 

10. 

1020, 

]50« 
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Find  fourth  proportionals 


6, 

8 

6 

12 
150 

68 

10 


and 


ti 
u 
»i 
*> 


12 

8 

8 

4 

68 

360 

1020 

10 


•dntt. 


2i. 

4. 

16. 

8. 
1080. 

10. 

68. 
1^0. 


68,  1020 

•  ±'UW, 

24.  If  with  any  four  quantities  the  product  of  th« 
means  M  equal  to  the  prodTttct  of  the  Oztremes,  the^ 

ssr "  «*•-''-'  p'OF*".  Let"";: 

5    20      6    24, 

5x24=20x6. 

Dividing  the  equals  by  24,  y,<>Uy,^=?^. 

r  24  24    > 

and,  dividing  these  by  2p,  wo  have  1^,-'^,. 
Butl^^<_  5.  iiX6      ^  0        e 

20X24-^-20  \aad  20X24=54  »  lierefore|o=24  ' 
consequently  the  geometrical  relation  between  6  and  20 
ZT  ^  ^  **"**  between  6  and  24;  Jience  there  we 
iwo  equal  geom-t^pi^  ratioi-or  a  geometrical  propor- 
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tSon.  It  might)  in  the,jBame  way,  be  proved  that  any 
other  four  quantities  are  in  geometrical  proportion,  if 
the  product  of  the  means  is  equal  to  the  product  of  the 
extremes. 

25.  When  the  first  term  is  unitj,  to  find  a  fourth 
proportional — 

KuLE. — Find  the  product  of  the  second  and  third. 

Example.— What  is  the  fourth  proportional  to  1,  12,  and 
271 

1  :  12  : :  27  :  12x27=^324 

We  are  to  divide  the  product  of  the  means  by  the  given 
extreme ;  but  we  may  neeleot  the  divisor  when  it  is  unity — 
since  dividing  a  number  by  unity  does  not  alter  it. 


XXKRCIBKS. 

Find  fourth  proportionals 
9.  TJo  1,    17,  and      8      .    jlns.    186. 

10.  „    1,    23    „       20      .        .        400. 

11.  „    1.  100     „        78       .        ;      7300. 

12.  „    1,    63    „      110      .        .      5880. 
18.  „    I,    16     „    1234      .        .    18610. 

26.  When  either  the  second,  or  third  term  is  unity— 

BuLE.-^Divide  that  one  of  them  which  is  not  unity 

by  the  first.  •'' 

ExAMPUc.~Find  a  fourth  proportional  to  8, 1,  and  5. 

.8:  1::5:|. 

We  are  to  divide  the  product  of  the  means  by  the  given 
extreme ;  but  (me  of  the  means  may  be  considered  as  the 
product  of  both,  when  the  other  is  unity.  For,  since  multi- 
plication by  unity  produces  no  effect,  it  may  be  omitted. 


!<» 
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14.  To 

16. 

16. 

17. 

18. 

19. 

ao. 

21. 


Find  fourth  proportionals. 


*> 
» 
»> 
t» 
>i 
>» 
»» 


6. 
6, 
7. 
Si 
6, 
17. 


200»  1000 
200,        1 


20,  and      1  .  Jtru.  4 

1    ..      20  .  4. 

1  .  ./>  $. 

1  .  8. 

60  .  .  8i. 

68  .  .4. 

1  .  •   .  6. 

1000  .  .  6. 


21 

24 

1 

1 


*» 


06 


27.  When  f.1iA  nvAftna  oro  ^nnaf  i..%k  iw  ^^ih^  PI 
we  geometrical  mean  of  the  extremes ;  and  the  product 
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of  the  extremes  is  equal  to  the  mean  multiplied  by  it 

Hence,  to  discover  the  geometrical  mean  of  two  quan- 
tities, we  have  only  to  find  some  number  which,  multi- 
plied by  itself,  will  be  equal  to  their  product^that  is, 
to  find,  what  we  shall  term  hereafter,  the  square  root 
of  their  product.  Thus  6  is  the  geometrical  mean  of  3 
and  12  ;  for  6X6=3X  12.     And  3  :  6 :  :  6  :  12. 

28.  It  will  be  useful  to  make  the  pupil  acquainted  with 
the  following  properties  of  a  geometrical  proportion — 

We  may  consider  the  same  quantity  eidier  as  a  mean, 
or  an  extreme.  Thus,  if  5  :  10 :  :  15  ;  30  be  a  geometrical 
proportion,  so  also  will  10  :  5 :  :  30  :  15 ;  for  we  obtain  the 
same  equal  products  in  both  oases — in  the  former,  6x 
30=10  X  15  ;  and  in  the  latter,  10  X  15=5X30— which 
are  the  same  thing.  This  change  in  the  proportion  is 
called  inversion. 

29.  The  product  of  the  means  will  continue  equal  to 
the  product  of  the  extremes — or,  in  other  words,  the 
proportion  will  remain  unchanged — 

If  we  alternate  the  terras  ;  that  is,  if  we  say,  "  the 
first  is  to  the  third,  as  the  second  is  to  the  fourth'' — 

If  we  "  multiply  J  or  diinde  the  first  and  second,  oi 
the  first  and  tMrd  terms,  by  the  same  quantity" — 

If  we  "  read  the  proportion  baclcwards^^ — 

If  we  say  *'  the  first  term  plus  the  second  is  to  the 
second,  as  the  third  plus  the  fourth  is  to  the  fourth" — 

If  we  say  '^  the  first  term  plus  the  second  is  to  tho 
first,  as  the  third  plus  the  fourth  is  to  the  third" — &o. 


RULE  OF  SIMPLE  PROPORTION. 

30.  This  rule,  as  we  have  said,  enables  us,  when  thre# 
quantities  are  given,  to  find  a  fourth  proportional. 

The  only  difficulty  consists  in  stating  the  question ; 
when  this  is  done,  the  required  term  is  easily  found. 

In  the  rule  of  simple  proportion,  two  ratios  are  given, 
the  one  perfect,  and  the  other  imperfect. 

31.  KuLC— I.  Put  that  given  quantity  which  belongs 
to  the  imperfect  ratio  in  the  third  place. 

IX^  If  it  EDnearE  from  the  nature  of  the  "uestion 'that 
the  required  quantity  must  bd  greater  than  the  oth^r. 
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in 


or  riven  term  of  the  «  .iie  ratio,  put  the  larirer  term 

1  fi   r^*^  '^^S  ^°  '^'  «econd;and  the  seller™ 
the  first  place.     But  if  it  appeal  that  the  required 

?an^.rSL^  ^'f^r'  *^^  ^^«er  term  of  L  S 
ratio  ,D  the  first,  and  the  smaUer  in  the  second  place."^ 

.nd  ^J^^f  ^  ^^%  "^T^  ?°^  *^^d  *«™«  together, 
and  Avide  tfie  product  by  the  first.-The  answer  wU 
|>e  of  the  same  kind  as  the  thkd  term.  ^ 

32.  ExAMPLB  1.— If  5  men  build  10  yards  of  a  wall  in  on« 
ft  ^n  r^?  yf«\l^ould  21  men  biwInSie  JIme  W 

5  men. 
10  yards. 
21  men. 

J  vards 

5  :  21  : :  10  :  ? 

•^^>  completing  the  proportion,      ' 

5  ;  21  •  •  10  •  21  X  10     .„  ^-  .     , 

^  . .  xu  .   __ — -,42,  the  required  number. 

3  men. 
2  days. 
6  men. 
?  days. 

_         ^ — ^  „^^  5«wMi,  tfub  Miig  siKm^  time  is  ^^'^ 
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required  quantity— hence,  in  this  case,  the  greater  term  of 
the  perfect  ratio  itt  to  be  put  in  the  first,  and  the  smaller  in 
the  second  place— 

6  :  3  ::2:1 
And,  completing  the  proportion, 

3v2 
5  :  3  : :  2  :  -r^a=lj,  the  required  term. 

34.  ExAMPu:  3.— If  25  tons  of  coal  cost  £21,  what  will 
be  the  pnoe  of  1  ton  1  '       ' 


i...U. 


1x21  21 

25:1  ::  21  : -^  j^nnda £^^163.  9^. 

It  is  necessary  in  this  case  to  reduce  the  pounds  to  lower 
denominations,  in  order  to  divide  them  by  25 ;  this  causes 
the  answer,  alsoy  to  be  of  different  denominations. 

86.  Rkason  or  I, — It  is  convenient  to  make  the  required 
quantity  the  fourth  term  of  the  proportion— that  is,  one  of  the 
extremes.  It  could,  however,  be  found  equally  well,  if  consi- 
dered as  a  mean  [23]. 

Rkabon  of  Il.—It  is  also  convenient  to  make  quantitiies  of 
the  same  kind  the  terms  of  the  same  ratio ;  because,  for  in- 
stance, we  can  compare  men  with  men,  and  days  with  days— 
but  we  cannot  compare  men  with  rfay*.  Still  there  is  nothing 
inaccurate  in  comparing'the  number  of  one,  with  the  mtmber  of 
the  other ;  nor  in  comparing  the  number  of  men  with  the  quan- 
My  of  work  they  perform,  or  with  the  number  of  loavef  they 
eat ;  for  these  things  are  proportioned  to  each  other^  Hence  we 
shall  obtain  the  same  result  whether  we  sta;te:eacample2,  thus 

6    :.  8    :r.  .2    ':    ?■•  ^- .    '   :  ^'^'  ' 
or  thus  6    :    2    ::    8    :    ? 

When  diminishing  the  kind  of  quantity  which  is  in  the  per- 
fect ratio  increases  Ma/  kind  which  is  in  the  imperfect^or  the 
reverse— the  question  is  sometimes  sai<l  to  beloM  to  the  inver»e 
rule  of  three ;  anddififerent  methods  r.re  given  for  the  solutiok 
of  the  two  species  of  questions.  But  Hattbn,  in  his  Arith- 
metic, (third  edition,  London,  1768,)  suggests  the  above  gene- 
ral mode,  of  solution.  It  is  not  vaccurra|e  to  say  •'  the  inverse 
rule  of  three"  or  ♦•  inverse  rule  of  proportion ;"  since,  although 
there  is  an  inverse  ratioy  there  ii^  no  inverse  j)ro/»or/to*t.'  *" '*• 

Reason  OF  III,— We  multiply  the  second  and  th*rd  terms, 
?Jo  ^*^®  their  product  by  the  first,  for  reasons  al^-c  idv  kiven 

we  answer  is  of  the  same  kind  as  the  third  term,  dnce 
neiuier  thA  mul&tnlSn^i/ui..  nA»  «Ka  .4:.:a:*.»  »«  ^i.:. -a^ v 

onanged  its  nature  ;^a(^.  the  payineat  of  5  4ays  divided  by  6 
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^. 


20#.  20f 

^^•■"6~"  "*•  payment  of  one  day;  fcud -g^,  the  payment 

of  one  day  multipUed  by  9  gires  ^-  X  9  a.  the  payment  of  0 
daya. 

if  the  fourth  term  were  not  of  the  same  kind  m  the  third. 
It  would  not  complete  the  imperfect  ratio,  and  therefore  it 
would  not  bo  the  required /oMr/A^ro^or/tona/. 

36.  It  will  often  be  convenient  to  divide  the  first  and 
second,  or  first  and  third  terms,  by  their  greatest  com- 
mon measure,  when  these  terms  are  composite  to  each 
other  [29]. 

ExAMPLB.— If  36  cwt.  co8t  £24,  what  will  27  owt.  cost  ? 
_  „.  36  :  27  : ;  24  :  ? 

Dividing  the  first  and  second  by  9  we  have 

'         ,   ,  4:3::  24:? 

And,  dividing  the  firet  and  third  by  4, 

\       l:3::6:3x6«£18. 

KXCRCISEt   FOR   THK   VVPIh. 

Find  a  fourth  proportional  to 

1.  6  pieces  of  cloth  :  50  pieces  : :  £27.     Ans,  £270 

2.  1  cwt.  :  215  cwt.  ::  50*.     Ans.  10750*. 

3.  10  !b:  150  ft)::  6*.    Ans.  75s. 

4.  6  yards  :  1  yard  : :  27*.     Ans.  4*.  Qd. 
6.  9  yards  :  36  yards  : :  18*.    Ans.  72s. 

6.  5  lb  :  1  &> : :  15*.   Ans.  3*. 

7.  4  yards  :  18  yards  : :  1*.    Ans.  4*.  6d, 


■%. 


8.  What  will  17  tons  of  tallow  come  to  at  je25  ner 
ton?    Ans.  £425.  ^ 

9  £f  one  piece  of  cloth  <jostiB27,  how  much  will  50 
pieoeocostP    Ans.  £1350. 

10.  If  a  certain  Quantity  of  provisions  would  last  40 
men  for  10  months,  how  long  would  they  suffice  for  32  ? 
Ans.  12|^  months. 

;^l.  What  will  215  cwt.  of  madder  cost  at  60*.  ner 
«wt.?    Ans.  10760*.  ^ 

_^12. 1  desire  toliave  30  yards  of  cloth  2  yards  wide, 
wfth  bttue  3  yards  in  breadth  to  line  it,  how  maoh  irf 
jhe  iatser  shall  I  require  ?    Ans.  20  yards.       *  i^^^a****'-^ 
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13.  At  10*.  per  barrel,  what  will  be  the  price  of  130 
barrels  of  barley  ?     Am.  £,Qb. 

14.  At  5*.  per  ft),  what  will  be  the  price  of  160  lb  of 
tea }    Ans.  760*. 

15.  A  merchant  agreed  with  a  carrier  to  bring  12 
cwt.  of  goods  70  miles  for  13  crowns,  but  his  waggon 
being  heavily  laden,  ho  was  obliged  to  unload  2  cwt. ; 
how  far  should  he  carry  the  remainder  for  the  same 
money  ?     Ans.  84  miles. 

16.  What  will  160  cwt.  of  butter  cost  at  jB3  per  cwt. } 
Ans.£4bQ.  ^ 

17.  If  I  lend  a  person  JB400  for  7  months,  how  much 
ought  he  to  lend  me  for  12  .?     Am.  je233  6*.  8rf. 

18.  How  much  will  a  person  walk  in  70  days  at  the 
rate  of  30  miles  per  day  ?     Am.  2100. 

19.  If  I  spend  £A  in  oiae  week,  how  much  will  I 
spend  in  62  ?     Am.  jB208. 

^><20.  There  are  provisions  in  a  town  sufficient  to  sup- 
port 4000  soldiers  for  3  months,  how  many  must  be 
sent  away  to  make  them  last  8  months  }    Am.  2500. 

21.  What  is  the  rent  of  167  acres  at  £,2  per  acre  ? 
Am.  je334. 
y     22.  If  a  person  travelling   l3  hours  per  day  would 
'  finish  a  journey  in  8  days,  in  what  time  will  he  accomplish 
it  at  the  rate  of  15  hours  per  day  }    Am.  6||  days. 

23.  What  is  the  cost  of  256  gallons  of  brandy  at  12*. 
per  gallon  ?    Am.  3072*. 

24.  What  will  156  yards  of  cloth  come  to,  at  £2  per 
yard?     Am.£,'^\2. 

25.  If  one  pound  of  sugar  cost  8rf.,  what  will  112 
pounds  come  to  ?     Am.  896rf. 

2b.  If  136  masops  can  build  a  fort  in  28  days,  how 
many  men  would  be  required  to  finish  it  in  8  days  ? 
^«».  476. 

27.  If  one  yard  of  calico  cost  6i.,  what  will  66  yards 
come  to .?     Am.  336d. 

28.  What  will  be  the  price  of  266  yards  of  tape  at 
2A.  per  yard  .?     Am.  5l2d. 

29.  If  iglOO  produces  me  £6  interest  in  366  days. 

£l2lQl3s.4d.  •'  .   y 


"  I  a 
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30.  What  shall  I  receive  for  157  pair  of  gloyes,  aft 
lOrf.  per  pair  ?     Ans.  1570</. 

31.  What  would  29  pair  of  slioes  oome  to,  at  9*.  per 
pair?     Ans.26ls. 

32.  If  a  farmer  lend  his  neighbour  a  cart  horse  which 
draws  15  cwt.  for  30  days,  how  long  should  he  have  a 
horse  in  return  whiph  firaws  20  cwt.  ?     Ans.  22^  days. 

33.  What  sum  put  to  interest  at  £6  per  cent,  would 
give  £6  in  one  month  ?     Atu.  dei200. 

34.  Jf  JlendjB400for  12  months,  how  long  ought  JB 150 
be  lent  tb  me,  to  return  the  kindness  ?   Am.  32  months. 

36.  Provisions  in  a  garrison  are  found  sufficient  to 
last  10,000  soldiers  for  6  months,  but  it  is  resolved  to 
add  as  many  men  as  would  cause  them  to  be  consumed 
in  2  months ;  what  number  of  men  must  be  sent  in  ? 
Ans.  20,000.  • 

'  36.  If  8  horses  subsist  on  a  certain  quantity  of  hay 
for  2  months,  how  long  will  it  last  12  horses  ?  Ans. 
1|  months. 

37.  A  shopkeeper  is  so  dishonest  as  to  use  a  weight 
of  14  fiw  one  of  1&  or. ;  how  many  pounds  of  just  will 
be  equal  to  120  of  unjust  weight  ?     Ans.  105  Jb. 

LI  ?8'  A  meadow  was  to  be  mowed  by  40  men  in  10 
days ;  m  how  many  would  it  be  finished  by  30  men  ? 
Am.  13i  days.  ,  >rj  r     . 

37.  When  the  first  and  second  terms  of  the  proportion 
ajre  not  of  the  same  denomination  ;  or  6ne,  or  both  of 
Ihem  contain  different  denominations^— ' 

.  .?%^/""9?^'**'®  ^^^^  ^  *^e  lowest  denomination  con- 
taihe*  in  either,  and  then  divide  ^  the  broduct  of  the 
second  and  third  by  the  first  i^nli.  - 

ExAMi^LEi.^if  three  okciBS  of  tea  cost  15d.  what  will  87 
pounaseodt?         mi  .        - 

The  lowest  denomination  contained  in  either  is  ounces. 

1392  ounces. 
Ihere  is  eridetatly  the  same  ratio  between  8  at,  and  R7  Ih 
as  ce&weeii  s  oi.  and  1892  oi.  (the  equal  of  87  3ai». 
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ean'^b: ITghUbf  £l?'''  ''  '"^  *^^"«  ^-*  ^-  ^H-  what 
The  lowest  denominalioii  in  either  is  farthinge. 


'•'■      i-.-.z-.^Ajii-if 


4   9| 
12 


20 


"251 


57  penoe.         40  ehiUingi. 

r#.  12 


T 


231  farthings.  480  pence. 

,       ,  1920  farthings.         ^ 

There  is  eridontly  the  same  ratio  between  4«  P9d  ai.<i  eo 

wiuYX2 ^i'^ot^T-  "»" • "  "•• ""-'  ^"''  "- "•"" 
The  lowekt  denoniination  in  either  is  pounds. 

X 

•5     840xla 

1?  :  -549-«je29  1«.  6dL 


cwt.  qri  lb   ewt.  qr. 
4     3   17  :  7      2 


19qrs. 
28 


30qrs. 
28 


649  lbs.         840  lbs. 

BXKRCISKS. 

Pind  fourth  proportionals  to 

39.  1  owt.  :  17  tons  : :  ^65.     Ans.  JK1700. 

40.  6*.  :  ^0  : :  1  yard.     Ans.  80  yards. 

41.  80  yards  :  1  qr.  : :  400*.     Am.  U.  3d. 

42.  3,.  4d.:  £1  10,.  : :  l  yard.     Ans.  9  yards. 

43.  3^owt.  2  qrs.  :  8  cwt.  1  qr.  :  ;£2.     Ans.  £4. 
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46.  What  is  the  price  of  31  tuns  of  wine,  hi  iS18  per 
hhd.     Ans.  je2232. 

47.  If  1  ounce  of  spice  costs  4«.,  what  wiH  be  the 
price  of  16  ft)  ?    Am.  £51  4s. 

48.  What  is  the  price  of  17  tons  of  butter,  at  £5  per 
fwt.  ?    Afu.  iS1700. 

49.  If  an  ounce  of  silk  costs  4i.,  what  will  bo  the 
price  of  15  ft>  ?    Ans.  £4. 

50.  What  will  224  ft>  6  of.  of  spice  come  to,  at  3«. 
per  OS.  ?    Ans.  iS538  lOs. 

51.  How  much  will  12  ft>  10  os.  of  silver  come  to,  at 
bs.  per  oz.  ?    Ans.  £38  lOs, 

52.  What  will  156  owt.  2  qrs.  come  to,  at  7d.  per 
&»?     Ans.  £5U  4s.  Sd. 

53.  What  will  56  cwt.  2  qrs.  cost  at  10s.  6d,  per 
qr.  ?     Ans.  £118  I3s. 

54.  If  1  yard  of  doth  costs  £1  5«.,  what  will  110 
yards,  2  qrs.,  i^nd  3  nails,  come  to  ?     Ans.  £1^7s.  2\d. 

55.  If  1  cwt.  of  butter  costs  £6  6«.,  how  much  will 
17  cwt.,  2  qrs.,  7  ft»,  cost  ?     Ans.  igllO  12*.  lOJrf. 

^    56.  At  155.  per  cwt.,  what  can  I  have  for  £61d  15s.  ? 
Ans.  821  cwt. 

57.  How  much  beef  can  be  bought  for  £760  12s. j  at 
32*.  per  cwt.     Ans.  475  cwt.,  1  qr.,  14  ft*. 
v^S.  If  12  ft>,  6  oz.,  4  dwt.,  cost  J6150,  what  will  3  lb, 
lor.,  11  dwt.,  cost?    Ans.  £31  10s, 
/  59.  If  10  yards  cost  17*.,  what  will  3  yards,  2  qrs. 
eost?    Atu,  55.  ll\d, 

60.  If  12  cwt.  22  ft  cost  jei9,  what  will  2  cwt.  3 
qn.  cost  ?     Ans,  £4  5s,  8{d, 

61.  If  15  OS.,  12  dwt.,  16  grs.,  cost  195.,  what  will 
13  01.  14  grs.  cost  ?    Ans,  15s,  lOd, 

38.  If  the  third  term  consists  of  more  than  one  dono- 
minatioh — 

Rule. — ^Beduoe  it  to  the  lowest  denomination  which 
it  contains,  then  multiply  it  by  the  second,  and  divide 
the  product  by  the  first  term. — ^he  answer  will  be  of 
that  denomination  to  which  the  t^rd  has  been  reduced, 
and  may  sometimes  be  chang^  to  a  higher  [Sec. 
III.  5J. 
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^^AMPu:  1.— If  3  jrards  ooat  9#.  2^^.,  what  wiU  327  ywds 
The  lowest  denomination  in  the  third  term  is  farthings 
3  .  327  .  :^9   2^  : g farthings-60    1    6|. 

110  pence. 
4 

441  farthings. 

jdj.  or.    yds.  qr.n.       A       442^4* 
I    ^  :  27    I1  2  ::  ut  :  i^f„a,ing.-9,.  6<f. 


45  farthings. 


11  qr.     110  qr. 
4  4 

44  nails.  442  nails. 

Bedttoing  the  third  term  generally  enables  qs  to  nerform  t1i<i 
required  multiplication  and'^dlvision  with  more  fwi^Uy^^ 
sometimes,  howoTer,  unnecessary. 

ExAMPLi—If  3  lb  cost  £3  II5.  4fd.,  what  wiU  96  lb  cost  ? 
8.96:: 3  11  4J: ^ ..3  n    4gx32=U4  4  8 


i  i 


EXERCISES. 

Find  fourth  proportionals  to 

62.  2  tons  :  14  tons  : :  je28  10*.     Ant,  199  10#. 

63.  1  cwt.  :  120  cwt.  : :  18*.  6rf.     Am.  £\\\. 

64.  6  barrels  :  100  barrels  : :  6*.  7d.  Afu, MlU.Bd 
66.  112fc:  l!b::jB3  10*.     Ans.^ld. 

66.  4  ib:  112  lb::  6^4.     Ans,l2s.3d. 

67.  7  cwt.,  3  qrs.,  11  ft  :  172  cwt.,  2  qrs.,  18  ft : ;  JB3 
«'.  4fi.    Ans.mrbi.U. 
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«6.  172  owt.,  2  qw..  18  lb :  7  cwt.,  3  qw.,  1  lib : :  £B1 
Si.  3d,     Ans.  £3  19*.  4^d. 

69.  17  cwt.,  2  qrs.,  14  lb  :  2  cwt.,  3  qra., 21  ft  : :  ^673 
Ans.  £12  3s.  4d.       ^.  ,.  ^   ,' 

70.  iB87  6*.  3d. :  £3  19*.  4\d.  : :  172  cwt.,  2  qre.,  18 
lb.     Ans.  7  cwt.,  3  qrs.,  11  lb. 

71.  £3  19s.  4K  :  je87  6*.  3d.::  7  cwt.,  3  qrs.,  11  lb. 
Ans.  172  cwt.,  2  qrs.,  18  ft». 

n»ff  *■»#»'> 


t 


72.  At  18*.  6d.  per  cwt.,  what  will  120  cwt.  cost  ? 
Ans.  £111. 

73.  At  3{d.  per  pound,  what  will  112  lb  come  to? 
Ans.  £\  10s.  4d. 

74.  What  will  120  acres  of  land  come  to,  at  14*.  6d. 
per  acre  ?     Ans.  £S7. 

75.  How  much  would  324  pieces  come  to,  at  2*.  Qid 
per  piece  ?     Ans.  ^£43  175.  6d. 

76.  What  b  the  price  of  132  yards  of  cloth,  at  16*. 
4d.  ver  yard  ?     Ans.  £107  16*. 

77.  If  1  ounce  of  spice  costs  3*.  4rf.,  what  will  18  lb 
10  oa  cost?     Ans.  i249  13*.  4d. 

78.  If  1  lb  costs  6*.  8d.,  what  will  2  cwt.  3  qrs.  come 
to?      1«*.  iei02  13s  4d.  . 

79.  If  .£1  2*.  be  the  rent  of  1  rood,  what  will  be  the 
rent  (  f  156  acres  3  roods  ?     4ft*,  £689  lis. 

80.  At  10*.  6d.  per  qr.,  what  will  56  cwt.  2  qrs.  be 
worth?     Ans.  JBIIS  13*. 

81.  At  15*.  6d.  per  yard,  what  will  76  yards  3  qrs. 
come  w  ?     Ans.  £59  9*.  7|rf. 

82    What  wUl  76  cwt.  8  ft  come  to,  at  2*.  6d.  per 
ft?     Ans.  .£1065,  i  i 

""^    At  14*.  4d.  per  cwt.,  wiat  will  be  the  cost  of  12 
cwt.  i  qrs.?     Ans,  £8  19s.  2d. 

84.  B[ow  much  will  17  cwt.  2  qrs.  come  to,  at  19*. 
lOrf.  -oer  cwt.     Ans.  jei7  7*.  Id. 

85  If  1  cwt.  of  bufcier  costs  £6  6*.,  what  wjll  17  cwt , 
2  qrs. ,  7  ft,  come  to  ?     A\^  dE102  12*.  IQ^rf. 

86  If  1  qh  14  ft  e  :  i    ^2  Wi.9d.,  what  will  be  the 
oostof  60  cwt.,  3  qrs.,  M  k  r     Ans.  JB378  16*.  8*rf. 
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that  the  freiri.  25i     tnH""!''"'^  "  ^-  P"  P"-"! 


!b 
300 


n> 
1 


£  i. 
15  4 
2  10 
1  5 
0    1 


:  19 
20 

381 
12 


d. 
9  cost. 
0  duty. 
0  freight. 
6  porterage. 


1    3  entire  oott. 


300)4575 


15|rf.    Answer. 

which 'o^:  5,%'  ^Tlf  """•S'r*  ^SO  galloM 
pipe;  for  du^,  S.^^e^tt-^'fo,^  «>' freight*4,.  p„ 

pipe.     What  3id  theS-holfcoTf'  I^d^HT^'"-  P"' 
me  in  per  eaUon  }     Z.  r.      . ' »,     ™*'  ^°^  •'  stand 
105%„ChT  thr^e  so^*"!!,'  f  ^^Is "  6,.  per  gallon 

and  the  third  at  7.     WW  •    .i,       ' '  •""♦•'er  at  6». ; 
one  gaUon  ^th'tn^AerT^I^  t  *°"  "'  *''  ''""'^ 

qnin^^tAtayrd'^o^e  t  tT'  '"f  "  «^;'» 
and  anSther  at  41™Der  nLf   ^t?" '. »"»*? ■•  «»  **•; 

I  wish  to  know  what 'Z.^i^w     ^'!?'«  "^«''  »•»«" 
4w.  4<i.  **  "^*'"«  «<»*  me  per  quart  ? 

n.e  per  barrel?  E'fo  M       "">  ""'""«  J"™  «»»» 
loi^llf  ^"^  """y  "»"'»  »f  P»P«r  «t  9*    Sd     ^A 


-^ 
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£10  15s.  pet  hhd.     Ho  had  of  each  an  equal  quantity, 
the  amount  of  which  is  required. 

£  i 

8  10 

9  5 
10  15 


28 


£ 

28 


s, 
10 


10,,  the  price  of  three  hogsheads  of  each. 


171 


£171x3 
£28  10 


=18  hhds. 


110.  Bought  three  kinds  of  salt,  and  of  each  an  equal 
quan'% ;  one  was  14*.,  another  16*.,  and  the  third  19*. 
the  barrel ;  and  the  whole  price  was  ^£490.  How  many 
barrels  had  I  of  each  ?     Ans.  200. 

ni.  A  merchant  bought  certain  goods  for  iei450, 
with  an  agreement  to  dediict  £1  per  cent  for  prompt 
payment.     What  has  he  to  pay  ?     Ans.  ^£1435  10*. 

112.  A  captam  of  a  ship  is  provided  with  24000  Bb 
of  bread  for  200  men,  of  which  each  man  gets  4  !b  per 
week.     How  long  will  it  last }    Am.  30  weeks. 

113.  How  long  would  3150  fc  of  beef  last  25  men,  if 
they  get  12  oz.  each  three  times  per  week  ?.  An?.  56 
weeks.  , 

114.  A  fortress  coutwniug  700  men  who  6(Masame 
each  10  ib  per  week,  is  provided  with  184000  fb  of 
provisions.  How  long  will  they  last  ?  Ans,  26  weeks 
ana  2  d^s. 

115.  In  the  copy  of  a  work  containiug  327  pages,  a 
remarkable  passage  commences  at  the  end  of  the  156th 
page.  At  what  page  may  it  be  expected  to  begin  in  a 
copy  containing  400  pages  ?■    Ans.  In  the  191st  page. 

116.  Suppose  100  owt.,  2  qrs.,  14  lb  of  beef  for 
ship's  u^e  were  to  be  eut  up  in  pieces  of  4  fe,  ^  fc,  2  ft>, 
1  tt),  and  I  lb — there  being  an  equal  number  of  each. 
How  many  pieces  would  there  be  m  all?  Ans.  1073 : 
and3f  Ibleft.     .  ,    ' 

117.  Suppose  that  a  grcyhouijd  makes  27  springs 
while  a  hare  makes  25,  and  that  then-  springs  are  pf 
equal  length.  la  how  many  springs  wiU  the  bm^  be 
OTertaJcen,  if.  she  is  50  springs  before  the  hound  ?; 


X 
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rate  o>  fo'perM!tr:«r''.f  ?'  "^-^  "  «»"  «'  'h^ 
4«..  JESS  lol  '^     ''  "''*'  ■*  '^^  »«"i»g  Prioe  ? 

Ans.  je40.  ^       ^  ^''  ""^  "■«  P"«e  "^  1  ton  f 

120.  Bought  45  barrels  of  beef  at  21,  no,  i,.     < 
among  them  are  16  barrels  4  <rf  „),•  i,        ft  i ''"™'  • 
only  3  of  the  rest      S'     '*','''"«''  "ould  be  worth 
^  ^^  01  tne  rest.    How  mueh  must  I  pay?    An,. 

days.    In  how  many  days  would  21  women  do  it™  "  « 

eateh^^X^tl:%Ttrey^,r^'^(*^ 

4  men's  work  ''^  !i.     ^  ,^"i  J^^^^^  equal), 

4 (one  man's  work)«=*~^?^^®^lZ2??£?    ^ 

place  of  sayTng-1^^^^^  ^^"^«"'«  ^o^k;  then,  fn 
21  women  :  27  men  : :  13  days  •  i 

-....„„,,,,  ^„^.y  «r  a  circle  whoso  diameter  is  47-'*  '    "^ 


Rlmnm^n- 

.4«*.  148";8618  feet 


124,  If  a  pound  (Troy  weight)  of  sUver  is  worth 


feet? 
66«. 
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what  is  the  value  of  a  pound  avoirdupoise  ?    Atu.  jS4 
Os.  2\d. 

125.  A  merchant  failing,  owes  i&40881871  to  his 
creditors ;  and  has  property  to  the  amount  of  iS12577517 
105.  \\d.  How  much  per  cent,  can  he  pay  ?  Am.  £,Z0 
155.  3f«?. 

126.  K  the  digging  of  an  English  mile  of  canal  costs 
£1347  75.  6a.,  what  will  he  the  cost  of  an  Irish  mile  ? 
Ans,  jei714  165.  9frf. 

127.  If  the  rent  of  46  acres,  3  roods,  and  14  perches, 
is  iSlOO,  what  will  he  the  rent  of  35  acres,  2  roods,  and 
10  perches?     Arts.  £,lb  185.  G^d. 

128.  When  A  has  travelled  68  days  at  the  rate  of 
12  miles  a  day,  B,  who  had  travelled  48  days,  overtook 
him.  How  many  miles  a  day  did  B  travel,  allowing 
both  to  have  started  fi*om  the  same  place  }    Ans.  17. 

129.  If  the! value  of  a  pound  avoirdupoise  weight  be 
£4  Os.  2^d.j  how  many  shillings  may  be  had  for  one 
pound  Troy  ?     Ans.  665. 

130.  A  landlord  abates  |  in  a  shilling  to  his  tenant ; 
and  the  whole  abatement  amounts  to  i&76  35.  4\d, 
What  is  the  rent  ?     Ans.  ^^228  IO5.  Id. 

131.  If  the  third  and  tenth  of  a  garden  comes  to  £4 
IO5.,  what  is  the  worth  of  the  whole  garden?  Ans. 
JEIO  75.  Sid. 

132.  A  can  prepare  a  piece  of  work  in  4^  days  ;  B 
in  6^  days ;  and  C  in  8^  days.  In  what  time  would  all 
three  do  it  ?     Ans,  2jl^if. 

4i  days  :  1  day  : :  1  whole  of  the  work  :  f  part  of  the  whole— 

or  what  A  would  do  in  a  daj. 

6|  days  :  1  day  t :  1  whole  of  the  work  :  y^?  part  of  the  whole— 

or  what  B  would  do  in  a  day. 

8i  days  :  1  day  : :  1  whole  of  the  work  :  ^  part  of  the  whole— 

or  what  0  would  do  in  a  day. 

§  [  ^i^j  I  y3^=al^^=what  all  would  do  in  a  day. 

Then  the  1|^|  part  of  the  work  :  1  whole  of  the  woidc  : :  1 

day  (the  time  all  would  require  to  execute  ^3  of  the  work)  : 

^Til^  days,  the  time  all  would  take  to  do  the  whole  of  it. 

133.  A  can  trench  a  garden  in  8|  days ;  B  in  5^ 
days ;  but  when  A,  B,  and  C  work  together,  it  will  be 
finished  in  1|  days.  In  how  many  days  would  0  bo 
able  to  do  it  by  himself?    Ans.  2|||  days. 
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.,...,     A.  B,  and  C'a  work  in  one  day=l  of  the  whoTeasl«l» 
SttWmt-  (  A'8  work  in  1  d»y= J,  »     "^     ^  "  "*'  ^aoie=|y^, 

ing       }  B'8  work  in  1  day=^J  j  =jyT  «'  ^^  whole«^^ 
C*8  work  in  one  day  remains  equal  to      .    .    .     TTT 

ji  '^***?  tW»  1^'"  ^**'*''  *"  ^»«  <*»y>  •  1  ^>»ol«  o'  the  work  :7l 
day  s  2  JIf,  the  time  required.  wornn 

134.  A  ton  of  coals  yield  about  9000  cubic  feet  of 
ps;  a  street  lamp  consumes  about  5,  and  an  areand 
burner  (one  in  which  the  air  passes  through  the  centre 
of  the  flame    4  cubic  feet  in  an  hour.     How  many  tons 

J^^^lZT^^  ^®  required  to  keep  17493  street  lamps, 

TnV^^\  *^^*"*^  ^"'"^"  ^  «^<>P«>  &«•»  lighted  for 
1000  hours  ?     Am.  95373f . 

RA^n£;  ^^®  f^  consumed  in  London  requires  about 
50,000  tons  of  coal  per  annum.  For  how  long  a  time 
would  the  gas  this  quantity  may  be  supposed  to  pro- 
duce (at  the  rate  of  9000  cubic  feet  per  ton),  keep  one 
axgand  hght  (consuming  4  cubic  feet  per  hour)  con- 
stantly burning  ?     Ans.    12842  years  and  170  days. 

136  It  requires  about  14,000  millions  of  sUk  worms 
to  produce  the  silk  consumed  in  the  United  Kingdom 
annually.  Supposmg  that  every  pound  requires  3600 
worms,  and  that  one-fifth  is  wasted  in  throwing,  how 
many  pounds  of  manufactured  silk  may  these  worms 
be  supposed  to  produce  .?    Ans.  1488  tons,  1  cwt.,  3  qrs., 

137r  If  one  fibre  of  silk  will  sustain  50  grains,  how 
many  would  be  required  to  support  97  lb  >  Am   13580 

138.  One  fibre  of  silk  a  mUe  long  weighs  but  12 
grams ;  how  many  miles  would  4  millions  of  pounds, 
annually  consumed  in  England,  reach .? 

io«     A  ,    :.       ,        -  ^'^-  2333333333^  miles. 

^<yl  r*  **^®°  ^^^^  ^^  ^*  ^^^^^^  ^  diameter  weighs 
17  lb  ;  but  the  size  of  a  shot  4  inches  in  diameter,  is  to 
that  of  one  4|  inches  in  diameter,  as  64000  :  91125  : 
what  IS  the  weight  of  a  leaden  baU  4  inches  in  diameter  ? 
Am.  11-9396. 

140.  The  sloth  does  not  advance  more  than  100 
prdsm  a  day.  How  lona  would  it  take  to  crawl  fmrn 
JJublin  to  Cork,  allowing  the  distance  to  be  160  English 
miles?    Am.  2816  daysj  or  8  years,  nearly. 


\ 


,y 


2(J3i 


COMPOUND  PROPORTlOSr. 


141.  English  race  horses  have  been  kno^  to  go  at 
the  rate  of  58  miles  an  hour.  In  what  time,  at  this 
Telocity,  might  the  distance  from  Dublin  to  Cork  be 
travelled  over  ?     Ans.  2  hours,  45'  31"  2" 

142.  An  acre  of  coals  2  feet  thick  yields  3000  tons ; 
*nd  one  5  feet  thick  8000.  How  many  acres  of  5  feet 
thick  would  give  the  same  quantity  as  48  df  2  feet 
thick.?     Ans.  18. 

143.  The  hair-spring  of  a  watch  weighs  about  the 
tenth  of  a  grain  ;  and  is  sold,  it  is  said,  for  about  ten 
shillings.  How  much  would  be  the  price  of  a  pound  of 
crude  iron,  costing  one  halfpenny,  made  into  steel,  and 
then  into  hair-spring&— supposing  that,  after  deducting 
waste,  there  are  obtained  from  the  fron  about  7000 
grains  of  steel  >    Ans.  iE35000. 


COMPOUND   PROPORTION. 

42.  Compound  proportion  enables  us,  although  two 
or  more  proportions  are  contained  in  the  question,  to 
obtain  the  required  answer  by  a  single  stating.  In 
compound  proportion  there  are  ihree  or  more  ratios,  one 
of  them  imperfect,  and  the  rest  perfect. 

43.  Rule — ^I.  Place  the  quantity  belonging  to  the 
imperfect  ratio  as  the  thii-d  term  of  the  proportion^ 

II.  Put  down  the  terms  of  each  of  the  other  ratios 
in  the  first  and  second  places— in  such  a  way  that  the 
antecedents  may  form  one  column,  and  the  consequents 
another;  In  setting  down  each  ratio,  consider  what 
effect  it  has  upon  the  answer — ^if  to  increase  it,  set  down 
the  larger  term  as  consequent,  and  the  smaller  as  ante- 
cedent ;  if  to  diminish  it,  set  down  the  smaller  term  as 
consequent,  and  the  larger  as  antecedent, 

m.  Multiply  the  quantity  in  the  third  term  by  the 
prq4uct  of  all  the  quantities  in  the  second,  and  divide 
fhe  result  by  tl^e  product  of  all  those  in  the  first. 

44.  Example  J.— If  5  n^en  build  16  yards  of  a  wall  in  20 
The  (^[uestion  briefly  put  down  [32],  \fiU  be  ^  follows ! 

I  •  tT''"  ..  i  -.1. 
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16  ^rds  }  conditions  which  give  20  days. 
20  days      imperfect  ratio. 

?  days,  the  number  sought. 

17  men    ) 

37  yards  j  *'°°"'*'""*  *^''''»  g'^e  the  required  number  of  days. 

The  imperfect  ratio  consists  of  days— therefore  we  are  to 
put  JU,  the  given  number  of  days,  in  the  third  place.     Two 
ratios  remain  to  be  set  down— that  of  numbers  of  men,  and 
that  of  numbers  o£var(b.     Taking  the  former  first,  we  ask 
ourselves  how  it  affects  the  answer,  and  find  that  the  more 
men  there  are,  the  smaller  the  reauired  number  will  be— since 
tlie  greater  the  number  of  men,  the  sUoifiet  the  time  required 
to  do  the  work.     We,  therefore,  set  down  17  as  antecedent, 
and  5  as  consequent.     Next,  considering  the  ratio  consisting 
ot  yards,  we  find  that  the  larger  the  number  of  yards,  the 
longer  the  time,  before  they  are  built— therefore  increasing 
their  number  increases  the  quantity  re.  uired.     Hence  we 
put  67  as  consequent,  and  16  as  antecedent;  and  the  whole 
will  be  as  follows : — 

17  :  5  : :  20  :  ? 
16  :  37 


And  17  :  5  : :  20 
16  :  37 


20x5x37    ,^^   . 
17x16   — ^•^■"  ^^S^i  nearly. 


45    The  result  obtained  by  the  rule  is  the  same  as  would  be 
b7?he  qUt;^'  m  succession,  the  two  proportions  supposed 

da^'s  toSthe;b'uiM'37%ltdsT^^^^  ''  '''''  ^^  ^^  ^^^ 

16  :  37  : :  20  i^^^^- number  of  days  which  6  men  would 
require,  to  build  37  yards. 

If  6  men  would  build  37  yards  in  22^37 ^^^^^  .^  j^^^  ^^^^ 

days  would  17  men  build  them  ? 

17  :  6  : :  ?2><!Z  •  20X81x5^^7-20x5x87   ,,  ^ 
of  days  found  by  the  rule. 

flo^^'  v'"rj  0-?  ^' — I  "^  ^'^^  "^  ^  "^y^  ^  ^^  workiug  houTi 
each  build  37  perches,  in  how  many  days  of  8  working 
hours  ought  22  men  to  build  970  perches  ?  * 


,|i  if,-  i,Kt 

Wat  ill  i 

ffW  }i  ^  ■■ 

/■ 


/ 
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o  men. 

4  days. 
12  hours. 
37  perches. 

22  :  8  ::  4 
8  :  12 

?  days. 
8  hours. 
22  meu. 
070  perches. 
8X12X9/0X4 
22X8X37    =*^^*  *^V»»  n««rly. 

87  :  970 

Place,     ihe  more  men  the  fewer  the  davs  neoessfti-v  *«  «1. 
form  the  work ;  therefore,  22  is  putXRd  3  seS    Ci 

p«tSt,Z9ro«o^nd     *""'  oon-quently  17  ia  to  b, 

47.  The  prooess  may  often  be  abbreviated,  by  divid. 
mg  one  tem  in  the  first,  and  one  in  the  seoondVC  • 


32 
5 


160 
20 


8 


160x20x8 


32x5 


»160 


iion  wiU  be--     "^  ^^  ^  ^®  ^^^e  .1  and  4 ;  and  the  propor- 

1  :  5  ::  8  :  5x4x8«160 
1  :  4 

.st«>Ii'Z?w  '^°*""^  *■■"  ""^  "^  ^™i»n  »«  long 
"  POMiWe— that  IS,  BO  long  as  any  one  number  will 

measure  a  quantity  in  the  first,  and  another  in  the  sejnd 

fe  iiIK°"*  '"  *^'  *"*  ""^  »»»*"  ™  *«  third  pUe7 
i^."?  "  «»."?«  '■">»•'««  change  most  of  the  auaE. 
iuw  uniiy—wiiioii  of  course  may  be  omitted.     ' 


■iWTi- 
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Tl  h^JM**  ^^'SS,*?^  V^^*  ***§*»'  *»«^  °>»"y  load*  of  19  owt. 
wjU  build  one  323  feet  long  and  9  feet  high  ? 

19  :  15  : :  28  :  15x323x9x28    .,^ 

20  :  323  19x20x7 
7  :  9 

the^:  welave"'  ''  '^  ''  "'  ''*^^"  '  '"^  4.-8«bBtituting 

19  :  15  : :  4  :  ? 

20  :  323 
1  :  9 

Dividing  20  and  15  by  5,  the  quotients  are  4  an^l  3  : 

19  :  3  : :  4  :  ? 
4  :  323 
1  ;  9 
Dividing  4  and  4  by  4,  the  quotients  are  1  and  1 : 
19  :  3  : :  1  :  ? 
1  :  323 
1:9 

Dividing  19  and  323  by  19,  the  quotients  are  1  and  17  : 

1  :  3  ::  1  :  3xl7x9«459. 
1  :  17 
1  :  9 

In  this  process  we  merely  divide  the  first  and  second,  or 
first  and  third  terms,  by  the  same  number— which  [291  does 
net  alter  the  proportion.  Or  we  divide  the  numerator  and 
denominator  of  the  fe„ction,  found  as  the/oMr<A  term,  bv  the 
same  number-which  [Sec.  IV.  15]  does  not  alter  the  quo- 


EXERCISES   IN   COMPOUND   PROPORTION. 

1.  If  £240  in  16  months  gains  jB64,  how  much  will 
£60  gain  in  6  months  ?     Ans.  £6. 

2.  With  how  many  pounds  sterling  could  I  gain 
^5  per  annum,  if  with  ^£450  I  gain  £30  in  16  monSis  ? 
Ans.  iBlOO. 

3.  A  merchant  agrees  with  a  carrier  to  bring  15  cwt. 
of  goods  40  miles  for  10  crowns.  How  much  ought  he 
--  t'^j}  »"  i'iu^wiuuu,  tvi  uuvu  o  owi.  carriea  a^  miiee  ? 
Am,  16*. 

K  2 
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4.  If  20  cwt.  are  carried  the  distance  of  50  miles  for 
^5,  how  much  will  40  cwt.  cost,  if  carried  100  miles  ? 
Ans.  iE20. 

6.  If  200  ft>  of  merchandise  are  carried  40  miles 
for  3*.,  how  many  pounds  might  be  carried  60  miles 
for  ie22  145.  6d.     Am.  20200  lb. 

6.  If  286  ib  of  merchandise  are  carried  20  miles 
for  3s.,  how  many  miles  might  4  cwt.  3  qrs,  be  carried 
for  ie32  6*.  8d.  ?     Ans.  2317-627. 

7.  If  a  wall  of  28  feet  high  were  built  in  15  days 
by  68  men,  how  many  men  would  build  a  wall  32  feet 
high  in  8  days  ?    Ans,  146  nearly. 

8.  If  1  tt>  of  thread  make  3  yards  of  linen  of  1| 
yards  wide,  how  many  pounds  of  thread  would  be  requu-ed 
to  make  a  piece  of  linen  of  45  yards  long  and  1  yard 
wide .?    Ans.  12  ib.  ->  &  j 

9.  If  3  ib  of  worsted  make  10  yards  of  stuff  of  1| 
yards  broad,  how  many  pounds  would  make  a  piece  100 
yards  long  and  li  broad  ?    Ans.  25  ib. 

10.  80000  cwt.  of  ammunition  are  to  be  removed 
from  a  fortress  in  9  days  ;  and  it  is  found  that  in  6  days 
18  horses  have  carried  away  4500  cwt.  How  many  horses 
would  be  required  to  carry  away  the  remainder  in  3 
days  ?     Ans.  604. 

11.  3  masters  who  have  each  8  apprentices  cam  iE36 
in  5  weeks — each  consisting  of  6  working  days.  How 
much  would  5  masters,  each  having  10  apprentices, 
earn  in  8  weeks,  working  5^  days  per  week— the  wages 
bemg  in  both  cases  the  same  ?     Ans.  igllO. 

12.  If  6  shoemakers,  in  4  weeks,  make  36  pair  of 
men's,  and  24  pair  of  women's  shoes,  how  many  pair  of 
each  kind  would  18  shoemakers  make  in  5  weeks.? 
Ans.  135  pair  of  men's,  and  90  pair  of  women's  shoes. 

13.  A  wall  is  to  be  .built  of  the  height  of  27  feet; 
Md  9  feet  high  of  it  are  built  by  12  men  in  6  days. 
How  many  men  must  be  employed  to  finish  the  remain- 
der in  4  days  ?     Ans.  36. 

14.  If  12  horses  in  5  days  draw  44  tons  of  stones, 
how  many  horses  would  draw  132  tons  the  same  dis- 
tance in  18  dkVfl  ?        Ao/lje     in  1iAr>ooa 

15.  K  ^*.   are  the  wages  of  4  men  for  7  days, 
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wUatjUl  be  the  wages  of  14  men  for  10  days?    Ans. 
16.  If  120  bushels  of  corn  last  14  horses  56  davs 
9rdays'"^    '^'  ""^^  '^  ^""^^^*  ^^^^  '  ^«^^»'     ^^ 

♦»,  ^l'  ^  *  ^f<»*man  travels  130  mUes  in  3  days  when 
the  days  a.e  U  hours  long,  in  how  many  daW^7  ho2 
each  will  he  travel  390  mUes  ?  Am.  18.  -.^ 
i«ic  o^  the  pj^ioe  of  10  oa.  of  bread,  when  the  com 
12  oz  ^h^.K"'*^'^'  be  5,^.,  what  must'be  paid  for  3 S 
12  oz.,  when  the  corn  is  5s.  5d.  per  bushel  ?  A,i,.  3s.  3d. 
19.  6  compositors  in  16  days  of  14  hours  Ion*  can 
compose  20  sheets  of  24  pages  in  each  shee  ,  Kes 

L«  ^f  ^^'if""^  ^^  ^''''''  "^  ^  ^i»«-     1°  i»o^  many 
tlLhlt"^"    T.^^7  ^^  oompositors  compose  a 

sheets    16  pages  m  a  sheet,  60  lines  in  a  page,  and 
60  letters  m  a  Ime  ?    Am.  32  days;  ^  ^  ' 

6qvfiQ^*i^'  been  calculated  that  a  square  degree  (about, 

.  ?^-'  uY^J'i.^®  ,«»6^c"^>  i»  tbe  baromel^  stand*  at 
a  height  of  3p.im,hes,  the  pressure  of  the  ^r  oq^erv 

sTr^tf  1  '^^"^'^  ^  ''^^    What  wiU  he  Z7el 
TLV^  ^'^  -supposing  its  whote  surface 

aUBSTIONS   in   RAtrOS   AND   PBOPOBTIOIfv 

noil'^Y^^*  is  ti»e  rule  Of  proportion  ^  aad  is  it  erer 
called  by  any  other  name  ?  [1]. 

2.  What  is  the  difference  betwee^  simple  and  com- 
pound proportion  .?  [30  and  421        ^    "^^  *'  »»u.  cow 

3.  What  is  a  ratio .?  [7]. 

4.  What  are  the  antecedent  and  consequent  ?  [71. 

5.  What  IS  an  invprao  i.o+;/>  5   roT  •-  -'* 

6.  What  is  tiie  difference  between  an  arithmetical 
and  a  geometncal  ratio  ?  [9j. 

/■■ 
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7.  How  can  we  know  whether  or  not  an  arithmetical 
or  geometrioal  ratio,  is  altered  in  value  ?  [10  and  11]. 

8.  How  is  one  quantity  expressed  in  terms  of  an 
other?  [12].  • 

9.  What  IS  a  proportion,  or  analogy  ?  [14]. 

10.  What  are  means,  and  extremes  ?  [15]. 

11.  What  is  the  arithmetical,  or  geometrical  mean  of 
two  quantities  ?  [19  and  27]. 

12.  How  is  it  known  that  four  quantities  are  in  arith* 
meticalproportion  ?  [16]. 

l3v^Mr  is  it  known  that  four  quantities  are  in  geo- 
meMl^roportion  ?  [21]. 

14.  How  is  a  fourth  proportional  to  three  quantities 
found?  [17  and  22]. 

16.  Mention  the  principal  changes  which  may  be 
made  in  a  :geometrical  proportion,  without  destroying 

16.  How  is  a  question  in  the  simple  rule  of  three  to 
be  stated,  and  solved  ?  [31]. 

17.  Is  it  necessary,  or  even  correct,  to  divide  the 
mle  of  three  into  the  direct,  and  inverse  ?  [35]. 

18.  How  is  the  question  solved,  when  the  first  o? 
second  terms  are  not  of  the  same  denomination ;  or  one 
or  both  of  them  contain  diffei-ent  denominations  ?  [37]* 

19.  How  is  a  question  in  the  rule  of  proportion  solved, 
if  the  third  term  consists  of  more  than  one  denomina- 
tion? g8]. 

20.  How  is  it  solved,  if  fractions  or  mixed  numbers 
are  found  in  the  first  and  second,  in  the  first  and  third, 
or  in  all  the  terms  ?  [39  and  40]. 

21.  How  is  a  question  in  the  rule  of  compound  pro- 
portion stated,  &c.  ?  [43]. 

22.  Can  any  of  the  terms  of  a  question  in  the  rulo 
of  compound  proportion  ever  be  lessened,  or  altogether 
banished?  [47  and 48]. 
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PART  II. 


SECTION  VI. 

PRACTICE. 

«f  loi^Tr'""®  ^  so  called  from  its  being  the  method 
of  calculation  practised  by  mercantile  men :  it  Tan 
t  S  T.^  '^  performing  processes  dependent  on 
18  unity  The  statement  of  a  question  in  Dractiofl  in 
fZt  '''"^.r^^]^  be,  "one  Vn%  of  Tods  L'  ^ 

The  simplification  of  the  rule  of  three  by  means  of 
practice,  is  principally  effected,  either  by  divS  thl 
given  quarutjyinto  "parte,"  Ind  finding  the  sum  of 

te>7nVte  ^'T^  ''  ^^  dividing  V;,S"into 
ihla.'   .^^'  ^"?',"«  *^«  »"°*  «>^  *he  prices  at  each  of 

Th^"^!!- '  ^V^  ^""^  H°^'>  "  »%«<>*"  and  «  aliquant  » 

JmeaSe^tiSI?-'^  \?r^^'  *'«  *^^««  ^^^^^  <i« 

anv  i^!^       »<^that  IS,  which  cannot  be  multiplied  bv 

any  integer  so  as  t»  produce  it ;  the  aliquot  parts  ar7 

M  we  have  seen  fSU^n    TT  oci    *u  ►^w^*  pans  are, 

3    Tn  fi«r*k  '■  r      .  •  ^^J*  ***^®®  ^b^eh  measure  it. 

RiT?;     n-  -I  *?T^*  ?*••*«  °^  *°y  number- 

KuLE.--.Dmde  it  by  its  least  divisor,  and  the  result 

Sf  irauotV^r^^  ^r*  <«^r  ..-proceed  t£us  u^^^ 
^iquot  parts ;  and  the  product  of  evorv  two.  «v«r^  ♦C^ 
2ven  numw:  ^  "^^  "^"^  aliquotVaris^ri;' 
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PRACTICE. 


^ 


are  tho  compound  aliquot  parts. 


H.    'V 

m 


-What  arc  tho  prime,  and  compound  aliquot 

2)84 
2)42 
3)21 

The  prime  aliquot  parts  are  2,  3,  and  7 ;  and 
2x2=41 
2x3=  0 
2x7*14 
3x7=21 
2x2x3=12 
2x2x7=28 
2x3x7=42  J 

All  the  aliquot  parts,  placed  in  order,  ore  2,  3,  4|  V»  7,  IZ, 
14,  21,  28,  and  42. 

5.  We  rmy  apply  this  rule  to  appiicate  numbers.— -Let  it 
he  required  to  find  tho  aliquot  parts  of  a  pound,  in  shillings 
and  pence.    24.0d.=;£>l. 

2)240 

2)120 

2)^ 

2)^ 

3)^5 

6)5 

1 

The  prime  aliquot  parts  of  a  pound  are,  th^ruforo,  2<i., 

ad.,.  a^^M'  •  ^^  ^^®  compound, 

d,  .  '    .. 

2x2=  4 
2x3=  6 
2x5=  10 

2x2x2ii^''  8      g.  d. 

2x2x3=  123=  1  0 

2x2x5=  20=  1  8 

2x3x5=  30=  2  6 

2x2x2x2=  1C=  1  4 

2x2x2x3=  24=  2  0. 

2x2x2x5=  40=  3  4 

2x2x3x5=  60=  5  6 

2x2x2x2x3=  48=  4  (► 

2v'iv2v2x53s  80=«  6  8^ 

2x2x2x3x5=120=10  0 
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ri= 

I  _ 
««» 

v: 

Iff* 


d. 
*  2 

>  3 

>  4 

>  5 
«  6 
'  8 

.10    ,. 
il2sl 


d. 
0 


'41i( 


*s=3    OU: 

liquot  part,  of  .  shilling,  obtaioed  illKe  way- 


TJ= 


It- 


}=2 


d. 
1 


Aliquot  parts  of  avoirdupoise  weight— 

Aliquot  ,..rt.  of  a  ton.  ,  All.uot  part,  of  a  cwt.  lAliquot  parts  of  a  quarter 


S.      d. 

1=6 


ton  cwt.  qr. 
.^^^\^\ 
iV=  I  =  4 
tV-  li-  5 
t\=  2  =  8 


^ 


1=2! 
1=4 
1=  5 


i: 


=10 


10 
=16 
=20 
=40 


cwt. 


lb 
2 
4 
7 
8 
=14 


qr 

A 


Ifo 

2 
4 


I«14 


1=16 
i=28 
i=56 

.i.f^"'^TuP*'/^  °'*^'  *»  *^«  same  manner,  be  easilv 

■-ke  the  amount  equal  to  one  of  the  higher  denominj^ 
pef  j;"r-^'"'* "  *«  Pri'o  of  14  ft  of  butter  at  72,.' 

tiio  Dricfi  ftf  1  ««,:      ~ *"vi=iuic  iis  price  ia  the  I  of 


price  of  1  cwt. 
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EXERCISES. 

What  is  the  price  of 

1.  I  cwt.,  at  29».  6d.  per  cwt.  ?     -4na.  7*.  4|<f. 

2.  i  a  yard  of  cloth,  at  8».  6d.  per  .yard  ?  Ans.  4s.  3d 

3.  14  lb  of  sugar,  at  45*.  6d.  per  cwt.  ?  Ans.  5«.  8\d 

4.  What  is  the  price  of  |  cwt.,  at  505.  per  cwt.  ? 

£  s.  d. 
505.=a^  10  0 


£  s. 


The 


Off.  cwt. 
price  of  2=i  is  1    5  0=2  10-^2 

,,        of  l=|-f-2  is    0  12  6=1    5-^-2 

Therefore  the  price  of24Jqr8.(=J  cwt.)  is  1  17  6 

I  cwt.,  or  3  qr8.=2Hhi  qrs-  But  2  qr8.=*  cwt. ;  and  its 
price  18  half  that  of  a  cwt.  1  qr.==:i  cwt. ^2 ;  and  its  price 
18  half  the  price  of  2  qrs.  Therefore  the  price  of  |  cwt.  i» 
half  the  pnce  of  1  cwt.  plus  the  half  of  half  the  price  of 
one  owt. 

What  is  the  price  of 

5.  I  oz.  of  cloves,  at  9s.  4d.  per  ft) }     Ans.  3^d. 

6.  1  nail  of  lace,  at  155.  4d.  per  yard.?     Ans.  ll^d. 

7.  ^  ft),  at  235.  4d.  per  cwt.  }     Ans.  l^d. 

8.  J  ft),  at  185.  Sd.  per  cwt. .?     Ans.  l^d. 

7.  When  the  price  of  more  than  one  "lowsr'*  deno- 
mination is  required — 

Rule. — Find  the  price  of  each  denomination  by  the 
last  rule  ;  and  the  sum  of  the  prices  obtained  wUl  be 
the  required  quantity. 

Example.— What  is  the  price  of  2  qrs.  14  ib  of  sugar, 
at  455.  per  owt.  1 

5.     d. 
45    0  price  of  1  cwt. 

[or  I  of  1  cwt. 

cwt.  And  22    6,  or  455.-^-2,  is  the  price  of  2  qrs., 

2qr8.=:^  6    7^,or  45.s.-f.8=22s.6d.4-4,  is  the 

14  tt>=J,orJof2qr».  priceof  141b,  the^of  1  cwt., 

or  the  I  of  2  qrs. 

And  28    1^  is  the  price  of  2  qrs.  14  lb. 

2  ar8.=|  of  1  Cwl.  Therefore  455.  (the  price  vf  *  cwt.)  r*, 
or  2d5.  6d.,  is  the  price  of  2  qrs. 
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And  2?».  6d.+5s  7id'  nTXl    '   '   i  „""'  P""*  of  W  ft. 
of  14  lb,  i.  the  ;ricrof  r,i^.''K      ^  '"'  P'™  *^''  ?"«« 

EXERCISES. 

Q    1         ,,«  '^a*  is  the  price  of 
^  ly  roods  14  perches,  »t  3,.  lOi  per  acre  ?    ^^. 

^'?o,!Ik'-  ''  '^■'  *'  *'  "'•  »■*•  P^  o^-  ?  ^«. 

relir!^!!'"^' P™"  "^  "^  "'''g'"""  denomination  i, 

one  of  the  given  de^r„'awt,d  IS^  .t'''^  > 
b^^that  number.     (This  is  «.e  riTffl:  |™' 

^Ex«»P.E._What  is  the  price  of  2  ton.  of  .„g„,  .t  50,. 
^'.STl^'Sre'^t^ofn-^i^-^tr.SLl^o*''"'  '^"  * 

or  ^100  as  «ie  price  of  40  cwt.,  or  2  tons. 

EXERCISES. 

15.  36  yards,  at  4d.  per  nail  ?  Ans.  £9  I2s 
17  2r!tfL^''P''P^.'"^-  ^'"•^560.* 
18.^9  hhd«.,  at  3rf.  per  gallon  ?    Atu,  iE14  19,.  M 


I 


» 


' 


>#■■ 


'. 


II 


It 
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Rule. — Find  the  price  of  each  by  the  last,  and  add 
the  results  together.  (This  is  the  reverse  of  the  rule 
given  above  [7]). 

ExAMPLE.—What  is  the  price  of  2  cwt.  1  qr.  of  flour, 
at  2s.  per  stone  ? 

1  stone  is  the  iV  of  2  cwt.    Therefore 

2$.,  the  price  of  one  stone, 
multiplied  by  16,  the  number  of  stones  in  2  cwt., 

gives    32s.,  the  price  of  16  stones,  or  2  cwt. 

There  are  2  stones  in  1  qr, ;  therefore  2s.  (the  price  of  1 
stone)  x2=4s.  is  the  price  of  1  qr.  And  32s.-f4«.=36«.= 
£1  Ids.,  is  the  price  of  2  cwt.  1  qr. 

EXERCISES. 

,  What  is  the  price  of 

19.  5  yardS)  3  qrs.,  4  nails,  at  4d.  per  nail?  Arts. 
£1  125. 

20.  6  cwt.  14  ft),  at  3d.  per  ft) }     Ans.  £8  Us.  6d. 

21.  3  ft)  5  oz.,  at  2\d.  per  oz.  ?     Ans.  9s.  ll^d. 

22.  9  oz.,  3  dwt.,  14  grs.,  at  ^d.  per  gr.  ?  Ans. 
iB13  155.  4ld. 

23.  3  acres,  2  roods,  3  perches,  at  55.  per  perch } 
Ans.  jei40  165. 

10.  When  the  price  of  one  denomination's  given,  to 
find  the  price  of  any  number  of  another — 

Rule. — ^Find  the  price  of  ore  of  that  other  denomi- 
nation, and  multiply  it  by  the  given  number  of  the 
latter. 

Example. — What  is  the  price  of  13  stones  at  25s.  per 
cwt.  1 

1  8tone=|  cwt.    Therefore 
8)  25s.,  the  price  of  1  cwt.  divided  by  8, 

gives  3    1^,  the  price  of  1  stone,  or  |  of  1  cwt. 

Multiplying  this  by       13,   the  number  of  stones, 

— — — __  » 

we  obtain  £2    0    7^  as  the  price  of  13  stones. 
price  of  one  stone  i  and  3«.  I^.xl3,  the  price  of  13  stones. 


.'^^.l.  iU..JI.T%AK  ^ 
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EXERCISES. 

What  is  the  price  of 
24.  19  lb,  at  2d.  per  oz.  ?    Am.  £2  10s.  8d. 

^6.  14  lb,  at  2s.  6d.  per  dwt.  ?    Ans.  JE420. 

oo  o  *T^»  **  ^^-  P®'  pe^c^  ?  ^ns.  iesieo. 

OQ    ?o^JS?'  **  ^-  P^"*  "*^^  •     ^'»*-  ^2  2*.  8rf. 
-jy.  12  hhds.,  at  5d.  per  pint>   Am.  £126 

30.  3  quarts,  at  91*.  per  hhd.  ?    Am.  Is.  id. 

11.  When  the  price  of  a  given  denomination  is  the 

Rule  ---Divide  the  amount  of  the  given  denomina- 

!ivL  ^  •''T^^l.fvP'^''^°S  ^^^*  ^"q«o*  part  the 
given  price  IS  of  a  shilling,  and  the  quotient  wiU  be  the 
required  price  m  shillings,  &c. 

ExAMPLE.-What  is  the  price  of  831  articles  at  4d.  per '» 
3)831 

277s.=£13  175.,  is  the  required  price. 

wW  -l"  *^®  it  f  *  /I'iWing.  Hence  the  price  at  4d.  is  4  of 
what  It  would  be  at  Is.  per  article.  But  the  price  at  Is  rZ 
art^^le  would  be  831..:4herefore  the  price  atElluil' 


EXERCISES. 

What  is  the  price  of 
to    11^,?  of  j«gar,  at  6rf.  per  ft  ?     Am.  £9  9s.  6d. 

£e2\3^6d  '  **  ^-  P^'  y^^^    ^'"• 

33.  258  yards  of  tape,  at  2d.  per  yard  ?   Am.  £2  Ss. 

•uiw^^^r*^®  P"^®  ^^  *  g^^^**  denomination  is  the 
aliquot  part  of  a  pound,  to  find  the  price  of  any  number 
of  that  denomination—  *-  /    uiuMcr 

Rule.— Divide   the  quantity  whose  pricp  is  sought 
Dy  tnat  number  which  expresses  what  aliq.  at  part  the 


gmmw^m*.      m~.. 


SnC/"^^  *^  ^'  *  PT***^-     '•*^^®  quotient  ^  b^  the  re- 
quired  price  in  pounds,  &o. 
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Example.— What  is  the  prioe  of  1732  fib  of  tea,  at  5* 
per  lb  ?  ^ 

5s.  is  the  J  of  £1 ;  therefore  the  prioe  of  1732  lb  is  th»r 
i  of  what  It  would  be  at  £1  per  lb.    But  at  jPl  ner  lb  it 

Tm         ^^"^^^'^  *^*'*^*''®  •*  ^*-  P*'  »  it  is  A  17324-4=. 


EX£RC]8ES. 

"WTiatiB  the  price  of 

34.  47  cwt.,  at  65.  Sd.  per  cwt.  ?    Am.  £ld  IBs.  id. 

35.  13  oz.,  at  45.  per  oz.  ?     Am.  £2  I2s. 

36.  19  stones,  at  2s.  6d.  per  stone  >     Am.  £2  7s.  6d. 

37.  83  ft),  at  Is.  4d.  per  lb?     Am.  £5  10s.  Sd. 

38.  115  qrs.,  at  8d.  per  qr.  ?     Am.  £3  I6s.  84. 

39.  976  ft),  at  IO5.  per  ft)  ?     Am.  .£488. 

40.  112  ft),  at  5d.  per  ft) .?     jItw.  £2  Bs.  8d. 

41.  663  yards,  at  lOd.  per  yard  .?     ilw*.  iB23  9*.  2<? 

42.  112  ft),  at  5«.  per  ft) .?     ^^.  i£j8. 

43.  795  ft),  at  1*.  8d.  per  ft)  ?     ^?w.  ^£66  5*. 

44.  1000  ft),  at  35.  4d.  per  ft)  ?     Ans.  .£166  13*.  4^. 

13.  The  compleamta  of  the  price  is  what  it  wants  of  a 
pound  or  a  shilling. 

When  the  complement  of  the  price  w'the  aliquot  part 
or  parts  of  a  pound  or  shilling,  but  the  price  is  not-^ 

RuLE.—Find  the  price  at  £\,  or  I5.— as  the  case 
may  be— and  deduct  the  price  of  the  quantity  calculated 
at  the  complement. 

ExAMPXE.— What  is  the  price  of  1470  yards,  at  135.  U. 
per  yard  J 

65.  8d.  (the  complement  of  135.  4d.)  Ib  I  pf  J^X. 
From  £1470,  the  price  at  £1  per  yard, 
M^btr^  m^  the  prioe  at  65.  %i.  (the  eomplemeat) 

and  the  difference,  980,  wiU  be  the  price  ^t  .l^|?pir  yard. 

1470  »t  135  4^-f;fe.  8rf.,  or  at  £1  per  yard.  Hence  the 
pnoe  of  1470  at  13s.  4rf.=ath«i  nri««  *^  \±1(\  a*^l  ^:«..^ 
the  price  of  1470  at  65.  U.  per  yard.  ' ''' 


£ 
822x 

8  33 
8^2 


IfJ;    !*• 
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EXEBCISES. 

What  is  the  price  of 

45.  61  ib,  at  17*.  6d,  per  fl>  ?    Am.  £U  12*.  6a 

46.  39  oz.,  at  7d.  per  ox.  ?     Am.  £1  2s.  9rf. 

47.  91  ^,  at  lOd.  per  ib .?     Am.  £3  I5s.  lOd. 

48.  432  cwt.,  at  16*.  per  cwt.  ?     Am.  ^2345  12*. 

*!.  ^^-  ^^^^  °®'*^®'  *^®  P"*'^  ^^'^  its  complement  is 
the  ahquot  part  or  parts  of  a  pound  or  shiUinz-. 

KuLE  l.—Divide  the  price  into  pounds  (if  there  are 

any)    and  ahquot  parts    of  a  pound  or  shUling ;  then 

find  the  price  at  each  of  these  (by  preceding  rules)  :— 

tho  sum  of  the  prices  wiU  be  what  is  required. 

Example  --What  is  the  price  of  822  ft,  at  £5  19^  3  3/1 

d.     £ 

0    =rl 

8  »| 

li:={^20==^|^  or  aV  of  the  Ia«t 
^f=iru-r-o=^,  or  ^  of  the  last 


Butl9i.8|rf.=  , 


no 

6 
2 
0 
0 


Hence  the  price  at  £5  19*.  Z^d.  is  equal  to 


£ 

822x5 

8  33 

823 
,1 


£      *.  d. 
r=4110    0  0,  the  price  at 


III (f lf-^  6)  =: 


=:  411      0   0 

=  274  0  0 
=  102  15  0 
=      5    2  9 

0 17  n 


£    *.  d. 

5    0  0  per  lb. 


£1  or  0  10  0 
6  8 
2  6 


jj       £|  or  0 
)}      £|  or  0 

'»  ^jU  or  0 
"  ^th  or  0 


0  14 

0  oj 


And  £4903  14  10^  is  the  price  ^t  £5  19  3| 


i» 
If 
»» 

>t 


fhJ!!!;?"'^^/*  the  whole,  Is  evidentjiy  equal  to  the  sum  of 
the  prices  at  each  of  t|ie  part?.  •*     we 

If  the  price  were  £5  19*.  3irf.  per  lb,  we  should  sub- 
to-act,  and  not  add  the  price  ^  ^d.  per  lb  ;  and  we  then 
would  have  ^64902  0*.  l^d.  as  the  answer. 

--  «"*^f^*. — iiuu  me  price  ai  a  pouna,  a  ahiiiinff. 
a  penny   and  a  farthing ;  then  multiply  each  by  t%|' 


:2i8 


PRACTICE. 


respeotiTe  numbers,  in  the  given  price ;  and  add  the 
products.     Using  the  same  example — 

£    ».  d.  £      9.  d. 

iM))822    0  0  (the  price  at  iei)X  6s!b4110    0  0  the  price  at  £5 

12)41    2  0  (theprioeatl».)Xl9=«  780  18  0 

4)8    8  6  (the  price  at  1</.)X  8=    10    6  6 

17  li(the  price  at  M)X  8=:      2  11  4i 


19». 

8<2 

id. 


i  of 

( the 


And  the  price  at  £5  19«.  Bid.  is  £4908  14  10^ 
16.  Rule  3. — Find  the  price  at  the  next  ).u 
the  highest  denomination  ;  and  deduct  the  prk 
difference  between  the  assumed  and  given  price. 
Using  still  the  same  example-— 

£6  la  next  to  £6— the  highest  denomination  in  the  given 
price. 

„         ,        .  £    s.    d.  £      s.    d 

From  the  price  at  £6    0    0....     or  4932   0    0 

Deduct  the  price  C  the  price  at  8rf.=s27      8  0  >         oo    k    , , 
—  ••    -*^       ^       *'  0    17  jjjor     28   6    U 


at  Sid. 


I 


*t 


id. 


The  difference  will  be  the  price  at  £6  19a.  8|  or  £4903  14  lOi 
17.  Rule  4. — ^Find   the   price   at   the   next  higher 
aliquot  part  of  a  pound,  or  shilling  ;  and  deduct  the  price 
at  the  difference  between  the  assumed,  and  given  price 

ExAMPJJE.— What  is  the  price  of  84  Bb,  at  6s.  per  lb? 

£  £ 

6s.=6s.  8d.  minus  8d.=^  minus  j-f-lO. 
£>  £    s.    d. 

Therefore  84-j-3=28    0    0  is  the  price  at  6s.  Sd.  per  lb. 
Deducting  ^V  of  thi8=2  16    0  the  price  at  8d., 

we  have  ^£25    4    0,  the  price  at  6s. 

EXERCISES. 

What  is  the  price  of 

49.  73  ft),  at  13s.  per  ft> }     Am.  £4^  9». 

50.  97  cwt.,  at  15*.  9rf.  per  cwt.  ?     Ans.  £7Q  Is.  9d. 

51.  43  ft),  at  3s.  2d.  per  ft)  ?    Ans.  £6  16s.  2d. 
*52.  13  acres,  at  £4  6s.  lid.  per  acre?    Ans.  £55 

16s.  11^. 

53.  27  yards,  at  7*.   5^d.   per  yard?      Ans,  JBIO 
Is.  U^d. 


1Q 


and  less  than  20. 


an 


;iS)     uuXUiJCX      VI     SUlUiU^O, 
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add  tho 


irioe  at  £5 


xf 

Ct 


( the 


the  giyen 

)  s.  d 
32   0    0 

28   6    U 

)3  14  m 
b  higher 
the  price 
en  price 

lb? 


d.  per  lb. 


5  7*.  9d, 
2d. 
Vns,  £56 


number  hT^Jm'''^  the  number  of  articles  by  half  the 
number  of  shillings ;  and  consider  the  tens  of  the  pro! 
duct  as  pounds,  and  the  units  doubled,  as  shilLgs    ^ 

ExAMPUB—What  U  the  price  of  646  lb,  at  16*.  per  lb  ^ 

646 
8 

\2 

£516  16s. 
23.  being  the  tenth  of  a  pound,  there  are,  in  the  nrice 

Sf  hiniZ"^  *'u•^'.  ^^  ?"^««-    'r»»«'«^o'«  half  the  nuS 
ot  shillings,  multiphed  bv  the  number  of  articles  will  ^xnZll 

the  number  of  tenths  o/a  pound  in  the  pr  cHn^^^^^ 
The  tens  of  these  tenths  will  be  the  numfcer  of  pounds  "^d 
numW  'J  vS^  *'"**^'  "^ ^  Z'?""^)  ^^"  l>«  halfTe  requi^d 
wtfThUHngs^"^^''  ""^*^P"  '^  ^*^«  required^u^. 

Thl°J?nL^^*™P^u^''  '''  ^■^'  ^«  **^«  P"ce  of  each  article 
Therefore,  since  there  are  646  articles,  646x;£  8ll"l6  8 

hf^A"'!  f  *^""^^  ^'**  8  *^^*hs  of  a  pound  (twi  in 
the  product  obtained  ,  are  twice  as  many  shillings-  aid  hence 
we  are  to  multiply  the  units  in  the  prc^uct  by  2 

EXERCISES. 

What  is  the  price  of 
54.  3215  ells,  at  6*.  per  ell  ?     Am.  £964  10s 
65.  7563  ib,  at  8*.  per  lb  ?     Ans.  £3025  4s. 

56.  269  cwt.,  at  16*.  per  cwt. .?     Ans.  £215  4s, 

57.  27  oz.,  at  4*.  per  oz.  ?     Ans.  £5  8s. 

58.  84  gaUons,  at  14*.  per  gaUon  ?    Ans.  iBSS  16j. 

anflesMh'an  2^1"'"'  "  "^  '''  """^^  ''  «^"«°g«» 
RuT.E.--Find  the   amount  at  the  next  lower  even 
number  of  shillings;  and  add  the  price  at  one  swlling 
Example.— What  is  the  price  of  275  lb,  at  17*.  per  lb  i 

275^ 
8 

is      220    0 


^e  price  at  16s.  (by  the  last  rule)  is 
•the  price  at  Is.  is  275.«=  ^ 

—  .   -  _ .      _  .  ^ 

Hence  the  price  at  16s.-f-ls,  or  17s.,  is  ^6233  16s. 


1«     IK 
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The  price  at  17s.  is  equal  to  the  price  at  I65.,  plus  the 
price  at  one  shilling. 

EXERCISES. 

59.  86  oz.,  at  5s.  per  oz.  ?     Ans.  £21   10*. 

60.  62  cwt.,  at  19*.  per  cwt.  ?     Ans.  iE58  18*. 

61.  14  yards,  at  17*.  per  yard  ?     Ans.  £\\  18*. 

62.  439  tons,  at  11*.  per  ton }     Ans.  £241  9*. 

63.  96  gallons,  at  7*.  per  gallon }    Ans.  £33  12*. 

20.  When  the  quantity  is  represented  by  a  mixed 
number — 

EuLE. — Find  the  price  of  the  integral  part.  Then 
multiply  the  given  price  by  the  numerator  of  the  frac- 
tion, and  divide  the  product  by  its  denominator— the 
quotient  will  be  the  price  of  the  firactionalpart.  The 
sum  of  these  prices  will  be  the  price  of  the  Whole  quan- 
tity. 

Example.— What  is  the  price  of  ^  Yb  of  tea,  at  6*.  per 

The  price  ofS  ft)  is  8  X  5s.—  2    0    0 

3x5*. 


The  price  of  J  ft)  is 


4 


-«  0    3    9 


And  the  price  ofSJ  lb  is     .        .239 

The  price  of  f  of  a  pound,  is  evidently  J  of  the  price 
pound. 


of  a 


EXERCISES. 


What  is  the  price  of 
^  dozen,  at  3*.  3d.  per  do?Ben  ?    Ans.  17*.  IQ^d. 
273^  ft),  at  2*.  ^.  per  fl>  ?     Am.  4234  3*.  l\d. 
5ao|  ft),  at  14*.  per  ft  }    Ans.  371  10*.  Qd. 
IT^f  cwt.,  at  17*.  per  cwt. }    Ans.  £\b\  12* 
A^d. 

68.  762f  cwt.,  at  ^\  12*.  U.  per  cwt.  ?  Ans.  jei239 
4*.  6rf. 


64. 

65. 
66. 
67. 


817fV  cwt.,  at  £3  7s.   Ad.  per  cwt.?    Ans. 
\ 
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21.  The  rules  for  finding  the  price  of  several  dflnn 
minations    that  of  one  bein^.  given  [7  fnd  9^^^ 
abbreviated  by  those  which  follow—  ■'       ^ 

Jvoirdupoise  WeigiU.-^iyen  the  price  per  owt ,  to 
tnd  the  price  of  hundreds,  quarters,  &c.—  * 

KuLE.—Having  brought  the  tons,  if  any,  to  cwt 
multiply  1  by  the  number  of  hundred^,  andTj^der^e' 

Zllr  ^'-."^^  T^''^'^  ^  ^y  the^umCTqua^! 
tors,  and^coqsider  the  product  as  shillimM  •   oi^  the 

number  of  pounds,  and  consider  the  produX'pe^ce  -1 

the  sum  of  aU  the  products  wUl  be  the  pripe  afll  ier 

atlsT'^r^fA'^^H  *^^  P"-  ^'  ^72  <'-*•'  3  qrs.,  16  lb. 

i   s.    d. 

Multipliers  472    3  16 


2| 


472  17  10^  is  the  price  at  XI  per  cwt. 

5 


2589 


9^  the  price,  at  £5  9s.  Cd. 


iiJthi^  P®'  v^c'  i^®"".®  ^"  ^  ^1  for  every  owt.    We  mul- 

me  lourth  of  1  cwt.,  or  one  quarter,  will  cost  the  fourth  of 
a  pound,  or  5*.--and  there  will  be  as  many  times  5/  rthere 
are  quarters.  The  pounds  are  multiplied^ T'  beS^use  Lf 
the  quarter  costs  5s.,  the  28th  part  of  a  Quarter   ot  1  4f 

SrvTmes'Lf  *^  ?£*  ''''-^  or'21^.!laSdr^:U  be^ 
many  times  Zjrf.  1^  there  are  pounds. 

EXERCISES. 

_  What  is  the  price  of 
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72.  2061  cwt.,  2  qrs.,  7  ft),  at  16».  6<i.,  per  owt.  ? 
Am.  jeiTOO  165.  9Jrf.  • 

73.  106  cwt.,  3  qrs.,  14  ft),  at  9*.  Ad.  per  cwt.  ?    Am, 
je49  17*.  Qd. 

74.  26  cwt.,  3  qrg.,  7  ft),  at  15*.  9rf.  per  cwt.  ?    Am, 

je21  2#.  3irf.  ^  _^  , 

75.  432  cwt.,  2  qrs.,  22  ft),  at  185.  6d.  per  cwt.  ? 

Am.  ie400  45.  10i<i. 

76.  109  cwt.,  0  qrs.,  15  ft),  at  195.  9d.  per  cwt.  ?  Am. 

£\01  155.  4|rf. 

77.  753  cwt.,  1  qr.,  25  ft),  at  155.  2d.  per  cwt.  ? 
il»5.  iB571  75.  8d.  ,,.^ 

78.  19  tons,  19  cwt.,  3  qrs.,  27|ft),  at  JB19  195.  llfd. 
per  ton  ?    Am.  ie399  195.  Qd. 

22.  To  find  the  price  of  cwt.,  qrs.,  &c.,  the  price  of 
a  pound  b^ing  given — 

Rule.— Having  reduced  the  tons,  if  any,  to  cwt., 
multiply  95.  Ad.  by  the  number  of  pence  contained  in 
the  price  of  one  pound  -.—this  will  be  the  price  of  one 
cwt.  Divide  the  price  of  one  cwt.  by  4,  and  the  quotient 
will  be  the  price  of  one  quarter,  &c. 

Multiply  the  price  of  1  cwt.  by  the  number  of  cwt. ; 
the  price  of  a  quarter  by  the  number  of  quarters ;  the 
price  of  a  pound  by  the  numV  ar  of  pounds ;  and  the  sum 
of  the  products  wUl  be  the  price  of  the  given  quantity. 

Example.— What  is  the  price  of  4  cwt.,  3  qrs.,  7  ft),  at 

8d.  per  tt).  ? 

8.  d. 
9  4 

!  .... 

4)74  8  the  price  ofl  cwt.  X4.  will  give  298  8  the  price  of  4  cwt. 
28)18  8  the  price  of  1  qr.    X3,  will  give  56  0  the  price  of  8  qrs. 
8  the  price  ofl  ft     X7 .  will  give     4  8  the  price  of  7  lb. 

20)369  4 
And  the  price  of  the  whole  will  be   £17  19  4 

At  Id.  per  lb  the  price  of  1  cwt.  would  be  112d.  or  95.  Ad.  :— 
therefore  the  price  per  cwt.  will  be  as  many  times  9«.  4rf.  as 
there  are  pence  in  the  price  of  a  pound.    The  price  of  a 

umes  the  price  of  a  quarter,  as  there  are  quartoxB,  &o. 


\ 
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What  is  the  price  of 

79.  1  cwt.,  at  6rf.  per  ft)  ?     Ans.  £2  16*. 

80.  3  cwt.,  2  qrs.,  6  lb,  at  4d.  per  lb  ?     Ans,  £6 
12*.  4d. 

81.  51  cwt.,  3  qrs.,  21  lb,  at  9d.  per  lb  ?    Ans.  £21S 
2*.  9d. 

82.  42  cwt.,  0  qrs.,  6  lb,  at  25d,  per  ft)  r    ^n*.  jB490 
10s.  5d. 

83.  10  cwt.,  3  qrs.,  27  lb,  at  51d.  per  ft)  ?    ^n*. 
^£26111*.  9rf. 

23.  Given  the  price  of  a  pound,  to  find  that  of  a  ton— 
RuLE.---Multiply  £9  6*.  8d.  by  the  number  of  pence 
contained  in  the  price  of  a  pound. 

Example.— What  is  the  price  of  a  ton,  at  7d.  per  lb  1 

£    *.    d. 

9     6     8 

7 


65     6     8  is  the  price  of  1  tor. 
If  ona  pound  cost  Id.,  a  ton  will  cost  2240rf.,  or  £9  6s.  8d. 
Hence  there  will  be  as  many  times  £9  6s.  Sd.  in  the  price 
of  a  ton,  as  there  are  pence  in  the  price  of  a  pound. 

EXERCISES. 

What  is  the  price  of 

84.  1  ton,  at  3d.  per  ft)  ?     Am.  £28. 

85.  1  ton,  at  9d.  per  fti  ?    Ans.  £84. 

86.  1  ton,  at  lOd.  per  lb  ?     Ans.  £93  6s.  Sd. 

87.  1  ton,  at  4rf.  per  fb>    Ans.  £37  6s.  8d. 

The  price  of  any  number  of  tons  will  be  found,  if  we  mul- 
tiply the  price  of  1  ton  by  that  number. 

24.  Troy  Weight, — Given  the  price  of  an  ounce — ^to 
find  that  of  ounces,  pennyweights,  &c. — 

Rule. — Having  reduced  the  pounds,  if  any,  to  ounces, 
set  down  the  ounces  as  pounds  sterling ;  the  dwt.  as 
shillings ;  and  the  grs.  as  halfpence  : — this  will  give  the 
price  at  £1  per  ounce.  Take  the  same  part,  or  pm-ts, 
&.C.,  of  this,  as  the  price  per  ounce  is  of  a  pound. 
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Ej  mwplk  1 . — What  is  the  price  of  538  oz.,  18  dwt.,  14 
grs.,  at  ll:f.  6d.  per  uz.  ? 

2)538  18    7    is  the  price,  at  £1  per  ounce. 

10^269    9    Z\  is  the  price,  at  10«.  per  ounce. 
2)  26  18  lit  is  the  price,  at  U.  per  ounce. 
13    9    5 1  is  the  price,  at  6d.  per  ounce. 


And  309  17    8|  is  the  price,  at  lis.  6d.  per  ounce. 
14  halfpence  are  set  down  as  7  pence. 

If  one  ounce,  or  20  dwt.  cost  jCl,  1  dwt.  or  the  20th  part 
of  an  ounce  will  cost  the  20th  part  of  £1— or  Is. ;  and  the 
24th  part  of  1  dwt.,  or  1  ff.  will  cost  the  24th  part  of 
Is. — or  \d. 

Example  2. — What  is  the  price  of  8  oz.  20  grs.,  at  £3 
2s.  6d.  per  oz.  1 

£    8.    d. 

8    0    10  is  the  price,  at  £1  per  ounce. 
3 


24  2  6  is  the  price,  at  £3  per  ounce. 
Price  at  £l-^10as  0  16  1  is  the  price,  at  2s.  per  ounce. 
Price  at  29.-^   4=a  0     4    Oj  is  the  price,  at  6d.  per  ounce. 

And  £25     2    7^  is  the  price,  at  £3  29.  M.  per  oz. 

EXERCISES. 

What  is  the  price  of 

88.  147  oz.,  14  dwt.,  14  grs.,  at  75.  Qd.  per  oz.  ? 
Ans.  Bb^ls.  n\d, 

89.  194  oz.,  13  dwt.,  16  grs.,  at  11«.  6<2.  per  oz.  ? 
Ans.  £\n  18*.  \0{d. 

90.  214  oz.,  14  dwt.,  16  gfis.,  at  12^.  6i.  per  oz. } 
Ans.  £\M  As.  2d. 

91.  11  ft),  10  oz.,  10  dwt.,  ?Jd  grs.,  at  10*.  per  oz.  ? 
Ans.  £n\  5s.  bd. 

92.  19  ft),  4  oz.,  3  grs.,  at  £2  5*.  2d.  per  oz.  ?    Ans, 
iB523  18*.  U\d. 

93.  3  oz.,  5  dwt.,  12  grs.,  at  JSl  6*.  Si.  per  oi.  ? 
A'ns.  MA  7s,  33^, 


?«ACTie«. 

85.  cm  Meamn.—Oivm  the  price  per  rard— to 
find  the  price  of  yards,  qusrtor8,&o.—       '"'"''"' 

.I,.         r'*'?"''''^'  ^'  '•J'  "■«  »""'''«f  of  yards;  5.,  by 

Multiphew      97    3    2 

^MJL7*  "  *^e  P>^»oo.  at  £1  per  yard. 

■p.«     *!.•       1..    ^^'^^^  ^®    '^  "  **»«  Pricoi  at  10s.  per  vard 
From  this  subtract  9  15    9  the  price,  at  2s.  per  f^ 

And  the  remainder  39    3    0  is  the  price,  at  8*.  (105.--2s  ) 
.  nnn  ^*'i'"^!l'^i'  *  ^"*'*«*'  «^  »  ya^d  must  cost  5s. ;  and 
L  3  J: ""'  ""^  *  ^*''*'  ""^^  '°«'  **^«  4*»»  part  of  5^  or 

na,te2  ^O^pt  :;a,5'1  ^"°^  ^'  ^^  ^^'^^  '  ^" '  ^ 

JCI    6».    1«.  3c?. 
Multipliers  17    3    2 

17  17    6  is  the  price,  at  £.1  per  yard. 


Ti.-     •       i  «,  35  15    0    is  the  price,  at  £2  per  yard. 

The  price  a  f  ^-^  4=4    9    44  is  the  price  at  5s.  ^    ^ 
The  price  at  5s.-i.l0=0    8  ll|  is  the  price,  at  6rf. 
The  price  at  Cd.-j-  2=0    4    5|  is  the  price,  at  3rf. 

And  £40  17    9^  is  the  price,  at  £2  5s.  M. 

EXERCISES. 

What  is  the  price  of 

3*  ^9rf  ^^  ^*'*^'  ^  ^"'  *  **  ^^  ^*-  p®^  y"*^  ^  ^»*-  ^4? 

A^l'^^^JV^^^?.  .Vfl>  1  naa>  at  ^1   16*.  per  yard? 
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98,  3  yards,  1  qr.,  at  I7s.  6d.  per  yard  ?  Ans  £2 
16j.  \0\d. 

99.  4  yards,  2  qrs.,  3  nails,  at  £1  2s.  4d.  per  yard  ? 
Ans.  £5  4s.  S^d. 

26.  Land  Measure. — Rule. — ^Multiply  £1  by  the 
number  of  acres ;  5*.  by  the  number  of  roods ;  and  l|rf. 
by  tbe  number  of  perches  : — the  sum  of  the  proaucts  will 
be  the  price  at  ^1  ^er  acre.  From  this  find  the  price, 
at  the  given  sum. 

Example. — What  is  the  rent  of  7  acres,  3  roods,  16 
perches,  at  £Z  8s.  per  acre  ? 

£   s.    d. 
1    6    11 
Multipliers      7    3  16 

Sum  of  the  products   7  17    0,  or  the  price  at  £1  per  acre. 

3 


23  11  0  the  price  at  £Z  per  acre. 

3  18  6  the  price  at  10s.  per  acre. 

27  9  6  the  price  at  £Z  lOs.  per  a( 

Subtract    0  15  8^  the  price  at  2s.  per  acre. 


acre. 


And   26  13    9^  is  the  price  at  £3  8s. 

If  one  acre  costs  £1,  a  quarter  of  an  acre,  or  one  rood,  must 
cost  5«. ;  and  the  40th  part  of  a  quarter,  or  one  perch,  must 
cost  the  40th  part  of  65.— or  lid. 

EXERCISES. 

What  is  the  rent  of 

100.  176  acres,  2  roods,  17  perches,  at  £5  6s.  per 
acre }    Ans.  £936  Os.  3d. 

101.  256  acres,  3  roods,  16  perches,  at  £6  6s.  6d. 
per  acre .?     Ans.  iei624  lis.  G^d. 

102.  144  acres,  1  rord,  14  perches,  at  £5  6s.  Sd.  per 
acre  }     An>s.  £769  16s 

103.  344  acres,  3  rt»ods,  15  perches,  at  ^  Is.  li. 
per  acre  }     Ans.  JE1398  Is.  Id. 

27.  Wifie  Measure. — To  find  the  price  of  a  hogs- 
head, when  the  price  of  a  quart  is  given — 

Rule. — For  each  hogshead,  reckon  as  many  pounds, 
and  shillings  as  there  ate  pence  per  quart. 


PIUCTIOE. 
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,.«t,  will  be  .sii^'uire,' « m«?h'i:,f»vii  ries^'sj"-  »^ 

EXERCISES. 

lAx    1  U1.J       ^^at  is  the  price  of 

105    }  Jkh*  \  If^-  P""  ^"*'^*  ^     ^^-  ^18  18.. 

10?"  1  luA   ^*  f  ^-  P"''  ^^*^*  •'     ^^-  ^21. 
108.  1  hhd.  at  2s.  6d.  per  quart  ?    Am.  £31  lo, 

cU^Zl^'  ^"''  '^^ ^^ " «^^^"' ^^'O'^ ^e  J^ow that 

Rut  f ''?ak«  ri-'  '^  ^  ^"''*'  *^  fi°^  *^**  of  »  t«n-. 

tt  manv'^minc^t  *ir'  ^  "^^"^  P«"°^«»  »*^d  4  times 
•8  many  shillings  as  there  are  pence  per  quart. 

ExAMPLE.-What  is  the  price  of  a  tun  at  Ud.  per  quart  ^ 

11  11 

46    4  is  the  price  of  a  tun. 

«np.  «p»cep«  qua"  [2?!^  """■'''"""*  '"''  "''«- 

EXERCISES. 

mo  1  X    '       y^^i  is  the  price  of 

109.  1  tun,  at  19rf.  per  quart  ?     Am.  ^679  16^. 

110.  1  tun,  at  20rf.  per  quart .?     ^tw.  ie84. 
11.  1  tun,  at  25.  per  quart  ?    ^«5.  i^lOO  16.. 

'    m*  1   "°'  ^!  n'-o^.'^-  P^'  ^»^*^    -4'»*-  ^126. 
lid.  1  tun,  at  2s  8d.  per  quart  ?     Am.  jei34  8*. 

•w?!r  ^  '^'''^^^  of  Artides.^^ijrQn  the  price  of  1 
ttULE.^Dmde  the  number  hy  12,  for  ghilHngB  aj,d 
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PRACTICE. 


iir' 


pence ;    and  mnltiplj  the  quotient  by  the  number  of 
penoe  in  the  price. 

E^^Ai^Fk^.— -Wh&t  is  thepri^e  of  438  articlels,  at  7c2  eao\^ 
12)438 

36«.  6d.,  the  prioe  at  Id.  each. 

7 

20)255    6 

jei2  15    6  the  price  at  7J.  each. 

438  artides  at  Id.  each  will  eOilt  4d8d.^=SQk.  6d.  At  7d.  eacli, 
they  will  cost  7  times  as  much— or  7  X36ls.  6ef.Bsi255«.  Qd.m' 
£12  158.6d. 


EXERCISES. 

'  What  is  the  price  of 

114.   176  ft),  at  3d.  per  ft) }     Ans.  £2  4s. 
1 1^,  146  yards^  at  9d.  per  yard  ?     Am.  £5  9«.. 6d 

116.  180  yards,  at  lO^d.  per  yard  ?     Ans.  £7  lis.  M 

117.  192  yards,  at  7^d.  per  yard  .?     Ans.  £6, 

118.  240  yards,  at  8^d.  per  yard  ?     Ans.  £8  iOs 

30.  Wages. — Having  the  wages  per  day,  to  find 
their  amount  per  year — 

Rule. — Take  so  many  pounds,  half  pounds,  and  5 
pennies  sterling,  as  there  are  pence  per  day. 

£xAMl>LE. — What  are  the  yearly  Wages,  at  5d.  per  day  ? 
£>  s.    d. 
1  10   5 

5  the  number  of  pence  per  day. 

7  12    1  the  wages  per  year. 

One  penny  per  day  is  equal  to  365(f.=240a.4-120(/.-f-5d[.ss 
£l-|-10«.+6/l.  Therefore  any  number  of  pence  per  day,  must 
be  equal  to  £1  10s.  6d.  multiplied  by  that  number 

What  is  the  amount'  per  year,  at 

119.  3rf.  per  dsiy?     Ans.  £4  lis.  3fi- 

120.  7d.  per  day?    ^n^.^lO  12s.  iVd. 

121.  9d.  per  day?     Ans.  JglS  13*.  9d. 

122.  I4d.  per  day  ?     Ans.  iE21  5*.  lOd. 


te\rt 


r»^  .  oiJ J ^ 

.«ia;.  on.  jiin:  uuy  r 


124    8^d.  per  day  ?    Ans.  £12  \8s.  ^d. 


amber  of 
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U7(f.  eftcfi, 
266a.  Od.^ 


!7  17«.  64 

28  lbs 
r,  to  find 

ds,  and  5 
per  day"? 
ly. 


r  diHy,  nuak 


BILLS  OP  PARCELS. 


Mr.  John  Day 


15  yards  offine  broadcloth,  at  13    6  ner  var^l 

24  yards  of  superfine  ditto,  at  18    "  ^     ^^ 
27  yards  of  yard  wide  ditto,  at     8 

10  yards  of  drugget,  at  .       .  6 

12  yards  of  serge,  at       .       .  2 

rf2  yards  of  shalloon,  at  .       .  1 


Dublin,  16th  April,  1844. 
Bought  of  Riohard  Jones. 


9 

4 

3 

10 

8 


£ 

10  2 
22  10 

11  5 
5    0 

1  14 

2  13 


6 
0 
0 
0 
0 
4 


Ans.    jess    4  10 


Mr.  James  Paul, 


9  pair  of  worsted  stockings,  at 
6pairofsilkditto,  at    . 

17  pair  of  thread  ditto,  at        '. 
23  pair  of  cotton  ditto,  at 
14  pair  ofyarn  ditto,  at  ,'     -^ 

18  pair  of  women's  silk  gloves,  at  4 

19  yards  of  flannel,  at     .        .     i 


Duhlin,  QtJi  May,  1844. 
Bought  of  Thomas  Norton. 
6  per  pair 


s. 
4 
15 
5 
4 
2 


4 

10 
4 

*  ¥  psr  yard 


Mr.  James  Gorman, 


^ws.    £23  15    4^ 
■Dwi/m,  17;A  May,  1844. 


40 
34 
31 
29 
17- 


ells  of  dowlas,  at 
ells  of  diaper,  at 
ells  of  Holland,  at 

yards  oflrisholoth,  at 
yards  of  muslin,  at 


8. 

1 
1 


5 

2 

*•  3  jrwrus  or  muslin.  at  .  7 
13j  yards  of  cambric,  at  10 
«4.  yardsof  nrinfoH  /.oi:^ a  i 


d. 

— —           ■     "      ^i»iMtf 

»«      V 

V    x^v 

6  l^r  ell 

•4i      „ 

?        " 

4  per  yard 

21 

r'a      » 

6       „ 

rtt 

-J         J> 

- 

.^n*. 

jes4 

l2 

& 

10* 
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Lady  Denny, 

I 

9^  yards  of  silk,  at 


s.    d. 

12    9  per  yard 
—43'  yards  of  flowered  do.,  at  15    6 


Dttblin,  mh  May,  1844. 
Bought  of  Richard  Mercer 


11^  yards  of  lustring,  at 
14    yards  of  brocade,  at 
12}  yards  of  satin,  at 
11§  yards  of  velvet,  at 


Mr.  Jonas  Darling, 


6  10 
11     3 


10 
18 


8 
0 


n 


Am.    £U  15  10 


Dublin,  21st  May,  1844. 


15  i  ft)  of  currants,  at  ^         .  .    0 

"17|  lb  of  Malaga  raisins,  at  .    0 

19^  lb  of  raisins  of  the  sun,  at  .    0 

17    ft)  of  rice,  at         .        .  .0 

8j>  ft)  of  pepper,  at  .  .  .1 
3  loaves  of  sugar,  weight  32^  lb,  at  0    8i 

13  oz.  of  cloves,  at      .        .  .09  per  oz 


Bought  of  William.  Roper. 
s.    d. 

4  per  ft) 

51 


6 
6^^ 


>1 


1J 


Am.    £3  13 


0| 


Dublin,  27th  June,  1844. 
Mr.  Thomas  Wright, 

Bought  of  Stephen  Brown  &  Co. 
s.    d. 
252  gallons  of  prime  whiskey,  at  6    4  per  gallon 
252  gallons  of  old  malt,  at       .68        „ 
252  gallons  of  old  malt,  at       .80        „ 

Am.    £264  12    0 


MISCELLANEOUS    EXERCISES. 

What  is  the  price  of 

1.  4715  yards  of  tape,   at  ^d.   per  yard?     Ans. 
£4  185.  2|rf. 

2.  354  ft),  at  l{d.  per  ib  ?     Ans.  £1  I6s.  lO^d. 

3.  4756  ft)  of  sugar,  at  I2ld.  per  ft) .?     Ans:  £242 
15s.  Id. 

A     AO.^    noil*  f\f  Hillr  afrk/>1rin(T<s    nf  fie     T»4»r   T»aTr  ?     '  AlLt. 

£12n  10^ 


l*RAOTirE. 


331 


e'  ?Ion  ''*''■  "/  ?'»^*''  »'  2».  6rf.  ?     An,.  dB469  5, 

8    435  owfa't  ll'l  „/"'  7';  '  /'»•  ^16884  6,. 
9.  4514   cwt    ft   i:/  ,V";  .  ^'"-  ^'"SS  5,. 

^msl'n/  9k'  "  ^  '"■  ''■  P»  <^'-  •'   An.. 

^V'lol  sTi: '  '^"■- "  *'  **  ^»  ^-  ^'i-  p«  cwt.  ? 
A^:I^^li^  '^"•'  '^  *'  •'  ^  "'•  s*^-  p«  «='»• ' 

^  "•^t^r'^s '/"•' '  "'^'' »'  ^'  "■  ^-  p«'  y»"i  ? 

£/ VaK  *""'  ^  ^''"''  *'  '^*-  ^''^  P»'  8»"»"  ?   -l"". 

17.  20  tons,  19  cwt.,  3  qrs.,  27i  lb    at  £m  in. 
P^'^^'^JAns.  £220  g's.  1?K  n^ 

18.  219  toBS,   16  owt.,  3  qra.,  at'^iEn  7,   ed    ™,* 
ton?    ^«».  ^500  13j.  Oid.  *"  7».  6<«.  per 

QUESTIONS   IN   PBACncI. 

1.  What  is  practice  ?  [1]. 

2.  Why  is  it  so  called  ?  [1] 

parte  ^g.^  *«  ^''^'^'^  ^i'^'^  aUquot,  and  »U<,«,nt 
app  Jt^lZ  *Lt?l3p  "'  ''^'~''  -<!  "^ 

of  ano|::i:i»j^:7fnLlr'"'^^^  ^»-^'  '^•^ 

found  tZt  S'^*  ^P''"*  "'■  '"o  "  "O'^  denominaUons 
lound  that  of  onebeing  given  >  [7  and  9] . 

Ja  ».T J  S"'?  -'  ""*  uenomination  bein*  riven   hn» 
do  we  find  that  of  any  number  of  another  ?lloJ    ' 
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\m 


9  When  the  price  of  any  denomination  is  the  aliquot 
part  of  a  shilling,  how  is  the  price  of  any  number  of  that 
denomination  found  ?  [11].  .      .        . 

10.  When  the  price  of  any  denommatioa  is  the 
aliquot  part  of  a  pound,  how  is  the  price  of  any  num- 
ber of  that  denomination  found  ?  [12].  ^ 

il.  What  is  meant  by  the  complement  of  the  price  r 

[131 

12.  When  the  complement  of  the  price  of  aiiy  deno- 
mination is  the  aliquot  part  of  a  pound  or  shilling, 
but  the, price  is  not  so,  bow  is  the  price  of  any  number 
of  that  ctenomination  found  .?  [13].  . 

13.  When  neither  the  price  of  a  given  denommation, 
nor  its  complement,  is  the  aliquot  part  of  a  pound  or 
shilling,  how  do  we  find  the  price  oT  any  number  of 
that  denomination  ?  [14,  15,  16,  and  17]. 

14.' How  do  we  find  the  price  of  any  number  of 
articles,  when  the  price  of  each  is  an  even  or  odd  num- 
ber of  shillings,  and  less  than  20  .?  [18  and  19]. 

15.  How  is  the  price  of  a  quantity,  represented  by  a 
mixed  number,  found  ?  [20] . 

16.  How  do  we  find  the  price  of  cwt.,  qrs.,  and  lb, 
when  the  price  of  1  cwt.  is  given  .?  [21]. 

17.  How  do  we  find  the  price  of  cwt.,  qrs.,  and  lb, 
when  the  price  of  1  ft>  is  given  .?   [22]  •        ,         .         . 

18.  How  is  the  price  of  a  ton  found,  when  the  price 
of  1  ft)  is  given.?   [23]. 

19.  How  do  we  find  the  price  of  oz.,  dwt.,  and  grs., 
when  the  price  of  an  ounce  is  given  r  [24]. 

20.  How  do  we  find  the  price  of  yards,  qra. ,  and  nails, 
when  the  price  of  a  yard  is  given  ?  [25] . 

21.  How  ido  we  find  the  price  of  acres,  rooids,  and 

perches  ?   [26] .  ,    r      a 

22.  How  may  the  price  of  a  hhd.  or  a  tun  b6  touna, 
when  the  price  of  a  quart  is  given  .?  [27  and  28]. 

23.  How  may  the  price  of  any  number  of  articles  be 
found,  the  price  of  each  in  pence  being  given  ?  [29] . 

24.  How  are  wages  per  year  found,  those  per  day  bemg 
given?  [30] 


TARE    AND    TRET. 
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TARE  AND  TRET. 

^l'  ^K**   rf*   ^^''^^^   is   the   weight  both   of   fTi« 
good.,  ana  ofthe  bag,  &c,  in  which  thV  are  *^' 

the^'rUde"  '"''^'"''  '^^  *^^  ^^^'  ^«  ^^i^^t  contains 

thellte'  '"  '^"  "'''^^'  ^^^'^  '^"^^^"«>  '^ft-r  deducting 
^/•c^  is,  usually,  an  allowance  of  4  ft  in  everv  104  ft. 

th.  »^?orrf:ei^s  ""^"="  "^  ''^''■"=«°"'  ^  -"^^ 

.nf'^^^-ff  ''"""""•"f  "«   made  in  different  places 
and  for  differ, nt  goods;  bnt  the  mode  of  prooeeC  L' 


EXERCISES. 

1.  Bought  100  carcaases  of  beef  at  18s.  6d  per  cwt  • 

cass.     What  IS  to  be  paid  for  them .? 

cwt.  qrs.  lb.  inn 

Gross  450    2    23  100  carcasses. 

Tret        7    0    16  P®'*  <'*''<'^s 

■    T    i.        XI.         .        cwt.  qrs.  lb. 

iret,  on  the  entire,    800  lb«i7     0     10 

443    2      7.  at  18s.  6d.  per  cwt.==£410  5s.  lO^rf. 

per  cwt.     the  gross  weight  being  306  cwt.,  3  qrs     15 
ft> ;  and  the  tret  4  ft  per  hide  ?  "^Ans.  ^£290  1^2^ 

of  o^n  fi  r    ''^^"^*''  ''''*  ^^'  ^^^*  ^ill  l>e  the  price 
tte  n  ft  n'^'i  Pf  ^'^°*^*  1^^  ^^*'  2  qrs.,  21   ft  j 

^A-^*^*  ^  %«  P"oe  of  8  cwt.,  3  qrs.,  11  ft.  at  l.'i, 
J-  per  ewt.,  aJiowin^  the  usual  tret?  '  Am.  £6  lis] 


% 


m 


I,"  tfi 


/A^//f 
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5.  What  is  the  price  of  8  cwt.  21  ib.  at  18*.  4^d. 
per  cwt.,  allowing  the  usual  tret  ?     Ans.  £7  4s.  S^d. 

6.  Bought  2  hhds.  of  tallow ;  No.  1  weighing  10  cwt., 
1  qr.,  11  lb,  tare  3  qrs.,  20  ft) ;  and  No.  2,  11  cwt.,  0  qr., 
17  ft),  tare  3  qrs.,  14  lb ;  tret  1  ft)  per  cwt.  What  do 
they  come  to,  at  30*.  per  cwt.  > 

cwt  qrs.  lb.  cwt.  qrs.  lb. 

Gross  weight  of  No.  1,  10    111    .    Tare  0    3    20 
Gross\^eightofNo.  2,  11    0  17    .    Tare  0    3    14 

Gross  weight,     .        .  21    2    0  13      6 

Tare, 

Suttle, 

Tret  1  ft)  per  cwt. 

Net  weight,  19    2    2^.    The  price,  at  305.  per 


.  21 
.    1 

2  0 

3  6 

.  19 
.    0 

2  22 

0  19f| 

ewt.,  is  £29  5s 


7317^ 


It  is  evident  that  the  tret  may  be  found  by  the  following 
proportion — 

6wt.  cwt.  qrs.  fb.        lb.       lb. 


19    2    22 


iq3» 


rnrn^' 


7.  What  is  the  price  oi'  4  hhds.  of  copperas;  No.  1, 
eighing  gross  10  cwt.,  2  qrs.,  4  ft),  tare  3  qrs.  ^  ^^ 


— . , 


No.  2,  11  cwt.,  0  qr.,  10  lb,  tare  3  qrs.  10  ft) ;  No.  3, 
I'i  cwt.,  1  qr.,  tare  3  qrs.  14  ft);  No.  4,  11.  cwt.,  2 
qrs/,  14  ft),  tare  3  qrs.  18  ft) ;  the  tret  being  1  lb  per 
cwt. ;  and  the  price   iO*.  per  cwt. .?     Ans.  £20  lis. 

8.  What  will  2  bags  of  merchandise  come  to ;  No.  1, 
Veighmg  gross  2  cwt.,  3  qrs.,  10  ft) ;  No.  2^  3  cwt,, 
3  qrs<,,  10  ft) ;  tare,  16  ft)  per  bag ;  tret  1  ft>  per  cwt.; 
and  at  Is.  Sd.  per  ft)  ?     Am.  £59  2s.  8^d. 

9.  A  merchant  has  sold  3  bags  of  pepper;  No.  1, 
weighing  gross  3  cwt.  2  qrs. ;  No.  2,  4  cwt.,  1  qr.,  7  ft) ; 
No,  3,  3  cwt.,  3  qrs.,  21  ft) ;  tare  40  R»  per  bag ;  tret 
1  ft)  per  cwt. ;  and  the  price  being  15d.  per  ft».  What 
do  they  come  to  ?    Am.  £74  Is.  7f  |<?. 

)0.  ^Qrij^h|;  3  packs  of  wool,  weighing.  No.  1, 3  cWt., 
I  (}|r.,  12  *}b  ;  No.  2,  3  qyft.,  3  qrs.,  7ft);  No.  3,  3  cwt., 
0  qrs.,  16  fb  ;  tare  30  ft)  per  pao]? ;  tret  8  ft)  for  every 


No.  1, 
No.  2, 
No.  3, 

cwt.  qrs 
3    1 
3    3 
3    2 

TA 

.lb. 

12 

7 

15 

RE    AND    TRE 

-70  stones. 

lb.        lb. 

8    :     28:= 

Tare  80 
Tare  30 
Tare  30 

Gross, 
Tare, 

10    3 
0    3 

6 
6 

90= 

Suttle, 

St. 

20 
Suttle, 

10    0 

St. 

:    70 

St. 

70 

0= 

•    • 

lb. 
0 

St.     lb. 
1     12 

• 
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6  lb. 


Tret, 


1    12 


Net  weight,  68     4,  at  10*-.  6d.  per  8tone==£35  I65.  l^d. 

1 1 .  Sold  4  packs  of  wool  at  9*.  9d.  per  stone  ;  weigh- 
ing, No.  1,  3  cwt.,  3  qrs.,  27  ft).  ;  No.  2,  3  cwt.,  2  qrs., 
16  fb.  ;  No.  3,  4  cwt.,  1  qr.,  10  ft).  ;  No.  4,  4  cwt.,  0 
qr.,  6  ft)  :  tare  30  ft)  per  pack,  and  tret  8  ft)  for  every 
20  stone.     What  is  the  price  ?     Am.  ^249  15s.  2^^%d. 

12.  Bought  5  packs  of  wool ;  weighing.  No.  1,  4  cwt., 

2  qrs.,  15  ft) ;    No.  2,  4  cwt.,  2  qrs.  ;    No.  3,  3  cwt., 

3  qrs.,  21  ft> ;  No.  4,  3  cwt.,  3  qrs.,  14  ft) ;    No.  5,  4 
cwt.,  0  qr.,  14  ib  :  tare  28  lb  per  pack  ;    tret  8  ft)  ftjb^ 
every  20  stone  ;  and  at   II5.  6d.  per  stone.     What  IT 
the  price  ?     Ans.  £11  lbs.  8}|c?. 

13.  Sold  3  packs  of  wool ;  weighing  gross,  No.  1,  3 
cwt.,  1  qr.,  27  ft) ;  No.  2,  3  cWt.,  2  qrs.,  16  ft) ;  No.  3, 

4  cwt.,  0  qr.,  21  lb  :  tare  29  ft)  per  pack  ;  tret  8  lb  for 
every  20  stone  ;  and  at  11*.  Id.  per  stone.  What  is  the 
price  }     Ans.  £M   13s.  l%\\d. 

14.  Bought  50  casks  of  butter,  weighing  gross,  20ii 
cwt.,  3  qrs.,  14  lb  ;  tare  20  ft)  per  cwt.  What  is  the 
net  weight  ? 

cwt.  qrs.  ib.  cwt.  qrs.  lb. 

202    3    14  Gross  weight,  202    3    14 

20  Tare,     .        .    36    0 


qrs.  cwt. 
2=-» 

l:r 

14  = 


4040  ft). 

10 

5 

2 


25| 

16^ 


Net  weight,     166    2 

=  i  of  the  last,  >  s=the  tare  on  3  qr.  14  lb. 
1  =  1  of  the  last,  ) 


Tare,    4057^  lb  «=  36  cwt.,  0  qr.,  25^  lb. 


m  ;: 
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cwt    2  qrs.,  25  lb  ;  and  the  tare  14  lb  per  cwt.     What 
IS   he  net  weight  ?     Ans.  91  cwt,  2  qr^,  UJ  fc.         * 

cwt,  1  qr  ,  18  lb  ;  and  the  tare  16  lb  per  cwt.  Whatia 
the  net  wei  ht  ?  Ans.  50  cwt,  0  qr,  7|  lb.  "" 
17.  What  IS  the  net  weight  of  39  cwt  3  ora  21  ft. . 
the  tare  being  18  lb  per  cv^t.  ;  the  treT  4  ft  ?o  *  lol  ft  ' 
and  the  cloflf  2  ft  for  every  3  cwt.  ?  ' 

lb.        lb.  cwt.  !_  Gross  weight,     39    3    21 


18= 


(16=« 


8 


5 
0 


2 
2 


23 
24 


-     Tare, 


0     1     13 


Suttle,     . 
Tret=  J^th,  or 


33 
1 


2 
1 


2 

4 


Tare,  6    1    13  

2  lb  m  3  cwt.  is  the  ,-^,th  part  of  3  cwt.  32    n    Qfl 

Hencethecloffof32cwt.2Uisits,J,thpart,or  0    0    i 

Net  weight,  32    0      4 

19    What  is  the  net  weioHt  of  7  hhds    of  sno^ar 

20.  In   17  cwt.,  d  qr..  17  ft,  gross  weight  of  .alia 

3  ors      1'  ""1  2  lb  per  3  cwt.  oloff .'     A^.  13  owt 
o  qrs.,  1  ft  nearly.  > 

QUESTIONS. 

1.  What  is  the  gloss  weight  ?  [311.  ^     ' 

2.  What  IS  tare.?  [31]. 

3.  What  is  suttle  .?  [311. 
4   What  is  tret.?  |;'>^], 

A    6.  What  is  doff?  [31]. 

6.  What  is  the  net  weight .?  [31] 

7.  Are  the  aUowanoes  made,  always  the  same  ?  [31]. 
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.    What 
b. 

Qts  is  58 
What  is 

.,  21!b; 
1041b; 

b.  qrs.  lb. 
)    3    21 
i     1     13 

SECTION  VII. 

INTEREST,  &c. 

J.  Interest  is  the  price  which  is  allowed  for  the  use  of 
money  ;  it  depends  on  the  plenty  or  scarcity  of  the  latter, 
and  the  risk  which  is  run  in  lending  i«i  ' 

Interest  is  either  simple  or  compound.  It  is  simpU 
when  the  interest  due  is  not  added  to  the  sum  lent,  so 
as  to  bear  interest.  ' 

It  is  compound  when,  after  certain  periods,  it  is  made 
to  bear  int^rest-^being  added  to  the  sum,  and  considered 
as  a  part  of  it.  «civu 

The  money  lent  is  called  the  principal.  The  sum 
allowed  for  each  hundi-ed  pounds  "  per  annum"  (for  a 
year)  is  called  the  "  rate  per  cent."— (per  JglOO  )  The 
amount  is  the  sum  of  the  principal  and  the  interest  due 


SIMPLE  INTEREST. 


~-Sw- 


2.  To  find  the  interest,  at  any  rate  per  cent.,  on  any 
sura,  for  one  year —  ^  r  >       «"jf 

Rule  I.--Multiply  the  sum  by  the  rate  per  cent., 
and  divide  the  p  oduct  by  100.  ' 

ExAMPLE.—What  is  the  interest  of  £672  14s.  M.  for  one 
year,  at  6  per  cent.  (X6  for  every  jeiOQ.) 
£>     s.    d. 
672  14    3 
6 

40^36    5    6 
20 


7-25  The  quotient,  £40  7s.  3d.,  is  the  ii.terc«t  required. 
?06 
V^tl^G.  L  34]  "  ^""^  ^^"'  ^^  "^^""^'^  altering  the  decimal 
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^J\  ?"^^  II— divide  the  interest  into  parts  of  jglOO  : 
and  take  corresponding  parts  of  the  principal. 
^^LxAMPLK.-What  ig  the  interest  of  X32  4s.  2d.,  at  6  per 


20  *  20 


terest  is  the  ^  of  l^e  principal,  plus  the  j  of  the  A. 
;£    a.    d. 
20)32    4    2 

^^  n  ^1    ??  ?^  *^®  interest,  at  5  per  cent. 
^0^1  "  the  interest,  at  1  per  cent. 

And    1  18    7^  is  the  interest,  at  6  (5+1)  per  cent. 
I 

EXERCISES. 

1.  What  IS  the  interest  of  ^£344  17*.  ed.  for  one  year, 
at  6  per  cent.  ?     Ans.  JE20  13*.  lO^d  ^      * 

3.  What  is  the  interest  of  ;€480  15*.  for  one  vear  at 
7  per  cent.  ?     Ans.  ^^33  13*.  Ojd,  ^     ' 

4.  What  is  the  interest  of  ^2240  10*.  foi  one  vear  at 
4  per  cent.  ?    Am.  £9  12*.  4|rf.  ^     '    * 

,  4.  To  find  the  interest  when  the  rate  per  cent  con- 
siste  of  more  than  one  denomination— 

RuLE.-~Find  the  interest  at  the  highest  denomina- 
tion ;  and  take  parts  of  this,  for  those  Ihich  are  lower. 

rate  """"^^  "^  ^'  *^^  '''^'''^>  »*  *»»«  /^e^ 

veS'tri^lTl^^**  ^'  *^^  i"*''"«*  «f  ^97  8*.  4(i.,  fo.  one 
year,  at  Ao  10*.  per  annum  I  ' 

^    ,    ^5«£.-;andl0*.  =  £^. 

20)97    8    4 


And 


^^^n  ^Z    o  ?^  .*?®  P*®'®^*'  a*  5  P«»-  cent. 
0    9    _9  18  the  interest,  at  10*.  per  cent. 


0     7 


2  is  the  interest,  at  ^£5+10*.  per  cent 
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,  at  6  per 
e  the  io- 
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t. 

per  cent. 


Qomma- 
B  lower, 
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nt 


At  6  per  cent  the  interest  is  the  ^  of  the  principal ;  at 
lOs.  per  cent^it  is  the  ^V  of  what  it  Lat  5  percent.  Thire- 
tore,  at  £.b  10*.  per  cent.,  it  is  the  sum  of  both. 

EXERCISES. 

6.  What  is  the  interest  of  ^^371  19*.  7U.  for  one 
fear,  at^3  15*.  per  cent.  ?     Ans.  iglS  is*.  IIM. 

6.  What  is  the  interest  of  i284  ll*.  10i<i.  for  one 
fear^  at  £4  5s.  per  cent.  ?     Ans.  £3  Us.  10|rf 

x*^^.  ,^*'  H**'*'  '°**^*'^^^*  ^^^91  0*-  ^d.for  one  year, 

8  What  18  the  interest  of  je968  5*.  for  one  year,  at 
i.5  14*.  6d.  per  cent.  ?     Ans.  £55  8s.  8d. 

5.  To  find  the  interest  of  any  sum,  for  seceral 
years — 

Rule.— Multiply  the  interest  of  one  year  by  the  num- 
ber of  years. 

Example.— What  is  the  interest  of  £32  14*.  2(1  for  7 
years,  at  5  per  cent.  1 

£  s.   d. 
20)32  14  2 

1  12  8  i  is  the  interest  for  one  year,  at  5  per  cent. 

And  11    8  11^  is  the  interest  for  7  years,  at  5  per  cent. 
This  rule  requires  no  explanation. 

EXERCISES. 

9.  What  is  the  interest  of  iE14  2s.  for  3  years,  at  6 
per  cent.  ?     Am.  £2  10*.  9^. 

10.  What  is  the  interest  of  ^672  for  13  years,  at  £Q 
10*.  per  cent.  ?     Ans.  £Q0  16*.  ^d. 

11.  What  ia  the  interest  of  ^£853  0*.  Q\d.  for  11 
years,  at  M  12*.  per  cent.  }     Ans.  £431   12*.  l^d. 

6.  To  find  the  interest  of  a  given  sum  for  years, 
months,  fitfc. —  .  ' 

Rule.— Having  found  the  interest  for  the  years,  as 
ah-eady  directed  [2,  &c.],  take  parts  of  the  interest 
--  —  j-,^y  ivi  iiiai,  ui  mu  muumyj  o^o. ,-  ana  tfleu  add 
the  results. 
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Example  -What  is  the  interest  of  £86  8*'.  4d.  for  7  years 
and  6  months,  at  5  per  cent.  ?  "^ 

£    s.  d. 

20)86    8    4 

4   6    5  is  the  interest  for  1  year,  at  5  per  cent. 


f  ak'      o    ^?    o^^    is  the  interest  for  7  years. 
1  «  qsa'^  I    n    IV^  *^^  interest  for  4  months. 
1  8  9g  4.4=0    7    21  is  the  interest  for  1  month. 

And  32    0  llj  is  the  required  interest. 

EXERCISES. 

12.  What  is  the  interest  of  ^6211  5*.  for  1  year  and 
6  months,  at  6  per  cent.  ?     Ans.  iei9  0*.  3d. 

13.  What  is  the  interest  of  £514  for  1  year  and  74 
months,  at  8  per  cent. .?     Am.  £66  I6s.  4±d 

14.  What  is  the  interest  of  £1090  for  l'  year  and  5 
months,  at  6  per  cent.  ?     Ans.  £92  13s. 

15  What  is  the  interest  of  £175  10^.  6d.  for  I  year 

1 J  T.??*^''.  **  ^  P®'"  ^^°*-  •     ^^-  ^16  13*.  5AW. 

16  What  IS  the  interest  of  £571   15*.  for  4  years 

irf  T,?u      '  ""^  ^  P^""  ^^^*-  '     ^^*-  ^160  1*.  92d. 

17  What  IS  the  interest  of  £500  for  2  years  and  10 
months,  at  7  per  cent.  ?    Ans.  £99  3s.  4d. 

18  What  is  the  interest  of  £93  17*;  4d.  for  7  years 

,a    .S??"*^''  **^  ^  P^'  ^'^"*-  •     ^^-  ^44  11*.  lU- 

19  What  IS  the  interest  of  £84  9.^  2d.  for  8  years 
and  8  months,  at  5  per  cent.  .?    ^m*.  £35  II5.  nj^. 

7.  To  find  the  interest  of  any  sum,  for  any  time,  at 
O)  or  b,  &c.,  per  cent.  ' 

At  5  per  cent. — 

RuLE—Consider  the  years  as  shilhngs,  and  the 
months  as  pence  ;  and  find  what  aliquot  part  or  parts 
of  a  pound  these  are.  Then  take  the  same  part  or  parts 
or  the  principal.  ^ 

To  find  the  interest  at  6  per  cent.,  find  the  ii^ierest 

^  per  cent. ,  and  to  it  add  its  fifth  part,  &o. 

The  interest  at  4  nor  nant    «r:ii   k^  j.u-  !-± ,.     ^ 

per  cent.,  mimis  its  fifth  part,  &o. 
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^     s.    d. 

4)427    5    9 


i 


V)  of  principal. 


7 
Andl35 


2    5"  is  the 


I 


UofJ 


6    IJ  is  the  required  interest. 

foTr^Xu\  foianv'nSe^V^  per  cent.,  would  be  U. 

of  shillings  ;  for  anv  numZnf     ''^^*'■'/  *^«  ^'^'"^  "»«»>«' 
pence;  afd  for  years  Smn7/h"°"'^^  «ame  number  of 

shillings  andlencT  But  wW?  '  *"  corresponding  number  of 
lings,  fnd  pence  are  ofl^I  ^  If  ?'Y*' ''''  P''^*^'  ^^ese  shil- 

65.  8d.  is  the  1  of  a  pound. 

£>    s.    d. 
3)14    2    2 

^^nls    ?|  ?^*J«  ?°*«rest,  at  5  per  cent. 
---l__i'^  *^®  ^*^*®'^®^*' *^<^  1  per  cent. 

5  12  101  is  the  interest,  at  6  (5-f.l)  per  cent. 

EXERCISES. 

« J«   "^'"i  *^^  '°*^''^'*^  «^  ^1090  175.  6d.  for  1  year 

^1.  J^md  the  interest  of  ^2976  14*  7d  for  9  voa^o 
and  6  months  at  5  per  cent.  ?    Aj'd'22  U  9|/    " 

-.Ja  ^'""t^^^  '""^^^^^^  «^  ^780  17ir.  6^.  for  3  years 
and  4  months,  at  6  per  cent.  ?     Ans.  iei56  3..  6d^      " 

nnH  R        1  ''  *^^  '"*^^^'*  <^f  ^197  11*.  for  2  years 

24    m?-'  1'  P^'  '"'''•  •      ^'^^^  ^24  13..  lOir 
j4.   What  IS  the  interest  of  ^6279  11..  for  71  months 
at  4.  per  cent.  }     Am.  £6  19..  g^^^d.  '      '°*^'' 

and  8  mnn'ri!  '" /^^  '"^^""^'^  ^^  ^^^^  ^6..  foF  6  vew 
and  8  months,  at  6  per  cent. .?    Ans.  £263  12$. 


..»^i*=-«=* 
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•26.  What  is  the  interest  of  ^124  2s.  9d.  for  3  years 
and  3  months,  at  5  per  cent.  ?     Am.  ^£20  3*.  5^d. 

27.  What  is  the  interest  of  £1837  4s.  2d  for  3  years 
and  10  months,  at  8  per  cent.  ?     Ans.  ^£563  8s.  3d. 

9.  When  the  rate^  or  number  of  years,  or  both  of 
them,  are  expressed  by  a  mixed  number— 

Rule. — Find  the  interest  for  1  year,  at  1  per  cent., 
and  multiply  this  by  the  number  of  pounds  and  the  frac- 
tion of  a  pound  (if  there  is  one)  per  cent.  ;  the  sum  of 
these  products,  or  one  of  them,  if  there  is  but  one,  will 
give  the  interest  for  one  year.  Multiply  this  by  the 
number  of  years,  and  by  the  fraction  of  a  year  (if  there 
is  one) ;  and  the  sum  of  these  products,  or  one  of  them, 
if  there  is  but  one,  will  be  the  required  interest. 

Example  1.— Find  the  interest  of  £21  2s.  6d.  for  3J  years 
at  5  per  cent.  ? 

£21  ^.  6d.^lOO=4s.  2^d.    Therefore 
£    s.    d. 

0    4    2J  is  the  interest  for  1  year,  at  1  per  cent. 
5 


1     1?  is  the  interest  for  1  year,  at  5  per  cent. 


3    3    5|  is  the  interest  for  3  years,  at  do. 

0  15  lOjisthe  interest  for  ^  of  a  year  {£1  ls.lg<i.Xf),atdo. 

3  19    3^  is  the  interest  for  ^  years,  at  do. 

Example  2.— What  is  the  interest  of  £300  for  5?  years, 
at  3J  per  cent.  ?  .  ^ 

£  s.    d. 
£300^-100=3    0    0  is  the  interest  for  1  year,  at  1  per  cent. 


9    0    0  is  the  interest  for  1  year,  at  3  per  cent. 
2    5    Pis  the  interest  for  1  year,  at  £^  (£3xf ) 

H    5    Oistheintcrestforlyear,  at3|perceut. 
5 


56   5 


0  is  the  interest  for  5  years,  at  ^  per  ceni 
5  12    6  is  the  interest  for  4  year  (£11  5s.  ^2) 
•   2^6    3  is  the  do.  for  j  year  (£5  12».  6^<f.-t.2) 

And  64  13    y  is  the  interest  for  5;'  years,  at  ^  do. 
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EXERCISES. 

28.  What  is  the  interpsf  of  iPQ-yo  o    ^  ^  /. 
at  5S  per  cent.  >     ^«  19,1  S  '  '^^  ^*  ^"'"'' 

yea.;  Jfc  fe^ rXlrf  t?  11'.  «''•  ^»  ^^ 

30.  What  is  the   interesf  nf  Jann  VJ  ' 

31.  What  is  the  interest  of  ijlfs^A^    , 
years,  at  5f  per  cent.  >    ^,„.  i8T&  5/rf  '*''•  ^"  ^^ 

R^LE^-Multlvl?' •  '"^  "f^  "'  s'per  cent.-   . 
and  divide  ^fp^oCX'^Z'  "^  ""'  -»>-  "f  days, 
E.«,..._what  is  tUe^interst^of  ^26  4.  2..  for  8  c.a,s  , 

20    -i    2 
8 

209  i3~4 

20 


7300)50320(6|'M 
43800 

.    ^^®  required  interest  is  G^^n  „„  7  .       . 

IS  5-rmter  than  half  the  divisS?         '^^— since  the  remainder 

Tl;e  interest  of  £1  for  l  year  is  ^  t    „   ^  r     ,  ,        *" 

1 _  •  ^  ®'*^  '^  -^Iff .  and  for  1  day  ^^-f  365= 

20x306  ="3^0;   that    is.   the  T^ftnn,         ^     ^ 
Therefore  the  interest  of  !  ^*      '*^  '^'  P"°°'P'»I- 

7300th  part  l/VZ't^',  aTdtr'an^"™/^^"^^.^^'  -  ^^e 
th.it  number,  multiplied  bv  thp  TqftnM^  ""mber  of  days,  it  is 
«;;.  which  is  the  «ame  thiL'  the  r>H '  ^*'5  '^  */'"  principal! 
number  of  days,  and  divided^by  7300       ^^      multiplied  by  the 

EXERCISES. 

32.  Find  the  interest  of  £\a()  in.  f     ^^  1 
per  cent.     An.  MX  9s.  3aS  "'  ''  *'''^''  **  ^ 

-«t.'  ^'«.  !^3  Jti;l2''  ^^"°  ^^  91  days,  at  5  per 
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11.  To  find  the  interest  for  days^  at  any  other  rate — 
Rule. — Find  the  interest  at  6  per  cent.,  and  take 
parts  of  this  for  the  remainder. 

Example.— What  is  the  interest  6f  £3324  6s.  2i.  for  11 
days,  at  £6  10s.  per  cent.  ? 

£3324  Gs.  2f/.xll-h7300=£5  Os.  2|d.    Therefore 
&     .«.    rf. 
^5)5    0    2|  is  the  interest  for  11  days,  at  5  per  cent. 
2;1     0    0^-  is  the  interest  for  11  days,  at  1  per  cent. 
0  10    0    is  the  interest  for  11  days,  at  10s.  per  cent. 

And  6  10    2J  is  the  interesjt  for  11  days,  at  £6  10s.  (£5+ 
£l-|-10s.) 
!I.^his  rule  requires  no  explanation. 

EXERCISES. 

35.  What  is  the  interest  of  ^£200  from  the  7th  May 
to  the  i26th  September,  at  8  per  cent.  }     Ans.  £6  4s. 

36.  What  is  the  interest  of  £W0  15s.  6d.  for  63 
days,  at  7  per  cent.  }     Am.  £1  10s.  7^d. 

37.  What  is  the  interest  »f  ^£371  for  1  year  and  213 
days,  at  6  per  cent.  ?     Ans.  £3d  5s.  Od. 

38.  What  is  the  iutercpt  of  £240  for  1  year  and  135 
days,  at  7  per  cent.  }     Aiis.  £23  Os.  3f  ^of. 

Sometimes  the  number  of  days  is  the  aliquot  part  of 
a  year  ;  in  which  case  the  process  is  rendered  more  easy. 

Example. — What  is  the  interest  of  £175  for  1  year  and 
73  days,  at  8  per  cent. "?  • 

1  year  and  73  day8=l^  year.  Hence  the  required  interest 
is  the  interest  for  1  year-f-its  fifth  part.  But  the  interest  of 
£175  for  1  year,  at  the  given  rate  is  £14.  Therefore  its 
interest  for  the  given  time  is  £14-f  £Y=£144-£2  16s.=: 
£16  16s. 

12.  To  find  the  interest  for  months,  at  6  per  cent — 
Rule. — If  the  number  expressing  the  months  is  even, 
multiply  the  principal  by  half  the  number  of  months 
and  divide  by  100.  But  if  it  is  odd,  multiply  by  the 
half  of  OTie  Itss  tJian  the  number  of  months  ;  divide  the 
result  by  100  ;  and  add  to  the  quotient  what  will  be 
obtained  if  wft  divide  it  bv  one  less  than  the  number  of 
months. 
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mon^Ta?c'p-;.Tcnf. ''  *^^  -*-«*  of  £72  6..  4d.  for  8 
£    s.    d. 
72    C    4 


£>2m    5    4 
20 


17-855.    The  required  interest  is  £2  175.  lOirf. 


10-24t;. 
4 


.       0-96=|rf.  nearly. 
^loT'  X^^""!!:;'^  '^  *!;«  '"^«  ^r  three,  we  shall  have^ 

100x12-^6        =        100^^2 =^  (dividing  both 

numerator    and    denominator  bv   2^  ^>Li^X8-^2_ 

100" 


84    6 


2 
5 


One  less  than  the  given  number  of 
months^lO. 


£4-21  10  10 

20 
Tt::  £>  s.  d. 

4305.    10)4    4  33 ... *u  ,  . 

12  0     R  ?T   !  ^  "l*""*  ^'"'  10  'nonthg,  at  6  per  cent. 

-—  I  '"*""*  ^°''  ^  "^^t^^'  »t  »«'ne  rate. 

3-70d.  And  4  12  9    i.  the  interest  for  11  (10+1)  months,  at  6  ^ 

2;^80f.==3c?.  nearly. 

— _  ...,.-v  .„^  ii  uiuuLna  15  eviaeutly  the  interest  al 

11  -1  month,  plus  the  interest  of  IT^Ti  month  -f-Hi::!. 

M 


p'm 
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EXERCISES. 

39.  What  is  tho  interest  of  i5250  175.  Gd.  for  8 
months,  at  6  per  cent.  ?     Ans.  £10  O*.  8|rf. 

40.  What  is  the  interest  of  ^£571  155.  for  8  months, 
at  6  per  cent.  ?     Am.  £.22  Ms.  \\il. 

41.  What  is  the  interest  of  iJ840  for  6  months,  at  6 
per  cent.  }     Am.  £2d  4s. 

42.  What  is  the  interest  of  .£3790  for  4  months,  at 
6  per  cent.  }     Am.  ^£75  165. 

43.  What  is  the  interest  of  ^£900  for  10  months,  at 
6  per  cent.  ?     Ans.  iJ45. 

44.  What  is  the  interest  of  ^£43  25.  2d.  for  9  months, 
at  6  per  cent.  .?     Am.  £1  ISs.  9^d. 

13.  To  find  the  interest  of  money,  left  after  one  or 
more  payments — 

Rule. — If  the  interest  h  paid  by  days,  multiply  the 
sura  by  the  number  of  days  which  have  elapsed  before 
any  payment  was  made.  Subtract  the  first  payment, 
and  multiply  the  remainder  by  the  number  of  days 
which  passed  between  the  first  and  second  payments. 
Subtract  the  second  payment,  and  multiply  this  remain- 
der by  the  number  of  days  which  passed  between  the 
second  and  third  payments.  Subtract  the  third  pay- 
ment, &c.  Add  all  the  products  together,  and  find  the 
interest  of  their  sura,  for  1  day. 

If  the  interest  is  to  be  paid  by  the  weeJc  or  mouthy 
substitute  weeks  or  months  for  days,  in  the  above  rule. 

Example. — A  person  borrows  £117  for  94  days,  at  8  per 
cent.,  promising  the  principal  in  parts  at  his  convenience, 
and  interest  corresponding  to  the  money  left  unpaid,  up 
to  the  diflferont  periotis.  In  6  days  he  pays  J£17  ;  in  Y 
days  more  £20 ;  in  15  more  £32 ;  and  at  the  end  of  the  94 
days,  all  the  money  then  due.  What  does  the  interest 
come  to "? 

£    days.     £    day. 
117x  6=  702x11 

lOOX    7=  700X1  1        ^r77ft 

80x15=1200x1  f=*^''"- 
48x66=3.108x1  J 

Therefore 


r  one  or 
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£    s.   d. 
5)0  15    9J  is  tho  interest,  at  5  poi  cent. 
.  -^Ji_'l  *^  *"o  interest,  at  1  per  cent. 
'm  18  ll-^  is  the  interest,  at  G  per  cent. 

"    0    4    18  the  interest,  at  2  per  cent. 
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And! 


5 


^  is  tho  interest,  at  8  per  cent.,  for  th*>  eiven 
sums  and  times. 

thrs!il°as'tL?^f  ry-   ^  ^'^^^  ""P*^^'  *'»«  i"t«'e«fc  would  be- 

EXERCISES. 

45.  A  merchant  borrows  ^£250  at  8  per  cent,  for  2 
of  tfn,t''"f''r  ^«  P'^y^^f^ro  that  time  as  much 

In^h  ^v,  P^^  ^.'  '•'  P^^'^-'^'-  ^*  ^J^«  expiration  of  9 
months  he  pays^SO  and  6  months  after  irO-Ieav  ng 
the  remainder  for  the  entire  term  of  2  years.  How 
much  interest  arui  principal  has  he  to  pay,  at  the  end 
ot  that  time  ?     Ans.  ^127  16* 

witt^onrr'T  ^^^^  ^^  ^  P^'*  '«"*•  *'«'•  18  months, 
with  condition  to  pay  as  much  of  the  principal  before 

X  Tmn  ^T'"-  ^""u  '"2"^^^'  ^  ^''y  ^^^  4  months 
atte.  £100  ;  and  o  months  after  that  M75.     How  much 

principal  and  interest  am  I  to  pay,  at  the  end  of  18 
months.?     Ans.  £79  15s. 

1804  ^JhoVa?  ^^  ^°*^^^«\?"  the  1st  November, 
1804,  ^6000,  at  41  per  cent.  IB  is  to  repay  him  with 
interest,  at  the  expiration  of  2  years-having  libertrto 
pay  before  that  time  as  .much  of  the  principal  as  he 
pleases.     Now  B  pays  ^ 


The  16th  December,  1804, 

The  11th  March,  1805, 

The  30th  March, 

The  17th  August, 

The  12th  February,  1806, 


£ 
900 

1260 
600 
800 

1048 


How  much  principal  and  interest  is  he  to  pay  on  th» 
48.  Lent  at  interest  iE600  the  13th  May,  1833,  for  ^ 
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1  year,  at  5  per  cent. — with  condition  that  the  receive'* 
may  discharge  as  much  of  the  principal  before  the  tiran 
as  he  pleases.  Now  ho  pays  the  9th  July  i:;200  ;  and 
the  17th  September  £\bO.  How  much  principal  and 
interest  is  ho  to  pay  at  the  expiration  of  tho  year? 
Am.  £266  I3s.  d^\d. 

14.  It  is  hoped  thiit  the  pupil,  from  what  he  has 
learned  of  the  properties  of  proportion,  will  easily  un- 
derstand the  modes  ia  which  the  following  rules  are 
proved  to  be  correct. 

Of  tho  principal,  amount,  time,  and  rate — given  any 
three,  to  find  the  fourth. 

Given  tho  amount,  rate  of  interest,  and  time  ;  to  find 
the  principal — 

^  Rule.-— Say  as  iSlOO,  plus  the  interest  of  it,  for  the 
given  time,  and  at  the  given  rate,  is  to  iElOO  ;  so  is  the 
given  amount  to  the  principal  sought. 

Example. — What  will  produce  ^£862  in  8  years,  at  5  per 
cent. "? 

£40  (=£5x8)  is  the  interest  for  £100  in  8  years  at  the 
given  rate.    Therefore 

802x100       n^in^    QiJ 
~ — =£015  14s.  3M.        n.^ 

140  "^ 


£140  :  £100  :  :  £862 


When  the  time  and  rate  are  given — 

£100  :  any  other  sum  : :  interest  of  £100  :  interest  of 
that  other  sum. 

By  alteration  [Seo.  V.  29],  this  becomes— 

£100  :  interest  of  £100  :  :  any  other  sum  :  interest  of 
that  Slim. 

And,  saying  "  the  first  4-  the  second  :  %f  seftoi^di"  &o. 
[Sec.  v.  291  we  have —  '    \.  '    r^r  '^  ' 

£100  -f-  its  interest  :  £100  :  :  any  other  sum  +  its  in- 
terest ;  that  sum — which  is  exactly  the  rule. 


exercises. 


49.  What  principal  put  to  interest  for  5  years  will 
amount  to  i£402  10s.,  at  3  per  cent,  per  annum  .''  Ans. 
je350. 

50.  WhM  piincipal  put  to  interest  for  &  y*etars,  at  4 
per  cent.,  will  araount  to  ^784  8s.  ?     Ans.  £d4ij. 
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61.  The  amount  of  a  certain  principal,  bearing  inter- 
est for  7  years,  at  5  per  cent.,  is  X^334  16*.  What  is 
the  principal  ?     Ana.  ii248. 

lo  Given  the  time,  rate  of  interest,  and  principal— 
to  tiiid  the  amount —  ^        ^ 

ilu,.ii.--Say,  as  i.^100  is  to  X^lOO  plus  its  interest  for 
tlio  given  time,  and  at  the  given  rate,  so  is  the  given 
sum  to  the  amount  required. 

^  JjxAMr,.K.-What  will  £272  come  to,  in  5  years,  at  5  per 

cm?p  (='^100-f£5x5)  is  the  principal  and  interest  of 
xiuu  tor  0  years ;  then — 

i:iOO  :  £125   :  :   £272  :  ^^'=£340,  tho  required 
amount. 

We  found  by  the  last  rule  that 

Inversion  [Sec.  V.  29]  changes  this  into, 
£100  :  £100-f  ltd  interest  : :  any  other  sum  :  that  other 
8uiu-f  Its  interest— which  is  the  pj  isent  rule. 


EXERCISES. 

52.  What  will  ^350  amount  to,  in  5  years,  at  3  per 
•  cent,  per  annum  .?     Ans.  £402  10s. 

53.  What  will  .£540  amount  to,  in  9  years,  at  4  per 
cent,  per  annum  ?     Ans.  £734  a?.  '         ,  *-  ' 

54.  What  will  £24i^  amount  to,  in  7*  years,  at  5  per 
cent,  per  annum  ?     Aits.  £334  I6s 

65.  What  will  £973  4,v.  2d.  amount  to,  in  4  years 
and  8  months^  at  6'  per  cent.  ?     Ans.  £1245  14*    l^d 

56  What  will  £42  3s.  9^.  amount  to,  in  5  years 
and  3  montiis,  at  7  per  cent.  ?     Ans.  £57  13*.  lo|-t/. 

*i,'^%..^^^^^  ^^^^  amount,  principal,  and  rate— to  find 
the  tiine— -*     !  .  ;, 

J.    Rule.— Say,  as  the  interest  of  tile  given  sum  for  1 
ydar  IS  to  the  given  interest,  so  js  1  year  to  the  re- 
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Example  -When  wouU  X281  Us.  4il  beomno  Xa38.  at 

XU  h.  Sd.  (the  interest  of  £281  13«.  4^/.  f„r  1  year  [2])  : 
/^5C  C.  tW.  (the  given  intor.«i,)  ;  ,  1  :  ^^^-^«4,  the 
lcqu>od 'lumber  of  yoa'-n 

•  }^'  /''fT  ^*"''^>''  '"*  ^"^  *'*'''  i"»io— Divide  tho 
intoreat  of  the  given  piinoipal  for  I  year,  into  tho  entire 
interest,  alcI  the  quotient  will  be  tho  time. 

It  is  evi.l.M)t  tho  principal,  and  rate  being  given,  tho 
interest  ,s  pn  poniona'l  to  tho  time  ;  tho  longer  the  time,  the 
moru  the  mterost,  .vnd  tho  rovorHo.     '1  hat  ia-  ' 

Ihe  interest  ior  one  timr  :  the  interest  for  another  :  : 
the  tornior  time  :  ths  latter. 

Hence  the  intennft  of  the  given  sum  for  one  year  aho 
interest  for  om.timo)  :  the  gi^on  interest  (the  inWt  of 
the  same  sum  for  auot/ter  time)  :  :  1  year  the  tim.  which 
pr<Klueed  the  former)  :  the  time  sought  (that  which  mo- 
duceo'  the  latter) -wliich  is  the  rule.        ^  ^ 

EXERCISES. 

57.  la  what  time  would  ^£300  amount  to  £372,  at  6 
per  cent.  ?     Ans.  4  years. 

58  In  what  time  would  £211  5^.  amount  to  £230 
5*.  3d.,  at  6  per  cent.  .?  Ans.  In  1  year  and  6 
months. 

59.  When  would  £561   15s.  become  £719  0*  Q^d 
at  6  per  cent.  ?     Am.  In  4  vears  and  8  months  ** 

60.  When  would  £500  become  £599  3*.  4d.,  at  7  per 
cent.?     Am.    In  2  years  and  10  months.  - 

61.  When  will  £436  9s.  4d.  become  £571  8s   Ud 
at  7  per  cent.  ?    Am.  In  4  years  and  5  months.  ' 

18.  Given  the  amount,  principal,  and  time— to  find 
the  rate — 

RuLE.—Say,  as  the  principal  is  to  £100,  so  is  the 
given  interest,  to  the  interest  of  £100— which  will  give 
the  interest  of  £100,  at  the  same  rate,  and  for  the  same 
time.  Divide  this., by  the  time,  and  the  quotient  will  be 
the  rate.  • 


'Ti.WiWUMW 
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KxA:.PLE.~At  >vhut  rate  will  £350  amount  to  £402  lOi 


in  5  yuur«  ? 
X350  :  £100 


£52  10.:^^2J^^100^^1,,,^.^ 


t(rro8t  of  £100  f.,r  tho  muno  timo,  and  at  tho  narao  rate 
jnon  ,=^,  iH  tho  nM(mnMl  niuuhor  oryourH. 
Wo  havo  floon  [II    that  tho  timo  and  rate  being  the  same, 

£100  :  any  othi-r  mm  : :   tho  intorest  of  £100  :  interest 
1)1  tho  other  sum.  ^vivb* 

Thiti  bocomen,  by  invorHion  [Soo.  V.  29]— 

Any  sum  :  £lOt)  ::  intorost  of  tho  former  :  interest  of 
100  (tor  same  number  of  years). 

Hut  tho  interest  of  £100  divided  by  the  number  of  years 
which  produced  it,  ^r.ves  tho  interest  of  £100  for  1  vear- 
or,  in  other  words,  tho  rate.  ^ 


EXERCISES. 

G2.  At  what  rate  will  JE300  amount  in  4  years  to 
*372  ?     A'fis.  6  per  C(int. 

03.  At  what  rate  will  ^£248  ai  ount  in  7  years  to 
*334  16*.  ?     Ans.  5  per  cent. 

64.  At  what  rate  will  J^[.m>  14.f.  7d.  amount  in  2  years 
aud  6  months  to  £'1098  IQs.  4^d.  ?  Am.  5  per  cent. 

Deducting  tho  5th  part  of  the  interest,  will  give  tho  in- 
terest  of  £l)7G  14s.  Id.  for  2  yen -s.  ^ 

65.  At  what  rate  will  £780  17^-.  6J.  become  £!937 
Is.  m  3  years  and  4  months .?     Ans.  6  per  cent. 

6«;.  At  what  rat<!  will  £^843  5s.  i)d.  become  £^1047  Is. 
7^d.,  in  4  years  and  10  months  ?     Aris.  At  f.  per  cent 
,    67.  At  what  rate  will  £^43  2s.  A\d.  become  £60  7s 
4iflJ.,  m  6  years  and  8  months  }     Ans.  At  6  per  cent. 

68.  At  what  rate  will  £473  become  £900  13s.  ^U 
m  12  years  and  1 1  months  -     Ans.  At  7  per  cent.     * 


COMPOUND  INTEREST. 

19.  Given  the  principal,  rate,  an^ 
amount  and  interest —  j 

KuLE  I. — Find  the  interest  due  i 
payment,  and  add  it  to  the  prinoi^ml. 


■to  find  the 

first  ifhie  of 
B'mi.  the  interest 


:|f^: 


»% 


fl 
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of  that  snm,  conaidernd  as  a  now  principal,  and  ad<l  it 
to  what  it  would  produce  at  the  next  payment.  Oon- 
sider  that  new  sum  as  a  principal,  and  proceed  as 
before.  Continue  this  process  through  all  the  times  of 
payment. 

Example. — What  is  the  compound  interest  of  X97,  for  4 
yours,  at  4  per  cent,  half-yearly '? 

£>      H.    d. 
97    0    0 
3  17    7|  is  the  interest,  at  the  end  of  Ist  half-year. 


100  17 
4    0 


7|  is  the  amount,  at  end  of  Ist  half-year. 
8^  is  the  interest,  at  the  end  of  1st  year. 


104  18  3.?  is  the  amount,  at  the  end  of  1st  year. 

4  3  11 1  is  the  interest,  at  the  end  of  3rd  half-year. 

109  2  3    is  the  amount,  at  the  end  of  3rd  half-year. 

4  7  3L  is  the  interest,  at  the  end  of  2nd  year. 


113    9     6,i  is  the  amount,  at  the  end  of  2nd  year. 
4  10    9i  is  the  interest,  at  the  end  of  5th  half-year. 


118    0  4    is  the  amount,  at  the  end  of  5th  half-year. 

4  14  5    is  the  interest,  at  the  end  of  3rd  year. 

122  14  9    is  the  amount,  at  the  end  of  3rd  year. 

4  18  2|  is  the  interest,  at  the  end  of  7th  half-year. 


127  12  11|  is  the  amount,  at  the  end  of  7th  half-year. 

5  2     1^  is  the  interest,  at  the  end  of  4th  year. 

132  15     0|  is  the  amount,  at  the  end  ofAth  year. 

97  0    0    is  the  principal. 


And  35  15    0}  is  the  compound  interest  of  £97,  in  4  years.  , 

20.  This  is  a  tedious  mode  of  proceeding,  particularly 
when  the  times  of  payment  are  numerous  ;  it  is,  there- 
fore, better  to  use  the  following  rules,  whioh  will  be 
found  to  produce  the  same  result — 

lluLE  II. — Find  the  interest  of  £1  for  one  of  the 
payments  at  the  given  rate.  Find  the  product  of  so 
many  factors  (each  of  them  £14-its  interest  for  one 
payment)  as  there  are  times  of  payment ;  multiply  this 
product  by  the  given  principal ;  and  the  result  will  be 
f\:.y  t>rinfiiti9.1-  ulii*!  its  cnrnnoiinfi  intfiVAsfe  few  fih<*  civsn 


■>  r 
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time.     From  tins  subtract  the  principal,  and  tlio  remain- 
der  wdl  be  its  compound  interest. 

^■OC  U  the  interest  of  £1  for  1  year,  at  the  given  rate  • 
rl  'T%".-  P"^™^^"*^-    'J'herefore  Xioo  (xf+XO  6)  ii 

•Sxrooxro6vV2r^^^^  y^"-'  -^ 

I  uuxi  uuxi  uoxXiJ7— £237  is  the  compound  interest. 
Tlie  following  is  the  process  in  full— 
£ 
106  the  amount  of  £1,  in  one  year. 
106  the  multiplier. 


112;i6  the  amount  of  £1,  in  two  years 
100  the  multiplier. 


TIT  ^.'  ,  .  ^I'-^lOl^  the  amount  of  Xl,  in  three  vearq 
Multiplying  by  237,  the  principal,  ^ 

we  find  that  282-2707<J2=282  5  5^3  the  amount  • 
and  subtracting  237  0  0,  the  principal, 

we  obtain   45  5  5  as  the  compound  interest. 

JuTl7Q?n^^''^  '"'f.*^*'  ''"'^""*  *^"^  compound  inte- 
rest  ot  A,7U  for  0  years,  at  5  per  cent.  ? 

The  amount  of  XI  for  1  year,  at  this  rate  would  be  £105? 
Therefore   ^105xl05xl05xl  06x105x105x79  is  the 
a.nour,t.  &c.     And  the  process  in  full  will  l^ 
£ 

105 
1-.05 


11025  the  amount  of  XI,  in  two  years. 
11025 

1-21551  the  amount  of  XI,  in  four  years. 


•Tfv 


1-34010  the  amount  of  XI,  in  six  years. 
X      s.     d. 


X105  86790=105  17    4|  is  the  required  amount. 
7^    0    0 


And  2G  17    4^  is  the  required  interest 

M  2 
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Example  3. — What  are  the  amount,  and  compound  interest 
of  £27,  for  4  year.s,  at  £2  10s.  per  cent,  half-yearly. 

The  amount  of  £1  for  one  payment  is  £1025.     Therefore 
£1025  X  1025  X  1025  x  1()25  x  1  025  X  1025  X  1025  x 
1025x27  is  the  amount,  &c.    And  the  process  in  full  will  be 
£ 
1025 
1025 


1  05003  the  amount  of  £1,  in  one  y^ar. 
105063 


1- 10382  the  amount  of  £1,  in  two  years. 
110382 


1 -21842  the  amount  of  £1,  in  four  years. 

27 
—     £    s.    d. 

£32-89734=32  17  Hi  is  the  required  amount. 

27    0    0 


21, 


And  5  17  1^  is  the  required  interest. 
Rule  III. — Find  by  the  interest  table  (at  the  end 


of  the  treatise)  the  amount  of  £l  at  the  given  rate,  and 
for  the  given  number  of  payments  ;  mr<!tiply  this  by  the 
given  piincipal,  and  the  product  will  be  the  required 
amount.  From  this  product  subtract  the  piincipal,  and 
the  remainder  will  be  the  required  compound  interest. 

Example. — What  is  the  amount  and  compound  interest 
of  £47  lOs.  for  6  years,  at  3  per  cent.,  half-yearly  % 

£47  10s.=£47-5.  a 

We  find  by  the  table  that 

£142576  is  the  amount  of  £1,  for  the  given  time  and  rate. 
47- 5  is  the  multiplier. 

£    s.     d. 

67-7236=67  14    5?  is  the  required  amount. 
47  10    0 


And  20    4    5|  is  the  required  interest. 

22.  Rule  2  requires  no  explanation. 

Reason  of  Rule  II. — V/hen  the  time  and  rate  are  the 
same,  two  principals  are  proportional  to  their  corresponding 
amounts.    Therefore  ' 

£\  (one  principal;  :  £106  (its  corresponding  amount)  :: 
£106    (another  principal)  :  £106  X  106  (its   corresponding 
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and  interest 


me  and  rate. 


Hence  the  amount  of  £1  for  two  years,  h  £106yl-08— 
for  on?;:'?''  ''  '^°  '''''''''  ''''''''  ^^^'^  *^«  aZnTof  il 
Again,  for  similar  reasons, 

^1  :  £1-06  ::  £1.06x1-06  :  £1-06x1 -Oexl -06 
Hence  the  amount  of  £1  for  three  years,  is  £1-06x1  06X1-06- 

£1  for  ?;:'y"et''  '^''^  ''''''''  ^^^^  ''  *^«°^  *^«  "--nt  of 
ment^."''"'^  reasoning  would  answer  for  any  number  of  pay- 

the^amSof  £V"J.r"''P^^  "^Z"  ^''^  much  greater  than 
tne  amount  of  £1,  at  the  same  rate,  and  for  the  same  time,  as 

the  principal  Itself  is  greater  than  £1.    Hence  we  mZv^y 
the  amount  of  £1,  by  the  given  principal.  muiupjy 

Kule  III.  requires  no  explanation. 

23.  When  the  decimals  become  numerous,  we  mav 
proceed  as  already  directed  [Sec.  II.  68]. 

We  may  also  shorten  the  procens,  in  many  cases,  if 
we  remember  that  the  product  of  two  of  the  factors 
multiplied  by  itselt,  is  equal  to  the  product  of  four  of 
them ;  that  the  product  of  four  multiplied  by  the  pro- 
duct of  two  IS  equal  to  the  product  of  six  ;  and  that  the 
product  of  four  multiplied  by  the  product  of  four,  is 
equal  to  the  product  of  eight,  &c.  Thus,  in  example  2, 
11025  (=1.05x105)  Xll025=105xl05xl05xl05. 

EXERCISES, 

iPoVi-^^**  ^^®  *^®  amount  and  compound  interest  of 
±,91  tor  7  years,  at  5  per  cent,  per  annum  ?  Ans.  £lo.S 
Os.  lU.  is  the  amount;  and  ^237  0*.  11^.,  the  com- 
pound interest. 

n?Ac.^J^^^  ^^^  *^^  amount  and  compound  interest  of 

fo9?  w""  ^A/f^'\^^  ^  P'^  ^^"*-  I^alf-yearly.?  Aru,-. 
^^^7  lis  4id.  is  the  amount ;  and  ^£85  17*.  Ud.,  the 
compound  interest.  ^    ' 

^«o  ^\^^  **'®  *^^  amount  and  compound  interest  of 

^QH  A*  T",?  ^^""'f'  ^*  ^  P^^  °^"*-  P«^  annum  ?  Am. 
^JO  Os.  5fd.  IS  the  amount;  and  ^226  15*.  5|t^.,  tl,« 
compound  interest.  4    >     « 

4.  What  are  the  amount  and  compound  interest  of 

3L44    rts      Q//      fnw    11     -x    r>  . 

"      ^*  juiUB,  tti,  D  per  cent,  per  annum.' 


.'X-.'t       iVi 


266 


INTEREST. 


Am.  £24  U.  5d.  is  the  amount;  and  ^£39  155.  Bd.^ 
the  compound  interest. 

5.  What  are  the  amount  and  compound  interest  of 
iB32  4s.  9^d.  for  3  years,  at  £2  lOs.  per  cent,  half- 
yearly  ?  Ans.  i237  7s.  S^d.  is  the  i^moui^t ;  aad  ^£5 
2s.  10^^.,  the  compound  interest. 

6.  What  are  the  amount  and  compound  interest  of 
iB971  05.  2ld.  for  13  years,  at  4  per  cent,  per  annum  > 
Am.  £161Q  155.  U^d.  is  the  amount;  and  ^6645  155 
Q^d.y  the  compound  interest. 

24.  Given  the  amount,  time,  and  rate — to  find  the 
principal ;  that  is,  to  find  the  present  wwth  of  any  sum 
to  be  due  hereafter — a  certain  rate  of  interest  being 
allowed  for  the  money  now  paid. 

Rule. — Find  the  product  of  as  many  factors  as  there 
are  times  of  payment — each  of  the  factors  being  the 
tOnumnt  of  £\  for  a  single  payment;  and  divide  this 
product  into  the  given  amount. 

Example.— What  sum  would  produce  £834  in  5  years, 
at  5  per  cent,  compound  interest  % 

The  amount  of  XI  for  1  year  at  the  given  rate  is  £105 ; 
and  the  product  of  this  taken  5  times  as  a  factor  105  X 
105  X 105  X  105x105,  which  (according  to  the  table)  is 
1-27628.     Then 

£834-r-l-27G28=£653  9s.  2|J.,  the  required  principal. 

26.  Reason  or  the  Rule. — We  have  seen  [21]  that  the 
amount  of  any  sum  is  equal  to  the  amount  of  £1  (for  the  same 
time,  and  at  the  'same  rate)  multiplied  by  the  principal ;  that  is, 

The  amount  of  the  given  principal=the  given  principal  X 
the  amount  of  £1. 

If  we  divide  each  of  these  equal  quantities  by  the  same 
number  [Sec.  V.  6],  the  quotients  will  be  equal.     Therefore— 

The  amount  of  the  given  principal -s- the  amount  of  £l=the 
given  principal  X  the  amount  of  £l-f-the  amount  of  £1.  That 
is,  the  amount  of  the  given  principal  (the  given  amount) 
divided  by  the  amount  of  £1,  is  equal  to  the  principal,  or 
quantity  required — which  is  the  rule. 

EXEjRCISES. 

7.  What  ready  money  ought  to  be  paid  for  a  debt  of 
£Q29  lis.  \\\d.^  to  be  due  3  years  hence,  allowing 
8  per  cent,  compound  interest  ?    Ans.  i£500. 
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for  a  debt  of 


8.  WBat  principal,  put  to  interest  for  6  years  would 
amount  to  £268  0*  4i//  «♦  p.  ^«  ^  j'«»r8,  wouia 
Ans.  ie200                 ^  ^'       ^  P'''"  ^^''*-  P^^  annum  ? 

9.  What  sum  would  produce  de742  IQ*   m^  ;„  ia 

10.  What  IS  ^495  19,.  U^d.,  to  be  due  in  18  vears* 
tnil^sit'  ^^^^-^«-^^>  --th   at  pr^nt.' ^S 

the^tim^'"  *^'  principal,  rate,  and  amoun1>--to  find 
Rule  I.—Divide  the  amount  by  the  princinal  •  and 

m  nt  tr'"'*  ^"^^t  '^'  ^"^-*  «^  ieFf^rre'pa;^ 
ment  (at  ^e  given  rate)  as  often  as  possible-the  number 
of  times  the  amount  of  £1  has  been  used  as  a  d^vTor! 
wiU  be  the  requu-ed  number  of  payments.  ' 

i:i06  13s.  0|(l-^£92=l•^5927.     The  amount  nf  £^  fnr 
one  payment  is  £103.      But  115927^^03  511255 
11255 -i- 103=109272:    109272   •   loq      i  n^o  i 

106(>9,^1.03-.l.O3,    103iS:-\^^lJ,f,^f^^  ^^-^ 
as  a  dmsor  5  times;  therefore  the  time  is  5  payment^  or 

!LZ%^^Z''''"V'''''  ^^"  ^^  a  remaindefXr  dWid. 
ing  by  1  03,  &c.,  as  often  as  possible 

21.  Rule  II.--Divide  the  given  principal  by  the 
given  amount,  and  ascertain  by  the  interest  tL le  in  how 
many  payments  ^1  would  be  0^1  to  a  quantity  nearest 

tJe^ce^^'^'i^rJ''  ''^**  *'*"'  T."  ^^^  ^^^^^'^e  XlOO,  at  6 
per  cent,  per  annum  compound  interest  ? 

£1004-50=2. 
XmsS^thU^-  *r^^''  *^f  ^^  "  y«^^«  ^1  ^i"  'become 

tl^el^ttrterl^^^^^^^^^^^^       The  ^.swernearest  t. 

/ 


/ 
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28.  Reason  of  Rule  I.— The  given  amount  is  {toi  equal 
to  the  given,  principal,  multiplied  by  a  product  which  oontaiLvs 
as  many  factors  as  there  are  times  of  payment— each  factor 
being  the  amount  of  £1,  for  one  payment.  Hence  it  is  evi- 
dent, that  if  we  divide  the  given  amount  by  the  given  prin- 
cipal, we  must  have  the  product  of  these  factors  ;  and  that,  if 
we  di'ide  this  product,  and  the  successive  qvotienta  by  one 
of  the  factors,  we  shall  ascertain  their  number. 

Reason  of  Rule  II. — We  can  find  the  required  number 
of  factors  (each  the  amount  of  £1),  by  ascertaining  how  often 
the  amount  of  £1  may  be  considered  as  a  factor,  without 
forming  a  product  much  greater  or  less  than  the  quotient 
obtained  when  we  divide  the  given  amount  by  the  given 
principal.  Instead,  however,  of  calculating  for  ourselves,  we 
may  have  recourse  to  tables  constructed  by  those  who  have 
already  made  thr  necessary  multiplications — which  saves  much 
trouble. 

29.  When  the  quotient  [27]  is  greater  than  any 
amount  of  jSl,  at  the  given  rate,  in  the  table,  divide  it 
b^  the  greatest  found  in  the  table ;  and,  if  necessary, 
divide  the  resulting  quotient  in  the  same  way.  Continue 
the  process  until  the  quotient  obtained  is  not  greater 
than  the  largest  amount  in  the  table.  Ascertain  what 
number  of  paym^Mts  corresponds  to  the  last  quotient, 
and  add  to  it  so  many  times  the  largest  number  of  pay- 
tnents  in  the  table,  as  the  largest  amouTU  in  the  table 
has  been  used  for  a  divisor 

Example. — When  would  £22  become  i£535  12s.  Old., 
at  3  per  cent,  per  annum  1 

£535  12s.  0JtZ.-^22==24-34560,  which  is  greater  than  any 
amount  of  £h  at  the  given  rate,  contained  in  the  table. 
24-34560-T-4-3839  (the  greatest  amount  of  £1,  at  3  per  cent- 
found  in  the  table)  =5  55339  ;  but  Ihis  latter,  also,  is  greater 
than  any  amount  of  £1  at  the  given  rate  in  the  tables. 
5-55339-j-4-3839=l-26677,  which  is  found  to  be  the  amount 
of  £1,  at  3  per  cent,  per  payment,  in  8  payments.  We 
have  divided  by  the  highest  amount  for  £1  m  the  tables,  or 
that  corresponding  to  fifty  payments,  twice.  Therefore,  the 
required  time,  is  50+50-J-8  payments,  or  108  years. 

EXERCISES. 

11.  When  would  £14  6s.  8d.  amount  to  JEIS  2s.  8^d. 
at  4  per  cent,  per  annum,  compound  interest  ?    Ans. 
In  6  years. 
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erefore,  the 


12.  When  would  £54  2s.  8d.  amount  to  £76  3s.  5d., 
at  5  per  cent,  per  annum,  compound  interest.?    Ans 
In  7  years. 

13.  In  what  time  would  ^2793  0*.  2irf.  become  iE^034 
13.?.  10^^.,  at  3  per  cent,  half-yearly,  compound  interest  ? 
/Iwor.  In  4^  years. 

14.  When  would  .£100  become  iB1639  7s.  9d.,  at  6 
per  c<itt.  half-yearly,  compound  interest  ?  Ans.  In  24 
_iear8. 

QUESTIONS. 

1.  What  is  interest  ?  [1]. 

2.  What  is  the  difference  between  simple  and  com- 
pound interest  ?  [1]. 

3.  What  are  the  principal,  rate,  and  amount  ?  [1]. 

4.  How  is  the  simple  interest  of  any  sum,  for  1  year 
found?   [2  &C.J.  ^7  J      , 

5.  How  is  the  simple  interest  of  any  sum,  for  several 
years,  found.?   [5]. 

6.  How  is  the  interest  found,  when  the  rate  consists 
of  more  than  one  denomination  ?  [4] . 

7.  How  is  the  simple  interest  of  any  sum.  for  veara 
months,  &c.,  found .?   [6].  J         ^         J      ^y 

8.  How  is  the  simple  interest  of  any  sum,  fc^r  any 
time,  at  5  or  6,  &c.  per  cent,  found  >  [7J.  *    ' 

9.  How  is  the  simple  interest  found,  when  the  rate, 
number  of  years,  or  both  are  expressed  by  a  mixed 
number .?  f  9  j .  j  •+ 

^0.  How  is  the  simple  interest  for  days,  at  5  per  cent., 
found?  [10].  r  I 

11.  How  is  the  simple  interest  for  days,  at  any  other 
rate,  found?  [11].  J  y       ^  :t         f 

12.  How  is  the  simple  interest  of  any  suiq,  for  months 
at  6  per  cent.,  found  ?  [12]. 

13.  How  is  the  interest  of  pij  ,  7,  left  ftfter  one  or 
more  payments,  found  ?  [13]. 

14.  How  is  the  principal  foa?ij(,  when  the  amount, 
Tate,  and  time  are  given  ?  [14]. 

15.  How  is  the  amount  found,  when  the  time,  rato, 
and  principal  are  given  ?  [15]. 


260 


DISCOUNT. 


16.  How  13  the  time  found,  wbcn  the  amount,  prin 
cipal,  and  rate  are  given  ?   [16].  .     . 

17.  How  is  the  rate  found,  when  the  amount,  prmci 
pal,  and  time  are  gi/cn  ?  [18]. 

18.  How  are  the  amount,  and  corapo  .md  interest  found, 
when  the  principal,  rate,  and  time  are  given  ?   [19]. 

19.  How  is  the  present  worth  of  any  sum,  at  com- 
pound interest  for  any  timo,  at  any  rate,  found  .?  [24]. 

20.  How  is  the  time  found,  when  the  prmcipal,  rate 
of  compound  interest,  and  amount  are  given  .?  [26] . 


DISCOUNT. 

't30.  Discount  is  money  allowed  for  a  sum  paid  before 
it  is  due,  and  should  b  •  such  as  would  be  produced  by 
what  is  paid,  were  it  pai  to  interest  from  the  time  the 
payment  is,  until  the  time  it  ought  to  he  made. 


The    'present 


worth    of    any    sum,    is    that    which 


would,  at  the  rate  allowed  as  discount,  produce  it,  if 
put  to  interest  until  the  sum  becomes  due. 

31  A  bill  is  not  payable  until  three  days  after  the 
time  mentioned  in  it ;  these  are  Called  days  of  gracz. 
Thus,  if  the  time  expires  on  the  11th  of  the  month,  the 
bill  will  hot  be  payable  until  the  14th— except  the  latter 
falls  on  a  Sunday,  in  which  case  it  becomes  payable  on 
the  preceding  Saturday.  A  bill  at  91  days  wiU  not  be 
due  until  the  94th  day  after  date. 

32.  When  goods  are  purchased,  a  certain  diacount  is 
often  allowed  for  prompt  ( immediate)  payment.    ^ 

The  discount  generally  taken  is  larger  than  is  sup- 
posed. Thus,  let  what  is  allowed  for  paying  money 
one  year  before  it  is  due  be  5  per  cent.  ;  m  ordinary 
circumstances  £95  would  be  the  payment  for  £100. 
But  £95  would  not  in  one  year,  at  5  per  cent.,  produce 
more  than  £99  15^.,  which  is  less  than  £100  ;  the  error 
however,  is  inconsiderable  when  the  time  or  sum  is  small 
Hence  to  find  the  discount  and  present  worth  at  any 
rate,  we  may  generallii  use  the  following— 
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34.  To  find  the  present  worth  accurately-. 
time  L'tTlTo'n'''  ^^P^J^^'.  ^'^  interest  for  the  given 

^0  t^dueYil^nnlT^^'  **  P''^^^"*'  par  a  debt  of  £142 
allowed  ?  ''  ^  P^'  ''"^'  P^'  ^^^""^  discount  being 

102-5  (ifo+f  10)  :  m::  lf2  :    ^'^V/g^lfs  10    8 
This  is  merely  a  question  in  a  rule  already  given  [14]. 

EXERCISES. 

1.  What  is  the  present  worth  of  ^6850  15*    Davabli^  in 

in  t.  f"/  P""^'^"'  ™''*  "f  ^240  10*.,  pa4!a 

d.   What  IS  the  present  worth  of  ;£550  lOj.,  payable 

list  'loTr^^  ^^^  ^-^^^*-  p-  -•  ^^ 

motthf  iw  '^-.^^^^^  ^^"  ^'  '^"^  ^^  1  y^^r  and  5 
months  what  m  ite  present  worth,  allowing  6  per  cent 
per  an  discount  ?     Am.  i£1004  12..  2d.  ^      ^ 
iA  ^*'^*.«"™  ^»"  discharge  a  debt  of  ^£250  17*   6^ 

duei.r?™  T  ''.'!'  "l^^'g«  »  debt  of  ^6840,  «»  be 


<ij 
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7  What  ready  money  now  will  pay  a  debt  of  .£200, 
to  be  due  127  days  houco,  discounting  at  6  per  cent, 
per  an.  ?     Am.  £195  ISs.  2\d. 

8.  What  ready  money  now  will  pay  for  £1000,  to  be 
due  in  130  days,  allowing  6  per  cent,  per  an.  discount  ? 

Ans.  ie979  Is.  Id.  •     ^a  j  „. 

9  A  bill  of  £150  105.  will  become  due  m  70  days, 
what  ready  money  will  now  pay  it,  allowing  5  per  cent, 
per  an.  discount .?     Am.  £149  Is.  bd. 

10  A  bill  of  £140  10«.  will  be  due  in  76  days,  what 
ready  money  will  now  pay  it,  allowing  5  per  cent,  per 
an.  discount  ?     Am.  £139  \s.  0\d.  .    ^     ^^^ 

11  A  bill  of  £300  will  be  due  in  91  days,  what  wiU 
now  pay  it,  allowing  5  per  cent,  per  an.  discount .?   Am. 

£296  65.   U^.  ,  't        ^.      «    . 

12  A  bill  of  £39  55.  will  become  due  on  the  tirst 
of  September,  what  ready  money  will  pay  it  on  the 
preceding  3rd  of  July,  aUowing  6  per  cent,  per  an. .? 
^W5.  £38  185.  7ic^.  f  ,x.     ^A^V 

13.  A  bill  of  £218  35.  S\d.  is  drawn  of  the  Mth 
Au<rust  at  4  months,  and  discounted  on  the  3rd  of  Oct. ; 
whS  is  then  its  worth,  allowing  4  per  ceni.  per  an. 
discount .?     Am.  £216  85.  l^d 

14  A  bill  of  £486  185.  ^d.  is  drawn  of  the  25tli 
March  at  10  months,  and  discounted  on  the  19th  June, 
what  then  is  its  worth,  allowing  5  per  cent,  per  an. 
discount?     ^W5.  £472  95.   llf<^.  . 

15  What  is  the  present  worth  of  £700,  to  be  due  in 
9  months,  discount  being  5  per  cent,  per  an. .?     Atis. 

16  Wiiat  d  the  present  worth  of  £315  125.  \\d.^ 
payable  in  4  years,  at  6  per  cent,  per  an.  discount? 
Am.  £254  10s.  l\d. 

17  What  is  the  present  worth  and  discount  ot  £&W 
105.  for  9  months,  at  5  per  cent,  per  an.  .?  Am.  £530 
125.  Q\d.  is  the  present  worth;   and  £19  175.  iy\a- 

s  the  discount.  ^,    ^   v. 

18  Bout^ht  goods  to  the  value  of  £35  13*.  8^.  to  be 
•paid  in  294  days;   what  ready  money  are  they  now 

irorth,   6   per   cent,   per  an.  discount   bemg  aUowed. 
Am.  £34  05.  91i. 
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5eni.  per  an. 


19.  If  a  legacy  of  ieeOO  is  left  to  me  on  the  3rd  of 
May,  to  be  paid  on  Christmas  day  following,  what  must 
I  receive  as  present  payment,  allowing  5  per  cent,  per 
an.  discount  ?     Ans.  i:i581  4s.  2ld. 

20.  What  is  the  discount  of  ^2756,  the  one  half  pay- 
able in  6,  and  the  remainder  in  12  months,  7  per  cent, 
per  an.  being  allowed  ?     Ans.  ^£37  14s.  2^d. 

21.  A  merchant  owes  £\\0y  payable  in  20  months, 
and  i£224,  payable  in  24  months  ;  the  first  he  pays  in  5 
months,  and  the  second  in  one  month  after  that.  What 
did  he  pay,  allowing  8  per  cent,  per  an.  ?     Ans.  i2300. 

QUESTIONS  FOR  THE  PUPIL. 

1 .  What  is  discount  ?  [30] . 

2.  What  is  the  present  worth  of  any  sum  ?   [30] . 

3.  Whut  wee  days  of  grace?   [31]. 

4.  How  is  discount  ordinarily  calculated  ?   [33] 
6.  How  is  it  accurately  calculated  ?   [34] . 


COMMISSION,  &c 


35.  Commission  is  an  allowance  per  cent,  made  to  a 
person  called  an  agent j  who  is  employed  to  sell  goods. 

Insurance  is  so  much  per  cent,  paid  to  a  person  who 
undertakes  that  if  certain  goods  are  injured  or  destroyed, 
he  will  give  a  stated  sum  of  money  to  the  owner. 

Brokerage  is  a  small  allowance,  made  to  a  kind  of 
agent  called  a  broker^  for  assisting  in  the  disposal  of 
goods,  negotiating  bills,  &c. 

36.  To  compute  commission,  &c. — 

Rule. — Say,  as  £100  is  to  the  rate  of  commission,  so 
is  the  given  sum  to  the  corresponding  commission. 

Example. — ^\\'^hat  will  be  the  commission  on  goods  worth 
£437  5s.  2d.,  at  4  per  cent.  ? 

£100  :  £4  : :  £437  5s.  2d.  :  ^^^^joq^^'  ^'  =  ^17  9s. 
9|d.,  the  required  commission. 

37.  To  find  what  insurance  must  be  paid  so  that,  if 
the  goods  are  lost,  both  their  value  and  the  insurance 
paid  may  be  recovered — » 


n 


rv. 


2Q4 


C0MMI8SI0I» 
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Bulk. — Say,  as  iBlOO  minus  the  rate  per  cont.  is  to 
iSlOO,  BO  id  the  value  of  the  goods  insured,  to  the 
required  insurance. 

Example. — What  sum  must  I  insure  that  if  goods  worth 
£400  are  lost,  I  may  reooive  both  their  value  and  the  in- 
surance paid,  the  latter  being  at  tho  rate  of  5  per  cent.  1 

£95  :  £100  : :  £400  :  ^^-f^^  £421  Is.  OJrf. 

If  £lOft  were  insured,  only  £95  would  be  actually  received, 
since  £6  was  paid  for  the  £100.  In  the  example,  £421  U.  Oy. 
are  received ;  but  deduoting  £21  1«.  Oirf.,  the  insurance,  £400 
remains. 

EXERCISES. 

1.  What  premium  must  be  paid  for  insuring  goods 
to  the  amount  of  ^£900  155.,  at  2*  per  cent.  ?  Ans. 
iB22  10*.  4^^. 

2.  What  premium  must  be  paid  for  insuring  goods 
to  the  amount  of  i27000,  at  5  per  cent.  ?     Am.  ^£350. 

3.  What  is  the  brokerage  on  £976  IT*.  6d.y  at  6*. 
per  cent.  ?     Ans.  £2  8s.  10}d. 

4.  What  is  tho  premium  of  insurance  on  goods  worth 
£2000,  at  7j  per  cent.  ?     Am.  £150. 

5.  What  is  the  commission  on  £767  14*.  7i.,  at  2i 
percent.  ?     Ji7is.  £19  3*.  lOfd. 

6.  How  much  is  the  commission  on  goods  worth 
£971  14*.  7d.y  at  5*.  per  cent.  ?     Am.  £2  8*.  7/yrf. 

7.  What  is  the  brokerage  on  £3000,  at  2s.  6d.  per 
cent.  .?     Am.  £3  15*. 

8  How  much  is  to  "be  insured  at  5  per  cent,  on  goods 
worth  £900,  so  that,  in  case  of  loss,  not  only  the  value 
of  the  goods,  but  the  premium  of  insurance  also,  may  be 
repaid  ?     Am.  £947  7*.  4j\d. 

9.  Shipped  oflf  for  Trinidad  goods  worth  £2000,  how 
much  must  be  insured  on  them  at  10  per  cent.,  that  in 
case  of  loss  the  premium  of  insurance,  as  well  as  their 
value,  may  be  recovered  ?     Am.  £2222  4*.  d\d. 

QUESTIONS  FOR  THE  PUPIL. 

1.  What  is  commission  ?  [35]. 

2.  What  is  insurance  ?  [35] , 

3.  What  is  brokerage  ?  [35] 


PURCHASB   or    STOCK. 
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4.  How  we  oomruLsnion,  insurance,  &o.,  calculated? 

[3G] . 

5.  How  18  inpnranoe  calculated,  so  that  both  the  in- 
surance and  value  of  the  goods  may  be  received,  if  the 
latter  are  lost  ?  [3  7  j . 


PURCHASE  OF  STOtx... 


38.  Stock  is  money  borrowed  by  Government  from 
individuals,  or  contributed  ^  merchants,  &c.,  for  the 
purpose  of  trade,  and  boar...^  interest,  at  a  fixed,  or 
variable  rate.  It  is  transferable  either  entirely,  or  in 
part,  according  tu  the  pleasure  of  the  owner. 

If  tho  price  per  cent,  is  more  than  .£100,  the  stock  in 
quostioi    ^said  to  heabove,  if  less  than  £l<  '\  below  "  par." 

Somotunos  tho  shares  of  trading  coi..^  .uies  are  only 
gradually  paid  up  ;  and  in  many  cases  the  whole  price 
of  the  share  is  not  demanded  at  all — they  may  be  £50, 
i:J100,  &c.,  shares,  while  only  ^25,  iglO,  &o.,  may  have 
been  paid  on  each.  One  person  may  have  many  shares. 
When  the  intesest  per  cent,  on  the  money  paid  id  con- 
s'dorable,  stock  often  sells  for  more  than  what  it  origi- 
nally cost;  on  the  other  hand,  when  money  becomes 
more  valuable,  or  the  trade  for  which  the  stock  was 
contributed  is  not  prosperous,  it  sells  for  less. 

39.  To  find  the  value  of  any  amount  of  stock,  at  any 
rate  per  cent. — 

Rule. — Multiply  tjie  amount  by  the  value  per  cent., 
and  divide  the  product  by  100. 

ExAMPLE.—When  £G9  J  will  purchase  £100  of  stock,  what 
will  purchase  J£642  ? 


£642x60 


^£443  155.  7M. 


100      — '™"^"».  'ft 
It  is  evident  that  £100  of  stock  is  to  any  other  amount  of 
it,  as  the  price  of  the  former  is  to  that  of  the  latter.     Thus 
£100  :  £642  --  --  £fi«i  •  -£642x694 


£694 


EXERCISES. 


100 


1.  What  must  be  given  for  ^2750  16*.  in  the  3  per 
cent,  annuities,  when  JS641  will  purchase  iElOO  >  Ans. 
^£481  9*.  0,^^. 
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EQUATION   OP   PAYMENTS. 


^ ^Q*«/°'^n  ^®  ^^^'^  ^^'  ^^^^^  '^'-  ^^-  I«»<^»a  stock, 
wl    *  ^^^  purchase  iSlOO  ?  ^tw.  ^63446  17*  8*^ 

iJ>ioV*       *  '\*^^  purchase  of  ^29757  bank  stock,' at 
^125f  per  cent.  }    Ans.  ^612257  4*.  7\d. 


QUESTIONS. 

1.  What  n  Stock?  [38]. 


2.  When  is  it  abovey  and  when  below  "  par"  ?  [381 

3.  How  is  the  value  of  anv  amount  of  stock,  at  any 
rate  per  cent.,  f9und  ?  [39].  '         ^ 


EQUATION  OF  PAYMENTS. 

40.  This  is  a  process  by  which  we  discover  a  time, 
when  several  debts  to  be  due  at  difereni  periods  maybe 
paid,  at  once,  without  loss  either  to  debtor  or  creditor 

«l,k  w  ""r      u ^i^  ^^""^  payment  by  the  time  which 
Bbbuld  elapse  before  it  would  become  due ;  then,  add 

of^the'debt'  *''^^*^^'''  ^""^  ^'""'^^  *^^^  ««°^  W  the  sum 

Example  1.— A  person  owes  another  £20,  navftble  in  fi 
months;  £50  payable  in  8  months;  and  ^V  Sle  in 
12  months.  At  what  time  may  all  be  paid  togethir!  without 
loss  or  gam  to  either  party  1  fe    "«*>  witnoui 

20  X  6=  120 

60  X  8=  400 

_90x  12=1080 

'  160    160)  1600(10  the  required  nmnber  of  months. 

Example  2.— A  debt  of  £450  is  to  be  paid  thus  •  £100 
immediately,  £300  in  four,  and  the  rest  in  siKontha  '  When 
should  it  be  paid  altogether? 

£ 
X  0=      0 
X  4=1200 
X  6=  300 


jf 


100 

soo 

50 
450 


450)1500(31  months. 
1350 


150 

m 


-^ 
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ner 


41    We  have  (according  to  a  principle  formerly  used 
[13])  reduced  each  debt  to^a  sum  Wh^ would  brn^^^^^ 
same  interest  m  one  month.    For  6  times  £20,  to  bf  due 
in  1  month,  should  evidently  produce  the  same  as  £20  "o 

intere^t'of  ^TeoTrr^  '''  ?/  '^^  ^*^^'  debts.    And  'the 
merest  ot  £lb00  lor  the  smaller  time,  will  just  be  eoual  to 

the  interest  of  the  smaller  sum  for  the  lai-ger  time   ^ 

EXERCISES. 

1.  A  owes  B  ^600,  of  which  iESOO  is  payable  in  3 
months,  £150  in  4  months,  and  the  rest  in  eConths^ 
but  It  13  agreed  that  the  whole  sum  shall  be  paid  at 
once.  When  should  the  payment  be  made?  Ans.  In 
4|  months. 

2.  A  debt  is  to  be  discharged  in  the  following  man- 
3r  :  1  at  present,  and  i  every  three  months  after  until 

months^!  '"   *^^  ''^"**'''^   ^'"'^'     ^'^'  ^i 

3.  A  debt  of  £120  will  be  due  as  follows:  £50  in 
2  months,  £40  m  5,  and  the  rest  in  7  months.  When 
may  the  whole  be  paid  together  ?     Ans.  In  4^  months. 

4.  A  owes  B  £110,  of  which  £50  is  to  be  paid  at 
the  end  of  2  years,  £40  at  the  end  of  3i,  and  £20  at 
the  end  of  4^  years.  When  should  B  receive  all  at 
once  f     Ans.  In  3  years. 

5.  A  debt  is  to  be  discharged  by  paying  i  in  3  months, 
J-  m  o  months,  and  the  rest  in  6  months.  What  is  the 
equated  time  for  the  whole  >    Ans.  4}  months. 

QUESTIONS. 

r.h  ^^**  ^   ^^^^^  ^y  *^«   equation  of  payments  ? 

2.  What  is  the  rule  for  discovering  when  money,  to 
be  due  at  different  times,  may  be  paid  at  once }  [40J. 
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SECTION  VIII. 

EXCHANGE,  &c. 

1.  Exchange  enables  us  to  find  what  amount  of  the 

mZll  5  ^^^ f  "°*'y  '^  equal  to  a  given  amount  of  the 
money  of  another. 

Money  is  of  two  kinds,  real— or  coin,  and  imaginary^ 

fo^Z^Jl     u'"'^^"^"'/''''  ^^^^^  **^^'«  i«  no  coin;  as, 
tor  example  "  one  pmiTid  sterling."  ' 

The  par  of  exchange  fa  that  amount  of  the  money 

of  one  country  actually  equal  to  a  given  sum  of  the 

money  of  another;   taking  into  account  the  value  of 

.he  metals  they  contain.     The  course  of  exchange  I 

that^  sum  which,  m  point  of  fact,  would  be  allowed 

2.  When  the  course  of  exchange  with  any  place  is 

tC    ^w  '   k  ^'  .^'^'"°?  "^  ''^^'^'  ^Savnst  that  pLce 
inus  It  Hamburgh  receives  merchandise  from  London 
to  he  amount  of  £100  000,  and  ships  oflF,  in  return,  goods 

htl  r^u  ^^'^^  f  ^^>^^^'  ^*  «^°  m  only  ha  f  what 
nW  ^^^'^H  ^^  \^«^^°g«'  a«d  for  the  remainder  must 
obtain  biUs  of  exchange  from  some  place  else,  giving 
tor  them  a  premium— which  is  so  much  lo>!t.  But  thf 
exchange  cannot  be  much  above  par,  since,  if  the  pre- 
mium to  be  paid  for  bills  of  exchange  is  high,^the 
merchant  will  export  goods  at  less  profit ;  or  he  will 
Euflion  '"''^^"'^  ''^  transmitting  apd  insuring  coin,  or 
3.  The  nominal  value  of  commodities  in  these  countries 

TpLnr^l^'J'*-  ^'l/^^^*^^"  *i°^es  less  formerly  than  at 
present ;  that  is,  the  same  aii^ount  of  money  would  then 
buy  much  more  than  now.  We  may  estimate  the  value 
ot  money,  at  any  particular  period,  from  the  amount  of 
corn  it  would  purchase  at  that  time.  The  value  of 
ST^  ^"^*«ates  from  the  nature  of  the 'crops,  the  state 


EXCHANOE. 


\magi7iary — 
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In  exchange,  a  variable  is  given  for  a  fixed  sum ;  thus 
London  receives  different  values  for  M  from  different 
oountries. 

Agio  is  the  difference  which  there  is  in  some  places 
between  the  cwrreru  or  cash  money,  and  the  exchange 
or  batik  wwtujj^— which  is  finer. 

The  following  tables  of  foreign  coins  are  to  bo  made 
familiar  to  the  pupil. 

FOREIGN  MONEY. 

MONEY    OF   AMSTERDAM. 

Flemish  Money. 

•  .  make  1  grote  or  penny. 

•  •  •  1  stiver. 
>           •  1  florin  or  guilder 


Penningji 


800 
1920 


Pfonninsrs 
6 


guilders 
60or|       2i 
120  or!      6 


1  rixdollar. 
1  pound. 


72   or 
1440 


giotes 
12 


skillings 
240  orl    20 


Pfennings    Pence 
12     or    2 


192 


384 
676 


82  or 


64 
96 


MONEY    OP    HAMBURGH. 

Flemish  Momij. 

.  .  make  1  grote  or  penny 

1  skilling. 

1  pound. 
Hamburgh  Money. 

make  1  schilling,  equal  to  1  stiver 

1  mark. 


schillings 
16 


i  marks 
2  1  dollf^r  of  exchange. 

3  1  rixdollar. 

ne  nna  that  6  schillings=l  skilling. 

.<  ?T»  "/«''  ?°°®y  ^«  distinguished  by  the  word  «  Hambro." 
f«wi  •'  *^™  Lubec,  where  it  was  coined,  was  formerly  used 
for  this  purpose  ;  thus,  "  one  mark  Lub." 

8terlin*''°^*"*®  ^'^^  Holland  and   Flanders   by  the  pound 


970 


KXCHAffOK. 


D*rniera 
V2 


rRKNCtt   MONET. 

AMOttttta  w«r«  formo-ly  k«pt  tn  UtrM,  &«. 


240  or 
720 


10 


tout 
20 


make  1  lou. 
1  livre. 


8  •  •  locu  or  crown 

Accounts  arc  now  kept  in  ft-anoa  and  oontitnoR. 


(looimei 
100  or  I    10 

81  Hvroa=9ii80  fVanos. 


make  1  doolmo. 
1  fVano. 


Reel 
400 


1000  or 
4800 


PORTUGUESE    MONEY. 

Aooounta  are  kept  in  milrees  and  rees. 

*  *  •  •     make  1  oruaado. 

cruxadoi 

24      ...  . 


12 


1  milree. 
1  moideroi 


SPANISH    MONEY. 

Spanish  money  is  of  two  kinds,  plate  and  ve/hn :  the  latter 
being  to  the  formor  as  82  is  to  17.  P/ate  is  used  in  oxohango 
With  as.     Accounts  are  kept  in  piastres,  and  maravedi. 


Mnravedici 
84 


272  or 

1088 
875 


reali 
8 


82  or 


Ipitiitn 
4    . 


make  1  real. 

1  piastre  or  piece  of  eigh  ♦ 

1  pistole  of  exchange. 
.         1  ducat. 


AMERICAN   MONEY. 

In  some  parts  of  the  United  States  accounts  are  kept  in 
dollars,  dimes,  and  cents.  *^ 

Cents 

■  ^^       I  ^;  '  •  •  •  n»ftko  1  dima 

I  dimei 

\^^'J    1<^ 1  dollar. 

In  other  parts  accounts  are  kept  in  pounds,  shillinirs   and 

5Jfr*i,?*'-.if"  °""°^  *«'^'«'^y'  *>"*  *^«y  aVof  much  r^ 

Talue  than  with  us,  paper  money  being  usedf 


ro^nnlnga 
12 


BXCHArrOB 
DANISH   MONKT. 


102  or  1    10 


kiUlngi 


1152 
0  DattiBhota  1 


markt 
M    or       0         . 

ainburgh  nmrki. 

VKNKTIAN    MONET. 
Dttimrl  (thd  plural  ofdenaru) 

-  ^^  •  •  •  »  llittko  1  ioldo. 

•rtldl 

•««0  ....  lllftt. 

|llr«    aoldl 
6        4.. 
8 


1971 

makt  1  nkilling. 
.        1  mark. 
•        1  riidullar 


240  or 

1488 
1U20 


1  duoat  current. 
1  duoat  effuotlve 


Pfennlnaa 
4 


Ornins 
10 


AUSTRIAN    MONEY. 

>  «  •  « 

ornutitere 
00       . 

florlni 
90or|  li 

NEAPOLITAN    MONET. 


make  1  oreuixer 
1  florin. 
1  f  ixdollar. 


CRi'llnR 


100  or       10 


make  1  oarlin. 

1  dttoat  TiyA'} 


MONEY    OP    GENOA. 
Lire      Roldi 

4  and  12  make  1  soudo  di  oambio,  or  orown  of  exchange. 
10  and  14  1  eoudo  d'oro.  or  gol  1  crown. 


Dcnarl  dl  pexxft 
12 


OF   GENOA    AND    LEGHORN. 


240  or  I        20 


aoldl  dl  pazza 


Dennri  dl  lira 
12 


aoldi  dl  lira 
240  or  I    20      . 
1880         ilUrl  61     . 

SWEDISH   MONET. 
Fennlnga,  or  oera 

12  .... 


make  1  soldo  di  pezza. 

1  pozza  of  8  reals, 
make  1  soldo  di  lira. 


676  or  I    48 


j  akilUnga 


1  lira. 

1  pezza  of  8  reals 

make  1  skilling. 
1  rixdolUf 
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Copeci 
100 


EZCHANOB. 


RUSSIAN   MONEY. 


make  1  ruble. 


make  1  rupee. 


EAST    INDIAN    MONEY. 
Cowriei 
2660 
Auueea 

100,000    ...  ,1^ 

10,000,000  }  *•*• 

An^g'oL?T:4VaTouttS'7?^*  the  MaldivXand  near 

the  Sicca  rupee  is  2*.  0|rf. ;  and  the  current  ru Li  if  ta 
dmde  any  number  of  these  by  10.  we  change  them  to  7ound! 
of  our  money ;  the  Bombay  r\,nee  is  2^  8rf  i«  a  ^  ^ 
Indian  monej  is  expressed^ar^UowsS. 88220  wh^j,'""  ^^ 
6  lacs  and  88220  rupees  '  *  ^^^^^  ^^''^^ 

4.  To  reduce  bank  to  current  money 

RrLE.—Say,  as  £100  is  to  £100  +  the  ado,  so  is 
tl^e  given  amount  of  bank  to  the  required  aSoint  of 
current  money.  "«  w*. 

tn^r^V^r^'''^  "^^""^  guilders,  current  money,  are  equal 
being  4^T''  ^  '''"''''  ^^  ^^^^  P^""i°g«  Wo^X^o 


being  4f  ? 

100 

7 

705 


1041 


733 


463g.  3st.  13^|p. 

9263  stivers. 
16 


45500 


»*  ,..  ,  .    148221  pennings. 
Multiplying  by  65,  and  addirig  ^4  to  the 
will  give  9634429      P«>duct, 
Multiplying  by  733 
and  dividing  by  45500)T062036457 

^0)9700    9 

And  485  s.  0  st.  914515  n  i«  iha  a».^,^4.  t^ 

«   w^      1..  ,     ,   ^  "^  *""  ^'fisTTinr  P- "  tne  amount  floueht. 

5.  We  multiply  the  first  and  second  tertiw  bv  7  and  ^fid  tha 

numerator  of  the  fraction  to  one  of  the  prSdu/ts      This  1«  Itl 

same  thmg  as  reducing  th^se  terms  to  fractS*  haviiV?  for 

their  denominator,  and  then  multiplyiug  them  by  7  [Sec^^2S^^^ 


KXCHANGE. 
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The  remainder  of  the  process  is  according  to  the  rule  of 
proportion  [Sec.  V.  31].  We  reduce  the  anawer  to  penning. 
Btivers,  and  guilders. 

EXERCISES. 

1.  Reduce  374  guilders,  12  stivers,  bank  money,  to 
current  money,  agio  being  44  per  cent.  ?  Ans.  392  c, 
6st.,3TYjp.  ^' 

2.  Reduce  4378  guilders,  S  stivers,  bank  money,  to 
current  money,  agio  being  4f  per  cent.  ?  Ans,  4577  g., 
17  St.,  3,Vy  P- 

3.  Reduce  873  guilders,  1 1  stivers,  bank  money,  to 
current  money,  agio  being  41  per  cent. .?  Am.  916  e., 
2st.,  llifp.  *^  *^' 

4.  Reduce  1642  guilders,  bank  money,  to  current 
money,  agio  being  4|^  per  cent.  ?     Am.  1722  g.,  14st., 

6.  To  reduce  current  to  bank  money — 

Rule.— Say,  as  £100  + the  agio  is  to  ^100,  flo  is  the 

given  amount  of  current  to  the  required  waount  of 

bank  money. 

Example. — How  much  bank  money  is  there  in  485  guil- 
(^ers  and  9||^|7  pennings,  agio  being  4f  T 

st. 


104f 

7 

733 
45500 

S3351600 


100 

7 

700 


4f5 
20 

9700 
16 

156209 


0 


.?; 


nm '  ^ 


Multiplying  by    45500  the  denominator, 

7062009500 
and  adding    25957  the  numerator, 

we  get    7062035457 

700 

33351500)4943424819900 
Quotient    148221|f 
16)148221g| 
20)9263 
463    d    13ff  is  the  amount  soiig^l 


974 
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EXKRCISES. 


6.  Roduco  58734  guildors,  9  stivers,  11  pcnninm, 
current  money,  to  bank  H.oiioy,  agio  being  4|  per  cent.  ? 
Am.  r)6()2(}  g.,  10  8t,,  1 1 J  }/p.  ^    ^  ^ 

ti.  Keduoe  4320  giiildora,  10  punniugs,  current  money, 
to  bank  money,  agio  being  4^  per  cent.  ?  Ans.  4125  a., 
13st.,2i|fp.  ^ 

7.  lleduoo  118G  guildors,  4  stivers,  8  ponningg,  cur- 
rent  to  bank  money,  agio  being  4f  per  cent.  ?     Ans 
1136  g.,  10  St.,  0|ff  p. 

8.  Keduce  8o60  guilders,  8  stivers,  10  penningai 
current,  to  bank  money,  agio  being  4}  per  cent. 
^^«.  8183g.,  19st.,  5|iap  »      3^1* 

7.  To  reduce  foreign  money  to  British,  &o.— 
Rule.— Put  the  amount  of  R-itish  money  considered 
in  the  rate  of  exchange  as  tl.ird  term  of  the  proportion. 
Its  value   m   foreign   money  as  first,  and   the  foreiffn 
money  to  be  reduced  as  second  term. 

ExAMPijc  1 --/.%rwii{/t  Mo»,ey.--How  much  British  money 
18  equal  to  1054  guilders,  7  stivers,  the  exchange  being  33*. 
id.  Flemish  to  £1  British  ?  *  *^ 

33s.  4.;.      :      1054  g.  7  st.   : :   jCl   :  i 
J2  20 

400  ponce.        21087  stivers. 

2 

400)42173  Flemish  pence. 
^1  *u  .   .  «  .^105  435  =  jei05  8s.  SM. 

Al,  the  amount  of  Bntish  money  considered  in  the  rate, 

m  the  lirat ;  and  1054  g.  7  st.,  the  money  to  be  reduce! 
in  the  second.  ' 

oo^' Ji'^Z^^^^l  P°"°^^  sterling  in   1680  guilders,  at 
3ds.  3d.  J^lemish  per  pound  sterling.?     Ans.  iei68  8*. 

10.  Reduce  6048  guilders,  to  British  money,  at  335. 
llrf.    Jlemish   per  pound  British.?      Ans.   ^^694    7* 

11.  Reduce   2048   guilders,    15    stivers,   to  British 
money,  at  34*.  5d.  Flemish  per  pound  sterling?    Ans 
^198  8*.  6^-}-|^«;?.  * 
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i'/v.  Liuu  j^/-    ''^"'^'^'•^•^^-  'i'^-  per  pound  Htorliug  ? 


KxAMPLK   2.  —  Ua,nhnr<rh   Mnnr,,  —How    n, 
UMUg  JJv.  (>(/.  liJiMiush  |)or  pound  iJritiMli  ? 


macM    Hritiisli 


33 
12 


6 


470 
32 


2' 


XI 


402  grot«H.         ir)2324-l ')  •— 1  'iO'ti  i 

;  4:37-J38r,=X37  IRv.  9c/. 

ro;S?!;!;^it'nrel''"'"^''*  ''  -  ^"^  ^'-  --'^^  by  32, 

nu!t  '?2rsH.m-    ^^••i^''^\"T^^  ^«  equivalent  to  3083 
pom.  J  jtorling  ?    i,„.  xaO-l V,  gf ''        *'°""''''  ^' 

'f.    cllil  t"^  TllS':''  T""^ ''  "I""'  *»  -^'27  mark,, 
vuiuuirs,  ii.immo'  exchunffo,  at  3fi?    o^    i?\ •  u 

per  pound  sterling?     Am.  M;m  U  ^^"^''^ 

.J'^v  ^^"Tt""',"^  P'"""'^"  sterling  in  2443  marVa    oi 

Example  ^.—French  Money. —Rednot^  RMa  f 
cent  mos,  to  British  mnn.>rr  Ir?^     ^eauce  86,>4  francs,    42 
per  £1  British  ^'  ^^"^  ^^^^ange  being  23f.,  50c., 

23    50  :  8654    42  :  :   1  :   ^^^^^^^o.o  .     „, 
1 W""""'  "'  ""^  "^  "  f™""'  ^'oo^  100  centime,  make 

^«.  'i765  '        """""'''  P«'  P^^d  sterling  > 

moLe/afsrfrraL'  tlZ:'"  '='""™"'''   '»  B"'i^ 
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10.  Reduce  15647  francs,  3(1  centimes,  to  British 
inouoy,  at  2'3  francs,  13  centimes  per  pound  otcrling  ? 
Am.  JCf)7b  ISs.  2^d. 

20.  lleduce  4r>0  franca,  5RJ  centimes,  to  British 
money,  at  25  francs,  5  oentimes  per  pound  sterling  ? 
Ans.  iJ176  14i. 

MxAMPLK  4.  —  Pnrtufrttese  Money. — How  much  British 
money  is  o<iual  to  540  milreos,  420  roes,  exchange  being  at 
ba.  (k/.  per  milree  1 

m.     m.    T.       9.    d. 
1  :  540-420  : :  5    G  :  540  420 X 5s.  U—£,U%  12s.  S-'J. 

In  this  case  the  British  money  is  the  variable  quantity, 
and  bs.  Gti.  is  that  amount  of  it  which  is  considered  in  the 
rate. 

The  rees  are  changed  into  the  decimal  of  a  milree  by 
putting  them  to  the  right  hand  side  of  the  decimal  point, 
sinbe  one  ree  is  the  thousandth  of  a  milree. 

21.  In  850  niilrees,  500  rees,  how  much  British 
money,  at  5s.  4d.  per  milree  }     Am.  i^226  16s. 

22.  lleduce  2060  milrees,  380  ross,  to  English  money, 
at  5s.  ^d.  per  milree  ?     Am.  jE573  Os.  \0\d. 

23.  In  1785  milrees,  581  rees,  how  many  pounds 
sterling,  exchange  at  64^  per  milree  ?  Ans.  JE479 
17s.  Qd. 

24.  In  2000  milrees,  at  5s.  B>^d.  per  milree,  how 
many  pounds  sterling.''     Am.  £>blO  16s.  8c?. 

Example  5. — Spanish  Money. — Reduce  84  piastres,  G  reals, 
19  maravedi,  to  British  money,  the  exchange  being  4.dd.  the 
piastre. 

fp.     r.    m.        d. 
:        84    6    19  : :  49  :  I 
8  '    8 


8 
34 


678  reals. 
34 


272 


23052  maravedi. 
49 


272)1129548 

4152-7,  &c.=.-jei7  %s.  Old. 
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at  50e/  sterling  per  piastre  ?     ^.w.  ^65 10  ^^'"""SO 

2b.  Reduce  30000  piastroa  to  British  money  at  4Qd 
per  piastre  ?     Ans.  jgSOOO  ^'  ' 

'——-  .  dol.    del.        5.       £ 

753  18  the  required  sum.    Or  1  :  3765  •  •  4  •  753 

at  «fi  .^"^"'".-^f  ^f  •  ^^^-  American,  to  British  money, 
at  (>6  per  cent.  ?    An.i.  i:J176.  "*vuujr, 

29.  Reduce  561 1  dollars,  42  cents.,  to  British  money 
at  4s  bjd  per  dollar  ?     Ans.  £1250  I7s.  Id  ^' 

at  4s  idZ  IT  t"T'  ^^''""''-^  ''  ^'^^  '"^"ey, 
at  45.  d^rf.  per  dollar .?     ^tw.  ^2589  65.  2Arf. 

From  these  example.',  the  pupil  will  very  easily  under- 

8.  To  reduce  Britisli  to  foreign  money— 
RuLE.--Put  that  auiountof  foreign  money  which  is 
considered  m  the  rato  of  exchange  Is  the  tLd  term 
Its  value  in  British  money  as  the  first,  and  the  British 
money  to  be  reduced  as  the  second  term. 

m^£St\T^^"T!\¥'''''y\~^''''  many  guilders,  &c., 
lo  £1  British  f        ''^''  *^'  '^'^^S'  ^'^S  ^^'  ^-  J^'iemi«h 

I       :        236  U    2::  34    2:  ? 
20  20  12 


20 

12 

240 


410  pence. 


56810rf. 
410 


240)23292100 


12)97p50-4,  &c. 
20)8087__6_ 

£404    7  '61  Flemish. 


N  2 
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We  might  take  parts  for  the  Ms.  24. — 

34s.  2d.=£l  -f  10s.+4s.+2(/. 

£>  £     s.    d. 

£1=1  236  14    2 

10s.  =  A  118     7*    1 


4.S 


if 


47    6  10 


2^"=Tlir(Aofi)l  19    5i 


X404    7 


EXERCISES. 


6i  Flemish. 


31.  In  .£100  l5.,  how  much  FleDiish  money,  exchange 
at  33s.  4d.  per  pound  sterling?  Ans.  1000  guilders, 
10  stivers, 

32.  Keduce  £168  85.  5ji^d.  British  into  Flemish, 
exchange  being  33s.  3d.  Floiaish  per  pound  sterling .? 
Ans.  1680  guilders. 

33.  Ini:il99  lis.  10^^^.  British,  how  much  Flemish 
money,  exchange  34s.  yd.  per  pound  sterling  .?  Am. 
2080  guilders,  15  stivers. 

34.  Reduce  iJ198  8s.  6Hf^.  British  to  Flemish 
money,  exchange  being  34s.  5d.  Flemish  per  pound 
sterling  ?     A.m.  2048  guilders,  15  stiv  rs. 

Example  2. — Hamburgk  Money. — How  many  marks,  &c., 
in  £24  6*.  British,  exchange  being  33s.  2d.  per  £1  British  1 

£1      :      £24  6s.  : :  33s.   2d.  :  ? 
20  20  12 


20 


486 
398 


398  grotes. 


20)193428 


2)9671     8  pence. 
16)4835     schillings,  1  penny. 

302    marks,  3  schillings,  1  penny. 

35.  Reduce  £254  6s.  Sd.  English  to  Hamburgh 
money,  at  32s.  4d.  per  pound  sterling?  Ans.  3083 
marks,  12|  stivers. 

36.  Reduce  £378  Is.  to  Hamburg  money,  at  36s 
2d.  Flemish  per  pound  sterling  ?     Ans.   5127  marks^ 
5  schillings.  » 

—  .  -     «. ,.^.,.,.,    .,?-      it  A»<'»f  «p>- 1.- 1  ^*s     llx\,'  jt.\jj  X    :x\j   %j\)ot     "Xtt* 

per  pound  sterling  ?     Am.  7303  marks. 
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38.  Reduce  £49d  155.  Ofrf.  to  Hamburg  currency, 
at  34*.  11^.  per  pound  sterling  :  agio  at  21  per  cent  ? 
Ans.  7854  marks  7  schillings.  ^  ^ 

^    Example  ^.--French  Money. -How  much  French  monev 

^      £   .'.  d.        f. 

1     ••     83    2    2  : :  23-25  •  i 

20         20 


20     1662 
12         12 


240    10946 
23-25 

240)46374?50 

19322-7,  or  19322f  70c.  is  the  required  sum. 

39.  Reduce  £274  5*.  9d.  British  to  francs,  &c.,  ex- 
change at  23  francs  57  centimes  per  pound  sterling?  ? 
Am.  6464  francs  96  centimes.  ^ 

40.  In  £^765,  how  many  francs,  &c.,  at  23  franca 
49  centimes  per  pound  sterling .?  Ans.  17969  francs 
85  centimes. 

41.  Reduce  £330  to  francs,  &c.,  at  23  francs  25  cen- 
tmies  per  pound  sterling  ?     Ans.  7672  francs  50  cents 

42.  Reduce  £734  4*.  to  French  money,  at  24  francs 
1  centime  per  pound  sterling.?  Ans.  1769  francs  42J- 
centimes.  * 

rZY^%'S>'i''~~n''!''^''  fori^y.-How  many  milrees  anrf 
rees  m  £32  Os.  Brit^sji,  exchange  being  5s.  9d.  British  p< 
milree  f  o  ^ 

s.    d.         £,    s. 

5    9    :    .32    6  : :  1000  :  I 
12  20 


G9 


646 
12 

7752 
1000 


69)7752000 
/^Mquired  sum. 


112348  ree8=112  mibrees  348  rees,  is  tnc 
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43.  Reduce  ^226  I65.  to  milrees,  &c.,  at  5*.  4d.  pe» 
milree  ?     Am.  850  milrees  500  rees.    • 

44.  Reduce  ie479  Us.  6d.  to  milrees,  &c.,  at  64id. 
pnr  milree  ?     Ans.  1785  milrees  581  rees. 

45.  Reduce  £570  16*.  8d.  to  milrees,  &c.,at55.  Sid 
per  milree  ?     Ans.  2000  milrees. 

46.  Reduce  £715  to  milrees,  &c.,  at  55.  8d.  per  mil- 
ree ?     Ans.  2523  milrees  529y\  rees. 

.   ^J^^l^^Jc^P'f^^^  Money.— How  many  piastres,  &o., 
in  £Q2  British,  exchange  being  50d.  per  piastre  ? 

d.      £ 

50  :  62  : :  1  :  ?• 

20 


1240 
12 


50)14880 

297-6  piastres 
8 

48  reals. 
34 


p.     r.    m. 
297    0  32A§,  is  the  required  sum. 


50)1632 

32^1  maravedis. 

-tT.  How  many  piastres,  &c.,  shall  I  receive  for  £510 
sterling,  (exchange  at  50d.  sterling  per  piastre  ?  Ans. 
2448  piastres. 

48.  Reduce  £5000  to  piastres,  at  40d.  per  piastre  ? 
Ans.  30000  piastres. 

49.  Reduce  £167  15*.  4d.  to  piastres,  &c.,  at  39\d. 
per  piastre  .?  Ans.  1025  piastres,  6  reals,  22\U  mara- 
vedis. 

50.  Reduce  £809  95  Sd.  to  piastres,  &c.,  at  40|^.  per 
piastre  .?     Ans.  47^7  piastres,  4  reals,  2yVV  maravedis. 

Example  Q.^American  Mmei/ .—Reduce  £176  British  to 
American  currency,  at  66  per  cent. 

£        £t  £, 

100  :  176  : :  166  :  : 
166 

100)29216 

i>292  35.  2ifi.,  is  the  required  sum. 


Exchange. 
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EXERCISES. 

51 .  Reduce  £753  to  dollars,  at  4*.  per  dollar  ?    Atis, 
3765  dollars. 

52.  Reduce  £532  4^.  8^.  British  to  American  money, 
at  64  per  cent.  .?     Ans.  £872  lis.  3d. 

53.  Reduce  £1250   175.   7d.   sterling  to  dollars,  at 
4s.  b\d.  per  dollar  }     Am.  561 1  dollars  42  cents. 

54.  Reduce  £589  Qs.  2^^d.   to  dollars,  at  4^.  3\d. 
per  dollar  }     Ans.  2746  dollars  30  cents. 

55.  Reduce  £487  British  to  American  money,  at  78 
per  cent.  ?     Ans.  £777  175.  2U. 

9.  To  reduce  florins,  &c.,  to  pounds,  &c.,  Flemish— 

Rule.— Divide   the  florins  by  6  for  pounds,  and— 

adding  the  remainder  (reduced  to  stivers)  to  the  stivers 

—divide  the  sum  by  6,  for  skillings,  and  double  the 

remainder,  for  grotes. 

^3^n^T^^rZ^^^  ^^^y  pounds,  skillings,  and  grotes,  in 
lo5  flonns  19  stivers  ? 

f.        St. 
6)165     19 

»     ...       ,       ,„^       ^27  13s.  2f/.,  the  required  sum. 

6  will  go  into  165,  27  times— leaving  3  florins,  or  60  stivers, 
which,  with  19,  make  79  stivers ;  6  will  go  into  79, 13  times- 
leaving  1 ;  twice  1  are  2. 

10.  Reason  of  the  Rulr.— There  are  6  times  as  many 
florins  as  pounds ;  for  we  find  by  the  table  that  240  grotes 
make  £1,  and  that  40  (2|0)  grotes  make  I  florin.  There  are 
6  tmies  as  many  stivers  as  skillings  ;  since  96  penning  make 

1  skilhng,  and  IG  (V)  pfennings  make  one  stiver.     Als«,  sinco 

2  grotes  make  one  stiver,  the  remaining  stivers  are  equal  to 
twice  as  many  grotes. 

Multiplying  by  20  and  2  would  reduce  the  florins  to  grotes  : 
and  dividing  the  grotes  by  12  and  20  would  reduco  tUem  to 
pounds.     Thus,  using  the  same  example— 

f.        St. 
165     19 
20 


8319 


12)6638 
20)55.3    2 
£27  13*.  2rf.,  as  before,  is  the  result. 
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EXERCISES. 

^^'•i2?/4rf^"'  '"^  ''''''''  ^'^  many  pounds,  &o, 

68.  In  180  florins,  how  many  pounds,  &c.?  Am.  £30 
^     i^     1 0  reduce  pounds,  &c. ,  to  florins,  &o  — 

li«lf  T"~^^?^*'P^?  *^^  ^^'""^'^  ^y  ^  y  ""^^  *o  the  product 
half  the  number  of  grotes,  then  for  every  20  contained 
n  the  sum  carry!,  and  set  down  what  Vemains  abSve 
the  twenties  as  stivers.  Multiply  the  pounds  by  6,  and 
adding  to  the  product  what  is  to  be  carried  from  the 
stivers,  consider  the  sum  as  florins. 

l^^^^m^^C^il  ^:^f '''''''  ^-^^  ^*^-"  -  27  pounds. 

£>    s.    d. 
27  13    2 

^ 

fi  i^^o  iQ         -70  ^^,^.-  P^^-'  *^®  required  sum. 

b  times  13  are  78,  which,  with  half  the  number  (^>i  of 

and  the  3  to  be  carried  are  165  florins.  •  «we  ao^ 

This  rule  is  merely  the  converse  of  the  lask     Tf  i*<>  «^?^«.,* 

and  20,  would  give  the  same  result.    Thus  F^ "'*"»'«'  oy  -« 

JC    *.    d. 
27  13    2 
20 

663 
12 

2)6638 
20)3319 


16611.  19st.,  the  same  result  as  before. 

EXERCISES. 

59.  How  many  florins  and  stivers  in  30  pounds,  12 
skilhng^  and  1  grote  .?     Am.  183  fl.,  12  st.,  1  &■     ' 

i;„!??      7  °!?^?^""'»  ^^-  i^  129  pounds,  7  skil- 
lings  ?     Am.  776  fl.  2  st.  r  ,       om^ 

^61.  In  97  pounds,  8  skillings,  2  ijrotes,  how  manv 
norms,  &<3.  .-'     ^tw.  684  fl.  9  st. 
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QUESTIONS. 

1.  What  is  exchange  ?  [1], 

2.  What  is  the  diflfereiice  between  real  and  imagin- 
ary money?  [IJ.  ° 

3.  What  are  the  par  and  course  of  exchance  ?  Til 

4.  Wh&t  18  agio?  [3].  .  ^  ■^' 

5.  What  is  the  difference  between  current  or  cash 
money  and  exchange  or  bank  money  ?  [3J. 

6.  How  is  bank  reduced  to  current  money  ?  r4l 

7.  How  IS  current  reduced  to  bank  money  ?  [61 

8.  How  IS  foreign  reduced  to  British  money  ?  m 

9.  How  IS  British  reduced  to  foreign  money  ?  [8] 

&c^t  r?r  ""'^  ^''"''^'  ^"^'^  '"^^"''^'^  ^  pounds' Flemish, 
11.  How  are  pounds  Flemish,  &o.,  reduced  to  florins, 


ARBITRATION  OF  EXCHANGES. 
12.  In  the  rule  of  exchange  only  two  places  are  con- 
cerned ;  It  inay  sometimes,  however,  be  more  beneficial 

In.!  ";^;;«*^^^V%^'^^  ^^'"^^^  ^°«  «^  °»«re  otter 
places.     The  mode  of  estimating  the  value  of  the  money 

of  any  place    not  drawn  directly,  but  through  one  or 
more  other  places,  is  called  the  arbitration  of  exchanges 
and  IS   either  simple  or  compound.      It  is  "simoie" 
when  there  is  only  om  intermediate  place,  "  compoimd  » 
when  there  are  more  than  one.  A*       « 

All  questions  in  this  rule  may  be  solved  by  one  or 
more  proportions.  j      ^  va 

13.  Simple  Arbitration  of  Exchanges, --X^vf en  the 
coi^m  of  exchange  between  each  of  two  places  and 
former  ^''''  ""^   exchange   between    the 

tl.o^.k^!i*'^^*^fi.  *¥  S^^^"  «"™«  of  money  belonging  to 
the  third  place  the  first  and  second  terms  of  the  propor- 

'mlL  7\  ^""k"^  ^}''\  *''™'  *^"  eq'^i-'^'^erit  of  what  is 
m  the  first.     The  fourth  proportional  wii    be  the  value 

01    what    IS    m    thp    sononnl    *«»»•*"     »"    ♦^-    T--~J    -^ 

contained  in  the  third  term.  "^ 
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ARBITRATION    OF    EXCHANGES. 


Example. — If  London  '-;  hanges  with  Paris  at  lOJ.  per 
frano,  and  with  Amstcrdani  at3'^*.  8d.  per  £1  sterling,  wnat 
ought  to  be  the  course  of  exchange,  between  PariH  and 
Anistordam,  that  a  merchant  may  without  loss  remit  from 
London  to  Amsterdam  through  Paris  I 

£1  :  \0d.  : :  34.s.  8d.  (the  equivalent,  in  Flemish  mone^, 

of  £1)  :  '?  the  equivalent  of  lOd.  British  (or  of  a  franc)  in 

Flemish  money. 

34a\  8d.  X  10 
Or  240  :  10  ::  34*.  8d.  :  sTiTr^— =17W.,  the  re- 


240 


quired  value  of  lOd.  British,  or  of  a  franc,  in  Flemish  money. 
£>l  and  lOd.  are  the  two  given  sums  of  English  money,  or 
that  which  belongs  to  the  third  place ;  and  34s.  8d.  is  the 
given  equivalent  of  £1. 

It  is  evident  that,  17irf.  (Flemish)  being  the  value  of  lOrf., 
the  equivalent  in  British  money  of  a  franc,  when  more  than 
17irf.  Flemish  is  given  for  a  frano,  the  merchant  will  gain  if 
he  remits  tlirough  Paris,  since  he  will  thus  indirectly  receive 
more  than  17i(/.  for  10</.  sterling — that  is,  more  than  its  equi- 
valent, in  Flemish  money,  at  the  given  course  of  exchange 
between  London  and  Amsterdam.  On  the  other  hand,  if  less 
than  Hid.  Flemish  is  allowed  for  a  franc,  he  will  lose  by 
remitting  though  Paris  ;  since  he  will  receive  a  franc  for  lOd. 
(British) ;  but  he  will  not  receive  17irf.  for  the  franc  : — while, 
had  he  remitted  lOd.,  the  value  of  the  frano,  to  Amsterdam 
directly,  he  would  have  been  allowed  17i</. 

EXERCISES. 

1.  If  the  exchange  between  London  and  Amsterdam 
is  335.  9d.  per  pound  sterling,  and  the  exchange  be- 
tween London  and  Paris  9^d.  per  franc,  what  is  the 
par  of  exchange  between  Amsterdam  and  Paris  .?  Ans. 
Nearly  I6d.  Flemish  per  franc. 

2.  London  is  indebted  to  Petersburgh  5000  rubles ; 
while  the  exchange  between  Petersburgh  and  London 
is  at  50d.  per  ruble,  but  between  Petersburgh  and 
Holland  it  is  at  90^.  Flemish  per  ruble,  and  Holland 
and  England  at  36^.  4d.  Flemish  per  pound  sterling. 
Which  will  be  the  more  advantageous  method  for  Lon- 
don to  be  drawn  upoa — the  direct  or  the  indirect .?  Ans. 
London  will  gain  JE9  ll5.  l^o\d.  if  it  makes  payments 
by  way  of  Holland.  » 

but  £1875  Flemi8h=r£1032  2s.  2//^^.  British. 
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14.  Compound  ArhUratimi  of  Exchanges  —To  find 
vfhixi  should  be  the  course  of  exchange  between  two 
places  through  two  or  more  others,  that  it  may  be  on  a 
par  with  the  course  of  exchange  between  the  same  two 
places,  directly — 

ItuLE.—Having  reduced  monies  of  the  same  kind  to 
the  same  denomination,  consider  each  course  of  exchanire 
as  a  ratio ;  set  down  the  difterent  ratio?  in  a  vertical 
column,  so  that  the  antecedent  of  the  second  shall  be 
ot  the  same  kind  as  tho  consequent  of  the  first,  and  the 
antecedent  of  the  third,  of  the  same,  kind  as  the  conse- 
quent of  the  second— putting  down  a  note  of  interroga- 
tion  fur  the  unknown  term  of  the  imperfect  ratio.  Then 
divide  the  product  of  the  consequents  bv  the  product  of 
the  antecedents,  and  the  quotient  will  be  tho  value  of  tho 
given  sum  if  remitted  through  the  intermt>diate  places 

Compare  with  ibis  its  value  as  remitted  by  the  direct 
exchange. 

15  ExAMPLE.--£824  Flemish  beiii<;  due  to  me  at  Am- 
sterdam, It  IS  remitted  to  France  at  16a.  Flemish  per  franc  • 
from  France  to  Venice  ».t  300  franca  per  60  ducate  frorrJ 
Venice  to  Hamburgh  at  100^.  per  duc"at;  from  Hamburgh 
to  Lisbon  at  m.  per  400  rees;  and  from  Lisbon  to  Englafid 
at  r,.  8.^  sterling  per  milree.  Shall  I  gain  or  lose,  and'how 
much  the  exchange  between  England  and  Amsterdam  being 
o4,'>.  4a.  per  Jbl  sterling  ]  *^ 

15d.  :  1  franc. 

300  francs  :  60  ducats. 

1  ducat  :  100  ponce  Flemish. 

50  pence  Flemish  :  400  rees. 

1000  rees  :  68  pence  British. 

?  :  £824  Flemish. 

^XOOx  100x400x68x824 

16x300x1x50x1000    "^^^^  ^®    ^®*^"°®    *^«  *erm8 

[Sec.  V.  47])  1I^4=X560  65.  4|d. 

4^^^}^}"^  exchange  between  England  and  Amsterdam  fcl 
A.024  h  lemish  is  £480  sterling. 

Since  34*.  Ad.  :  £824  :  :  £1   :  _^??L_«4oa 

34.<f.  4d™^^^' 
1  gain  therefore  by  the  circular  exchange  £560  6«.  44a. 
minus  £480=£80  6».  4^^.  '  ^ 
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If  commission  is  charged  in  any  of  the  places,  it  nfust 
be  deducted  from  the  value  of  tho  sum  which  can  be 
obtained  in  that  place. 


Tho  procesH  given  for  tho  compound  arbitration  of  ox- 


ducats)  bo  worth.     If  the  quantity  last  found  is  the  value  of 
GO  ducats,  what  will  bo  that  of  one  ducat  («=100</.),  &c.  i 

EXERCISES. 

3.  If  London  would  remit  iBlOOO  sterling  to  Spain, 
tho  direct  exchange  being  42^^.  per  piastre  of  272 
maravedia  ;  it  is  asked  whether  it  will  be  more  proBt- 
able  to  remit  directly,  or  to  remit  first  to  Holland  at 
35.?.  per  pound ;  thence  to  France  at  W^d.  per  franc  ; 
thence  to  Venice  at  300  francs  per  60  ducats;  and 
thence  to  Spain  at  360  maravedis  per  ducat?  Am. 
The  circular  exchange  is  more  advantageous  by  103 
piastres,  3  reals,  19f|  maravedis. 

4.  A  merchant  at  London  has  credit  for  680  piastres 
at  Leghorn,  for  which  he  can  draw  directly  at  dOd.  per 
piastre  ;  but  choosing  to  try  the  circular  way,  they  are 
by  his  orders  remitted  first  to  Venice  at  94  piastres  per 
100  ducats;  thence  to  Cadiz  at  320  maravedis  per 
ducat ;  thence  to  Lisbon  at  030  rees  per  piastre  of  272 
maravedis ;  thence  to  Amsterdam  at  50d.  per  crusade 
of  400  rees ;  thence  to  Paris  at  IS^d.  per  franc  ;  and 
thence  to  London  at  lO^d.  per  franc  ;  how  much  is  the 
circular  remittance  better  than  the  direct  draft,  reckon- 
ing i  per  cent,  for  commission  >     Ans.  iEH  12*.  l^d 

16.  To  estimate  the  gain  or  loss  per  cent. — 

Rule. — Say,  as  the  par  of  exchange  is  to  the  course 

of  exchange,  so  is  iElOO  to  a  fourth  proportional.     From 

this  subtract  £100. 

Example. — ^The  par  of  exchange  is  found  to  be  ISjrd. 
Flemish,  but  the  course  of  exchange  is  VJd.  per  franc ; 
what  is  the  gain  per  cent.  ? 


ISld.  :  I9d.  : :  £1(J0 


dElQxlOO 
184      ' 


=£104  7$.  lid. 


PROFIT    AND    LOW. 
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s,  it  nftist 
h  can  be 


on  of  cx- 
down  the 
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re  profit- 
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Je77^1II}^iPfh"  P"'  f  nt.=:X104  7.9.  11,/.  minus  jC100=, 
A4  7*.  Ud.  iftho  mercliant  remits  through  I'aris 

paid  it\Th!''i^'''!:"'J«>  ^'";'^   «""""i««ion  must  bo 
paia,  It  IS  to  bo  deducted  from  the  gain. 

EXERCISES. 

T).  The  par  of  exchange  is  found  to  be  185^.  Flemish 

c^r  Tri'4^tr2ii'  ^'^^^•>-^-^^«  ^he  Xtr 

comJt\^Z  'l^^''•"T  ^'.'^*^-  FloTnish,but  the 
cTu^l      "    '  ''        ^'''°  P^'  "'°*-  ^    ^^-  ^'4 

onI:J^^  ^1!*  ""^  exchange  is  18}d.  Flemish,  but  the 
course  of  exchange  is  1734,/    whif  I'a  fK^  i«o.  J  !   ^ 

vtw^.  jei  16*.  2d  '^  '•'  ^''^^  '^  *^®  i<>8sper  cent.  ? 

QUESTIONS. 

I'  W^!  '•'  '?u''°Ii-^  arbitration  of  exchanges  ?  [121. 

2.  What  IS  the  difference  between  simple  and  coml 
pound  arbitration  ?  [12] .  ^ 

3.  What  is  the  rule  for  simple  arbitration  ?  [131. 

4.  What  18  the  rule  for  compound  arbitration  .?  [141 

any  plt"^  [15^  '^  "'  ''  "™"^"^^^  ^  ^'^^«^'  ^ 
6.  How  is  the  gain  or  loss  per  cent,  estimated  .?  [16]. 

PROFIT  AND  LOSS. 
17.  This  rule  enables  us  to  discover  how  much  we 
gain  or  lose  m  mercantUe  transactions,  when  we  seU  at 
certain  prices.  » 

Given  the  prime  cost  ^nd  selling  price,  to  find  the 
gam  or  loss  in  a  certain  quantity.  ' 

an?.y/^^i;""^if-^  the  price  of  the  goods  at  prime  cost 
and  at  the  selhng  price  ;  the  difference  wiU  be  the  gain 
or  loss  on  a  given  quantity  ° 

Tk®  J^*a}  P'Jme  cost  is  460J.x6==2760i. 

-"8  total  sGlling  price  is  46Ci.  x  7=3226</ 

ihe  total  gain  is  3220t/.  minus  2769d.=AQ6d.^£l  18s.  4d. 
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PROFIT    AND    LOSS. 


EXERCISES. 


1.  Bought  140  ft)  of  butter.  ,t  lOd.  per  ft),  and  sold 
it  at  \4d.  per  lb  ;  what  was  gained  ?     Ans.  £2  6s.  Stl. 

2.  Bought  5  cwt.,  3  qrs.,  14  ft)  of  cheese,  at  £2  \2s. 
per  cwt,  and  sold  it  forie2  185.  per  cwt.  What  was 
the  gain  upon  the  whole  ?     Ans.  £1  155.  3ft. 

3.  Bought  5  cwt.,  3  qrs.,  14  ft)  of  bacon,  at  345.  per 
cwt..  and  sold  it  at  365.  4d.  per  cwt.  What  was  the 
gain  on  the  whole  ?     Ans.  135.  S^d. 

4.  If  a  chest  of  tea,  containing  144  lb  is  bought 
for  65.  Sd.  per  ft),  what  is  the  gain,  the  price  received 
for  the  whole  being  ^£57  105.  }     Aiis.  £9  105. 

18.  To  find  the  gain  or  loss  per  cent. — 

Rule. — Say,  as  the  cost  is  to  the  selling  price,  so  is 
jBlOO  to  the  required  sum.  The  fourth  proportional 
minus  iBlOO  will  be  the  gain  per  cent. 

Example  1.— What  do  I  gain  per  cent,  if  I  buy  1460  ft> 
of  beef  at  3rf.,  and  sell  it  at  ^d.  per  lb  ** 

3d.xl400=4380(/.,  is  the  cost  price. 
And  3W.xl460=5110(i.,  is  the  selling  wice. 

5110x100    ;,,,  ,,     ., 

Then  4380  :  5110  : :  100  :    — ^ggQ — =JCllo  135.    4rf. 

Ans.  £116  13s.  id.  minus  £100  (=£16  135.  4d.)  is  the  gain 
per  cent. 

Reason  or  the  B  ;le. — The  price  is  to  the  price  plus  the 
gain  in  one  case,  as  the  price  (£100)  is  to  the  price  plus  the 
gain  (£100-f  the  gain  on  £100)  in  another. 

Or,  the  price  is  to  the  price  plus  the  gain,  as  any  multiple 
or  part  of  the  former  (£100  for  instance)  is  to  an  equimultiple 
of  the  latter  (£100-|-the  gain  on  £100). 

Example  2. — A  person  sells  a  horse  for  £40,  and  loses  9 
er  cent.,  while  he  should  have  made  20  per  cent.  What  is 
is  entire  loss "? 

£100  minus  the  loss,  per  cent.,  is  to  £100  as  £40  (what 
the  horse  cost,  minus  what  he  lost  by  it)  is  to  what  it  cost. 

91  :  100  : :  40  :  — ^—=£43  19*.  1^.,  what  the  horse  cost. 

But  the  person  should  have  gained  20  per  cent.,  or  j 
of   the    price;    therefore    his   profit   should   have   been 

-P4S     lOc    11// 


I 


r£8  15s.  9^.    And 


PROPIl'  AND    LOSS. 


Q  horse  cost. 


£  s. 
3  19 
8  15 


d. 


1}  is  the  difference  between  cost  and  sollinir  price 
Ji  18  what  he  should  have  received  above  cost. 


12  14  llj  ia  his  total  loss. 


5. 


EXERCISES. 

Bought  beef  at  fid.  per  lb,  and  sold  it  at  8d. 
>Vliat  what  was  the  gain  per  cent.  ?     Ans.  331 

C.  Bought  tea  for  5s.  per  lb,  and.  sold  it  for  3*. 
What  was  the  loss  per  cent.  ?     Ans.  40. 

7  If  a  pound  of-tea  is  bought  for  6*5.  6rf.,  and  sold 
tor  7*.  4rf.,  what  is  the  gain  per  cent.  ?     Ans   12^ 

8.  If  5  owt.,  3  qrs.,  26  lb,  are  bought  for  £9  *85., 
and  sold  for  £\l  ISs.  lid.,  how  much  is  gained  per 
cent.  ?     Ans.  ST^VV- 

9.  When  wine  is  bought  at  17^.  6d.  per  gallon,  and 
sold  tor  27s.  6d.,  what  is  the  gain  per  cent.  ?     Ans  574 

10.  Bought  a  quantity  of  goods  for  ^£60,  and  sold 
thera  for  ^75  ;  what  was  the  gain  per  cent.  ?     Ans.  25 

11.  Bought  a  tun  of  wine  fori250,  ready  money,  and 
sold  It  for  i>;54  105.,  payable  in  8  months.  How  much 
per  cent,  per  annum  is  gained  by  that  rate  ?     Ans    131 

12.  Having  sold  2  yards  of  cloth  for  II5.  ed  ,1 
gamed  at  the  rate  of  15  per  cent.  What  would  I  have 
gained  if  I  had  sold  it  for  12*.  ?     Ans.  20  per  cent. 

13.  If  when  I  sell  cloth  at  75.  per  yard,  I  gain  10 
per  cont.  ;  what  will  I  gain  per  cent,  when  it  is  sold  for 
bs.^d.?     Ans.  £33  Us.  5^d. 

.,?•  -J^'Ar.^-  "-  ^11^  •  ^133  lb.  5V.    And  £133  lb 
5M.-£100=£33  lb.  5W.,  is  the  required  gain. 

19.  Given  the  cost  price  and  gain,  to  find  the  sellinff 

price —  ° 

Rule.— Say,  as  iElOO  is  to  iElOO  plus  the  gain  per 
cent.,  so  IS  the  cost  price  to  the  required  selling  price. 

Example.— -At  what  price  per  yard  must  I  sell  427  yards 
of  cloth  which  I  bought  for  195.  per  yard,  so  that  I  mav 
gam  8  per  cent.  ?  x-      j      >  "«./ 


inn  .  mo  • .  m. 


■2..^S. 


108x195 
100 


=£1   O5.  old, 


m 


TJiia  result  may  be  proved  by  the  last  rule. 


Ih 


990 


1' HO  FIT    AND    LOSS. 


KXKRCISES. 

14.   B(»u<^ht  vclvoi  at  4.«.  8d.  per  yard  ;  at  what  price 
must  I  Hcll  it,  80  aw  to  gain   1:^]   per  cent.  ?      Aiu.  At 

1  ).   Bought  muslin  at  ;').?.  por  yard  ;  how  must  it  bo 
Mold,  that  I  may  lose  10  por  cent.  ?     Am.  At  4,«,  Gd. 

16.  If  a  tun  of  brandy  costs  iJ40,  ho«r  must  it  be 
sohl,  to  gain  (i|  por  cent.  ^     A.n.i.  For  £42  lOs. 

17.  Bou^'ht  hops  at  ,t4  16a-.  por  cwt.  ;  at  what  rate 
must  th«;y  be  sola,  to  lose  15  per  cent.  ?     Aiis.  For  JE4 


'^d. 


18.  A  merchant  receives  180  casks  of  raisins,  which 
srand  him  in  I6s.  each,  and  truck.>?  them  against  other 
merchandize  at  28*.  per  cwt.,  by  which  he  finds  he  has 
gained  25  per  cent.  ;  for  what,  on  an  average,  did  he  sell 
each  cask  ^     A7is.  SO  lb,  nearly. 

^0.  Given  the  gain,  or  loss  per  cent.,  and  the  selling 
price,  to  find  the  cost  price — 

Rule. — Say,  as  iJlOO  plus  the  gain  (or  as  JCIOO  minus 
the  loss)  is  to  JtUOO,  so  is  the  selling  to  the  cost  price. 

Example  1.— If  I  sell  72  lb  of  tea  at  C-f.  per  lb,  and  gain 
9  per  cent.,  what  did  it  cost  per  lb  1 

109  :  100  : :  6  :  ^^~?=5.-.  GJ. 

What  produces  £109  cost  £100 ;  therefore  what  pro- 
duces C*.  must,  at  the  same  rate,  cost  5s.  Qd. 

Example  2. — A  merchant  buys  97  casks  of  butter  at  30,9, 
each,  and  selling  the  butter  at  £4  per  cwt.,  makes  20  per 
cent. ;  for  how  much  did  he  buy  it  per  cwt.  ? 
30.<.X 97=29105.,  is  the  total  price. 

Then  100  :   120   :  :    2910  :  ^^^^i-^-^J^O^  ^^^^^  ^^^ 


100 


.        ■       ,  3492s.  y'     3492.s.\ 
selling  price.   And  -^^— (^=-^^    ^=4365,  is  thenur.'A(r 

o  J  43-65 

of  cwt. ;  and  ~97~==50^||  lb,  is  the  uvftrage  weight  of  each 
cask. 

lb  \h         s.       n  9  w  ^ 

Then  50|J^     ..iu  ::  30  '    ^^^><^- 


Q.J      4.U-.  -_ 


50iS4 


:=66s.  8J.x=£3  6s. 


4  8T 


,  the  requ;-'ofi  cost  price,  per  cwt. 


■■■'*•». 
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19.  Having  sold  12  yards  of  cloth  at  20#.  per  yard, 
and  Idst  10  per  cent.,  what  was  the  prune  cost?     Ans 

20.  Having  sold  12  yards  of  cloth  A  20s,  per  yard, 
and  gained  10  per  cent.,  what  was  the  prime  cost  ?  Am. 
los.  z-fjd. 

21  Having  sold  12  yards  of  cloth  for  £,b  14*.,  and 
gained  b  per  cent.,  what  was  the  prime  cost  per  yard? 

?h  ^""i.^'o*^  ^'\  }  ^"^  3  «^*-  0^  «»gar,  which  I 
8old  for  £6  3s.,  and  lost  4  per  cent.  .?  Am.  For  £6 
bs.  i^d. 

«nif;  ^'^L''^'*S'^'^.^  1*"^^^  y^"'^'  «f  «»<>*h,  which  I 

!e23  ii3,  nir  ^"'"'^  "^^  ^^''  P''  "'^*-  ^   ■^'"-  ^««- 

QUESTIONS. 

1.  What  is  the  object  of  the  ruje  ?  [17]. 

2.  Given  the  prime  cost  and  selling  price,  how  is 
the  profit  or  loss  found  ?  [17]. 

3.  How  do  we  find  the  profit  or  loss  per  cent.?  [18] 

4.  Given  the  prime  cost  and  gain,  how  is  the  gellimr 
price  found.?  [19].  * 

5.  Given  the  gain  or  loss  per  cent,  and  sellinff  price, 
how  do  we  find  the  cost  price  ?  [20]. 


FELLOWSHIP. 

21.  This  rule  enables  us,  when  two  or  more  persons 
are  joined  m  partnership,  to  estimate  the  an^ount  of 
pr^t  r .'  J.SS  which  belongs  to  the  share  of  eaph 

l^ellowship  is  either  single  (simple)  or  dcmble  (com- 
pound) It  IS  single,  or  simple  fellowship,  when  the 
different  stocks  have  been  in  trade  for  the  satne  time. 
It  IS  double  or  compound  fellowship,  when  the  different 
stocks  have  been  employed  for  diferent  times. 

Ihis  rule  also  enables  us  to  estunate  how  much  of  a 
J.,.  „  awun.  la  Lu  uv  givuii  w  ^SLGQ.  Creditor. 


f 
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FELLOWSHIP. 


22.  Single  Fellowship. — Hule. — Say,  as  the  Tvboio 
sto<?fc  is  to  the  whole  gain  or  loss,  so  is  each  person's 
contribution  to  the  gain  or  loss  which  belongs  to  him. 

ExAxMPLK. — A    put   X720    Into    trade,    B   X340,   and   C 
£960;  and  they  gained  £47  by  the  traffic.     What  is  B's 
share  of  it "? 
£ 

■    720 
340 

960 

£47Xi^'4U      /»-'  iQ     oi-T 

2020  :  X47  ::  £?A0  :     ^ 2020~  i«*- -a«' 

Each  person's  gain  or  loss  must  evidently  be  proportional 
to  his  contribution. 

EXERCISES. 

1.  B  and  C  buy  certain  merchandizes,  amounting 
to  £80,  of  which  B  pays  .^30,  and  0  £dO  ;  and  they 
gain  ^£20.  How  is  it  to  be  divided.?  Ans.  B  £7  105., 
and  C  iei2  10*. 

2.,  B  and  C  gain  by  trade  £182  ;  B  put  in  £300, 
and  0  £400.  What  is  the  gain  of  each  ?  Ans.  B  £78, 
and  C  £104. 

3.  2  persons  are  to  share  £100  in  the  proportions 
of  2  to  B  and  1  to  C.  What  is  th»;  share  of  each  ? 
Ans,  B  £66|,  C  £33^-. 

4.  A  merchant  failing,  owes  to  B  £500,  and  to  C 
£900;  but  has  only  £1100  to  meet  these  demands. 
How  much  should  each  creditor  receive }  Ans.  B  £392^, 
and  0  £707|.  ^  ' 

5.  Three  merchants  load  a  ship  with  butter ;  B 
gives  200  casks,  C  300,  and  D  400  ;  but  when  they  are 
at  Boa  it  is  found  necossary  to  throw  ISO  casks  over- 
board. How  much  of  this  loss. should  fall  to  the  share 
of  each  merchant  ?  Atis.  B  should  lose  40  casks,  C 
60,  and  D  80. 

6.  Three  persons  are  to  pay  a  tax  of  £100  accord- 
ing to  their  estates.  B's  yearly  property  is  £800,  O's 
£600,  and  D's  £400.  How  much  is  each  person's  share .? 
Ans.  B's  is  £44f ,  C's  £33^,  and  D's  £22f . 

4.    i/iviuu    I'iu    lutu    liiruG    auuu    pariB    u.a    aiiai*    i/c    tU 

each  other  as  1,2,  and  3  }     Ans.  20,  40,  and  6Q. 
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<  A  ship  worth  £900  is  entirely  lost :  i  of  it  be- 
Wed  to  B   1  to  C,  and  the  rest  tl  D.    '^hat  shou  d 

4       T.  T.5.^^"^'  ^^'^^  ^«^°g  '•^^eived  as  insurance  ? 
Ans.  B  £45,  C  iE90,  and  D  £225.  «urance  . 

talf;  IrT  ^'Ifw'  ,^?^^g^i«e<i  ^1320  ;  if  B  were  to 
take  £6,  C  ought  to  take  £4,  and  D  £2.  What  is  eaoh 
p^r^son's  share  .P     Ans.  B's  ^£660,  C's  ^Z,  and  D's 

10.  B   and   C   have  gained  £600;  of  this  B  is  to 
have  10  per  cent    more  than  C.     How  much  wiU  each 

I'r^mu  '^'"-  ^  ^^^^^'  ^^^  ^  ^285f 

11.  Three  merchants  form  a  companv :  B  nuf«?  in 
£150,  and  C  £260 ;  D's  share  of  £62,  ^Sthey^^  ned" 
comes  to  £16.  How  much  of  the  gain  belongs^ to  B 
and  how  much  to  C  ;  and  what  is  D's  share  of  the  stock  > 
^7i5.  B's  prolit  IS  £16  16..  7^\d.,  C's  £29  3..  4Ud. ; 
and  D  put  m  £142  12*.  2^^d.  *^     ' 

12.  Three  persons  join  ;  B  and  C  put  in  a  certain 

B  tl'  ^"i.?  P"*.'  n"  f  ^^^?  '  '^'y  g^^^  ^1^0,  of  which 
B  takes  £35,  and  C  £29.  '  How  much  did  B  and  C  put 
in  ;  and  what  is  D's  share  of  the  gain  ?     Ans    B  nut 

iTfiHs  ir- • '  ^'''  ''■  '^''- '  -^"'^p-"^ 

iPol^'^  ^V^*"  ^''''"?^^''^  ^^""^^  ^  ^^^"^  ^°  common  ;  one  pays 
£97  tor  his  portion,  another  £79,  and  the  third  £100 
I  he  county  cess  on  the  farm  amounts  to  £34  ;  what  is 
each  person's  shj./e  of  it  ?     Ans.  £11  18*.  iU^d  •  £9 
14..  7^^d.  ;  and  £12  6..  4f|^.  *'     ' 

23.  Compound  Fc//omAip.— Rule.— Multiply  each 
person's  stock  by  the  time  during  which  it  has  been  in 
trade  ;  and  say,  as  the  sum  of  the  products  is  to  the  whole 
gam  or  loss,  so  is  each  person's  product  to  his  share  of 
the  gain  or  loss. 

Example.— A  contributes  £30  for  6  months,  B  £84  for 

ww^*^n',  ^u^  ^  i^^  ^^'*  ^  °^^**»8;  and  they  lose  £14. 
What  18  C's  share  of  this  loss  '« 

30 X  6=180  for  one  month.  ) 

qa2^«^??«  ?''  ^"®  '"^''*^-      =-^1872  for  one  month, 
vox  o=/oo  tor  one  month.  » 

1872  ■.£U::  £768  :  £1^  =£6  1,.  4{d.,  Ob  ^e 
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24.  Reason  of  the  Rule. — It  is  clear  that  JC30  contributccl 
for  6  months  are,  as  far  as  tlie  gain  or  the  loss  to  be  derived 
from  it  is  concerned,  the  same  as  6  times  £30— or  £180  con- 
tributed for  1  month.  Hence  A's  contribution  may  be  taken 
as  £180  for  1  month ;  and,  for  the  same  reason,  B's  as  £92'4 
for  the  same  time;  and  G's  as  £768  also  for  the  same  time 
This  reduces  the  question  to  one  in  simple  fellowship  [22]. 

EXERCISES. 

14.  Three  mercliants  entor  into  partnership  ;  B  puts 
in  iE89  5*.  for  5  months,  C  i^92  155.  for  7  months,  ana 
D  £38  10s.  for  11  months;  and  they  gain  ^£86  I6s. 
What  should  be  each  person's  share  of  it  ?  Ans.  B's 
£25  10s.,  C's  £37  2s.,  and  D's  £24  4s. 

15.  B,  C,  and  D  pay  £40  as  the  year's  rent  of  a  farm. 
B  puts  40  cows  on  it  for  6  months,  C  30  for  5  months, 
and  J)  50  for  the  rest  of  the  time.  How  much  of  the 
rent  should  each  person  pay  ?  Ans.  B  £21/y,  C  £13y\, 
and  D  £4^- 

16.  Three  dealers.  A,  B,  rmd  C,  enter  into  partnership, 
and  in  a  certain  time  make  £291  13s.  4d.  A's  stock, 
£150,  was  in  trade  6  months  ;  B's,  £200, 3  months ;  and 
C's,  £125,  16  months.  What  is  each  person's  share  of 
the  gain .?  Ans.  A's  is  £75,  B's  £50,  and  C's  £166 
13s.  4d. 

17.  Three  persons  have  received  £665  interest ;  B 
had  put  in  £4000  for  12  months,  C  £3000  for  15  months, 
and  D  £5000  for  8  months  ;  how  much  is  each  person's 
part  of  the  interest.?  Ans.  B's  £240,  C's  £225,  and 
D's  £200. 

18.  X,  Y,  and  Z  form  a  company.  X's  stock  is  in 
trade  3  months,  and  he  claims  -j^^  of  the  gain  ;  Y's 
Btock  is  9  months  in  trade  ;  and  Z  advanced  £756  for 
4  months,  and  claims  half  the  profit.  How  much  did 
X  and  Y  contribute  ?     Ans.  X  £168,  and  Y  £280. 

It  follows  that  Y's  gain  was  j%.  Then  \'.j\::  £756x4 : 
504=X's  product,  which,  being  divided  oy  his  number  of 
months,  will  give  X168,  as  his  contribution.  Y's  share  of 
the  stock  may  be  found  in  the  same  way. 

19      Th>*P'^  +rnf»-nsi  nf  \\nvma  ronf  o   fial^    f(\-r  Txrh^nh  i.hav 

pay  £80  ;  the  first  sent  into  it  56  horses  for  12  days,  the 


FELLOWSHIP. 


295 


WW         /^'  J^  ^^^'>  ^°^   *^«  tJ^ird  80  for  18  days 
What  must  each  pay  ?     ^;^.     The  first  must  pay  Jt 
105    the  second  ^^25,  and  the  third  ^£37  IO5.     ^  ^ 
*T,n  fi    *    A^®  "merchants  are  concerned  in  a  steam  vessel  • 
he  first,  A,  puts  in  ^2240  for  6  months ;  the  second  B 
a  sum  unknown  for  12  months;  and  the  third  ci  160 

Ind  clffio  ?.\-    ''  '^"^  ^°^  P^«fi*>  ^  ^600  for  his, 
m  the  one  oa.e)  :  ^^^  (the  number  of  months  in  the  other 

s5-hS;erx°vrrh.zTn°4r:L^t 

21.  In  the  foregoing  question  A's  gain  waa  £Rn 
d«™g  6  xnontfe,  B's  ^Sob  du.ing  12  rfonthsTrnd  CV 
^100  durmg  13  months;  and  the  sum  of  the  products 
lot"  T'^,^^^  t"»f  i«  8320.     What  we°e  ther 

22  Tnlr-  ^  '  ""^  ^^'  ^'^  ^400,  ^Dd  C's  iei6o! 
£80n'.  AW  T'  ''"''"°?  *'"'  ^-^  of  the  stocks  is 

fnd  0.„  A         .r  "•  *r^'  ^.'"""'*''  B'«  '2  months, 
and  Os  15  months;  and  at  the  settUng  of  accounts 
A  .s  pa.d  ^60  of  the  gain,  B  ^200,  Ld  gIZ'. 

Soo^  :nf  cSo.  ^'"•''^  •'    ^'"-  ^'«  "-  ^^4°. 

QUESTIONS. 

1.  What  is  fellowship  ?  [21] 
namestfJij'"^   '''   '^'^^  ^^^  <^-^''^d   by  any  other 


;«' 


.^-' 
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25.  Barter  enables  the  merchant  to  exchange  one 
commodity  for  another,  without  either  loss  or  gain. 

Rule. — Find  the  price  of  the  given  quantity  of  one 
kind  of  merchandise  to  be  bartered  ;  and  then  ascertain 
how  much  of  the  other  kind  this  price  ought  to  pur- 
chase. 

Example  1. — ^How  much  tea,  at  Ss.  per  lb,  ought  to  be 
given  for  3  cwt.  of  tallow,  at  £1  16s.  Sci.  per  cwt.  1 
£  s.    d.  ti'- 

1  16    8 
3 


5  10    0  is  the  price  of  3  cwt.  of  tallow. 

And  £5  105.-f-85.=13g,  is  the  number  of  pounds  of  tea 
\^hich  £5  10s.,  the  pri«e  of  the  tallow,  would  purchase. 

There  must  be  so  many  pounds  of  tea,  as  will  be  equal  to 
the  number  of  times  that  8s.  is  contained  in  the  price  of  the 
tallow. 

Example  2. — I  desire  to  barter  96  lb  of  sugar,  which 
cost  me  8d.  per  lb,  but  which  I  sell  at  13d.,  giving  9 
montns'  credit,  for  calico  which  another  merchant  sells  for 
lid.  per  yard,  giving  6  months'  credit.  How  much  calico 
ought  I  to  receive  1 

_  I  first  find  at  what  price  I  could  sell  my  sugar,  were  I  to 
give  the  same  credit  as  he  does — 

If  9  months  give  me  5d.  profit^  what  ought  6  months  to 
give"? 

9  :  6  :  :  5  :  ^^iP^^S'^. 
9        9^ 

Hence,  were  I  to  give  6  months'  credit,  I  should  charge 
11^.  per  lb.    Next — 

As  my  selling  price  is  to  my  buying  price,  so  ought  his 
jelling  to  be  to  his  buying  price,  both  givmg  the  same  credit. 


IH 


8 


17:1X17 


IH 


:12i. 


The  price  of  my  sugar,  therefore,  is  96x8£Z.,  or  76Sd.; 
id  of  his  oalioo,  12d-  per  yard-. 

Hence  Yi=64,  is  the  required  number  of  yards. 
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EXERCISES. 

1.  A  merchant  has  1200  stones  of  tallow,  at  2s  31^ 
the  stone  ;  Ij  has  110  tanned  hides,  weight  3994  lb* at 
^id.  the  lb  ;  and  they  barter  at  these  rates.     How  much 

'"4^^  U    2  H  ''^''^'''^  ""^  ^'  ^^"""^  ""'^^  ^^"^  ^'^""^  •    ^'''^ 

2.  A  has  silk  at  14*.  per  ib  ;  B  has  cloth  at  12*   6d 
which  cost  only  10*.  the  yard.    How  much  must  A  charge 
tor  his  silk,  to  make  his  profit  equal  to  that  of  B  >    aZ. 
17 s.  Qd. 

3.  A  has  coffee  which  he  barters  at  \Qd.  the  lb  more 
than  It  cost  him,  against  tea  which  stands  B  in  10*., 
but  which  he  rates  at  12*.  Qd.  per  lb.  How  much  did 
the  coffee  cost  at  first }     Ans,  3*.  4d. 

4.  K  and  L  barter.  K  has  cloth  worth  8*.  the  yard, 
which  he  barters  at  9*.  3d.  with  L,  for  linen  cloth  at 
Ss  per  yard,  which  is  worth  only  2*.  7d.  Who  has  the 
advantage  ;  and  how  much  linen  does  L  give  to  K,  for 
/O  yards  of  his  cloth  ?  Am.  L  gives  K  215f  ya^ds  ; 
and  L  has  the  advantage.  e  j    ^  , 

,  '?',  ^  *'^'.^yf  *'''''  ^^'  ^"**^^'  ^*  ^25  10*.  per  ton,  and 
10^  tons  of  tallow,  at  £33  15*.  per  ton,  which  he  barters 
with  C  ;  agreeing  to  receive  £150  1*.  6d.  in  ready 
money  and  the  rest  in  beef,  at  21*.  per  barrel.  How 
many  barrels  is  he  to  receive  ?     Am.  316. 

6.  I  have  cloth  at  8^.  the  yard,  and  in  barter  charge 
tor  It  at  I3d  and  give  9  months'  time  for  payment; 
another  merchant  has  goods  which  cost  him  12^.  pe^ 
lb,  and  with  which  he  gives  6  months'  time  for  payment 
How  high  must  he  charge  his  goods  to  make  an  equal 
barter  ?  ^  Am.  At  lid.  ^ 

7.  I  barter  goods  which  cost  Sd.  per  ft,  but  for 
which  I  charge  13^.,  giving  9  months'  time,  for  goods 
which  are  charged  at  17d.,  and  with  which  6  months' 

Am   12^^''''''^'     ^'''^''''^^  *^^  ^°®*  ^^  w^^*  I  receive.? 

8.  Two  persons  barter  ;  A  has  sugar  at  8d.  per  lb 
charges  it  at  13^.,  and  gives  9  months  time  ;  B  has 

at  J2fi?.  per  lb,  and  charges  it  at  17d.  per  ft.    How 
ti.ue  must  B  give,   to  make  the   barter  equal  ? 
0  months. 
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QUESTIONS. 


1.  What  is  barter  ?  [25]. 

2.  What  is  the  rule  for  barter  .?  [25]. 


ALLIGATION. 


26.  This  rule  enables  us  to  find  what  mixture  will  be 
produced  by  the  union  of  certain  ingredients — and  then 
it  is  called  alligation  medial;  or  what  ingredients  will 
be  reauired  to  produce  a  certain  mixture — when  it  is 
termed  alligation  alternate;  further  division  of  the 
subject  is  unnecessary : — it  is  evident  that  any  change 
in  the  amount  of  one  ingredient  of  a  given  mixture 
must  produce  a  proportional  change  in  the  amounts 
of  the  others,  and  of  the  entire  quantity. 

27.  Alligation  Medial. — Given  the  rates  or  kinds 
and  quantities  of  certain  ingredients,  to  find  the  mixtiu-e 
they  will  produce — 

Rule. — Multiply  the  rate  or  kind  of  each  ingredient 
by  its  amount ;  divide  the  sum  of  the  products  by  the 
number  of  the  lowest  denomination  contained  in  the 
whole  quantity,  and  the  quotient  will  be  the  rate  or 
kind  of  that  denomination  of  the  mixture.  From  this 
may  be  found  the  rate  or  kind  of  any  other  denomination. 

Example  1. — What  ought  to  be  the  price  per  lb,  of  a 

mixture  containing  98  lb  of  sugar  at  9ri.  per  lb,  87  lb  at 
5rf.,  and  34  lb  at  6rf. 

d.  d. 

9>.98    =  882 

5x87    =  435 

6x34    =  204 


219    219)1521 


\ 


Ans.  Id.  per  lb,  nearly. 

Tlje  price  of  each  sugar,  is  the  number  of  pence  per  pound 
lultiphed  by  the  number  of  pounds ;   and  the  price  of  the 
whple  is  the  sum  pf  the  pyiceg.    Put  if  ^1 9  lb  of  euear  have 

vusb   iu^iu.,  vuv  lu,  vr  luu  ;,:i;;{;a  pan  oi  nms,  IQUSl  COSt  thd 

219th  part  of  1521d.,  or  \^yd.  a=7rf.,  nearly. 


m 
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KxAMPLK  2— What  will  be  the  price  per  lb  of  a  mixture 
containrng  9  lb  6  oz.  of  tea  at  bn^ M.  per  lb  18  ft  at  0? 
per  lb,  and  46  ft  3  oz.  at  »..  ^d.  per  ft  \  '  ' 

ft  oz.     s.    d.  £   s.     d. 

6    per  ft=  2  11 
0    per  lb=  5    8    0 
4iporlb=21  13     0 


9 
18 
4U 


0  at  5 
0  0 
3      9 


6J 


Gj 


1177)29  12 

Atis.  Qd.  per  oz.  nearly. 


73    9 
_16 

1177  ounces. 
And  Cul.  X  1Q==85.,  is  the  price  per  pound. 
In  this  case,   the  lowest  .lenoinination  being   ounces    wo 
reduce  the  whole  to  ounces  ,;  and  having  found  tlm  pnW  Z 
ounce,  we  muitiply  it  by  1(3,  to  find  that  of  a  pound!^ 

and  2'm  9^  l"~^  goldsmith  has  3  ft  of  gold  22  carats  fine, 
m"xtur^?  ^^^  '^'^^  ^"^  ^^"^  fi"«"«««  «f  tl^° 

In  this  case  the  value  of  each  kind  of  ingredient  is  repre- 
Bonted  by  a  number  of  carats—  ^ 

lbs 

3x22  =  f.6 
2x21  =  42 

6         5)T08 

The  mixture  is  21}  carats  fine. 

EXERCISES. 

1.  A  vintner  mixed  2  gallons  of  wine,  at  14^.  per 
ga  on,  with  1  ^^allon  at  12^.,  2  gallons  at  9..,  and  4 
gallons  at  8s.  What  is  one  gallon  of  the  mixture  worth  ? 
Ans.  lOs. 

2  17  gallons  of  ale,  at  9^?.  per  gallon,  14  at  7irf.,  5 
at  9U,  and  21  at  41^.,  are  mixed  together.  How 
much  per  gallon  is  the  mixture  worth  ?     Ans  7,\d 

3.  Having  melted  together  7  oz.  of  gold  22  carats 
bne,  12^  oz.  21  carats  fine,  and  !7  oz.  19  carats  fine,  I 
wish  to  know  the  fineness  of  each  ounce  of  the  mixture  > 
Ans.  20|f  carats. 

28.  Alligation  Alterruite.— Given  the  nature  of  the 
mixture,  and  of  the  ingredients,  to  find  the  relative 
amounts  of  the  latter — 

^  ituLE.— Put   down  the  quantities  greater  than   the 
given  mean  (each  of  them  connected  with  the  difference 


,  .t  I 


Hi 
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betweeo  it  and  the  mean,  by  the  sign  - )  in  one  column ; 
put  the  differences  between  the  remaining  quantities 
and  the  mean  (connected  with  the  quantities  to  which 
they  belong,  by  the  sign  -f )  in  a  column  to  the  rio-ht 
hand  of  the  former.  Unite,  by  a  lino,  each  plus  with  some 
minus  difference  ;  and  then  each  difference  will  express 
how  much  of  the  quantity,  with  whose  difference  it  is 
connected,  should  be  taken  to  form  the  required  mixture. 
If  any  difference  is  connected  with  more  than  one 
other  difference,  it  is  to  be  considered  as  repeated  for 
each  of  the  differences  with  which  it  is  connected ;  and 
tne  sum  of  the  differences  with  which  it  is  connected  is 
to  be  taken  as  the  required  amount  of  the  quantity 
whose  difference  it  is.  •  ~i  j 

Example  l.-How  many  pounds  of  teo,,  at  5.s.  and  85.  per 
ID,  would  form  a  mixture  worth  7s.  per  lb  ? 

Price.    Ditt'crences.     Price. 
!  , ' , 

5.     s.  s.    s. 

The  mean=8— 1 


24-5=thc  mean. 

1  is  connected  with  2?.,  the  difference  between  the  mean 
and  65.;  hence  there  must  bo  1  lb  at  5s.  2  is  connected 
with  1,  the  difference  between  8s.  and  the  mean  ;  hence  there 
must  be  2  lb  at  8s.  Then  1  lb  of  tea  at  5s.  and  2  lb  at  8s. 
per  lb,  will  form  a  mixture  worth  7s.  per  lb— as  mav  be 
proved  by  the  last  rule. 

It  is  evident  that  any  equimultiples  of  these  quantities 
would  answer  equally  well ;  hence  a  great  number  of  answers 
may  be  given  to  such  a  question. 

Example  2.— How  much  sugar  at  9d.,  Id.,  5d.,  and  10^/ . 
will  produce  sugar  at  8d.  per  lb  ? 

Prices.    Dift'erences.     Prices. 


The  mean: 


d.    d.  d.  d. 

9-1 1+7)     ,, 

10-2 3-f5  j  =*^®  ^^a'^- 


1  IS  connected  with  1,  the  difference  between  7d.  and  the 
mean ;  hence  there  is  to  be  1  lb  of  sugar  at  7d.  per  lb  2  is 
connected  with  3,  the  difference  between  5d.  and  the  mean ; 
he^o,e  there  is  to  be  2  lb  at  5^/.  1  is  connected  with  1,  the 
ditterence  between  9d.  and  the  mean ;  hence  there  is  to  be 
1  lb  at  9d.  And  3  is  connected  with  2,  the  difference  between 
lui.  and  the  mean:  hence  thpre  are  *a  ha  ?i  »»  «<■  10^/ 
per  lb. 
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I  £®°!®5?°°'^^  ]f  ®  **'®  *^  *^e  1  lb  at  Id.,  and  2  lb  at  bd 
1  lb  at  Of.  and  3  lb  at  lOrf.     If  wo  examine  what  mixt^'e 
these  will  give  [27],  we  shall  find  it  to  be  the  given  mear 

Example  3.-Whftt  quantities  of  tea  at  As.,  65.,  8*.,  and 
y.s.  per  lb,  will  produce  a  mixture  worth  bs.  I 

Tricos.    DlAerences.     Pricei. 


5.      9. 

1  -f  4ss=the  mean. 


s.    s. 

(8-3 

The  meauis:  {  0— 1 

f  9-4 

3,  1  and  4  are  connected  with  1.?.,  the  differece  between 
4s.  imd  the  mean ;  therefore  we  are  to  take  3  lb  4- 1  lb  4-  4 
b  ot  tea,  at  4s.  per  ib.     1  is  connected  with  Zs.,  1.?.,  and  4s , 
10  difterencee  between  Ss.,  6s.,  and  <Js.,  and  the  mean 

n  M  r  7!  ^'•^*?,*«k«  1  ib  of  tea  at  8..,  1  lb  of  tea  at  6.. 
and  1  lb  ot  tea  at  9.*,  per  lb. 

\ye  find  in  this  example  that  Ss.,  63.,  and  9s.  are  all  con- 
nocted  with  the  same  1;  this  shows  that  1  lb  of  each  will 
be  required.  4^.  is  connected  with  3,  1,  and  4:  there  must 
be,  therefore,  34.14.4  lb  of  tea  at  4*.  ' 

KxAMPLP.  4.-II0W  much  of  anything,  at  3s.,  4s.,  5s.,  7s., 
6s  '   er  IbV'  ^^^  ^^'  ^"""^^  ^^'"^  ^  mixture  worth 

Prices.  Differences.  Pricei. 


1  lb  at  3s., 
lb  at  5s.,  1  ib  t 


?.,  3  lb  at  7s.,  2  lb  at  8s.,  34.54-6  (14) 
.,  1  lb  at  lis.,  and  1  lb  at  12s.  per  lb,  will 


form  the  required  mixture. 

29.  Reason  of  the  Rule.— The  excess  of  one  ingredient 
above  the  mean  is  made  to  counterbalance  what  tfe  other 
wants  of  bemg  equal  to  the  mean.  Thus  in  example  1,  1  lb 
a  OS.  per  lb  gives  ^deficiency  of  25.  :  but  this  is  corrected  by 
2.S.  exce.s.s  in  the  2  lb  at  8s.  per  lb  ^ 

_  In  example  2, 1  !b  at  7d.  gives  a  deficiency  of  Irf.,  1  lb  at  Qd 
gives  an  exce.ss  of  Id.;  but  the  excess^f  Irf.^and  the  deficiency 
ot  \d.  exactly  neutralize  each  other  ^ 

Again,  it  is  evident  that  2  lb  at  6./.  and  8  lb  at  lOrf.  are 

worth    lllRt    aa    Tnn^h     oa    fi    »>    „*    Oj        xi.  ..    •        «  .  ..,    .    '    *V  * 

J    — '■     "-^    --'     rrj     cil     t;«,. lllU,l,     iS,     OU.     Will     1|6     UlM 

average  price  if  we  mix  2  lb  at  5d.  with  3  lb  at  lOd 

o  2 
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4.  How  much  wino  at  8*.  6d.  and  9s.  per  gallon  will 
make  a  mixture  worth  Hs.  lOd.  per  gallon  ?  Am.  2 
gallons  at  8*.  Gd.,  and  4  gallons  at  9*.  per  gallon. 

5.  How  much  tea  at  6s.  and  at  3*.  8d.  per  ft),  will 
make  a  mixture  worth  45.  4d.  per  lb  ?  Ans.  8  fb  at 
G.V.,  and  20  lb  at  3*.  8^.  per  lb. 

6.  A  merchant  has  sugar  at  5^.,  lOd.^  md  126?.  per 
ft).  How  much  of  each  kh»d,  mixed  together,  will  be 
worth  tid.  per  lb  ?  Ans.  6  lb  at  6c?.,  3  lb  at  lOd..  and 
3  lb  at  12^/. 

7.  A  merchant  has  sugar  at  5d.^  lOd.y  I2d.,  and  I6d 
per  lb.    How  many  lb  of  each  will  form  a  mixture  worth 
lid.  per  lb  ?     Ans.  5  ft)  at  5c?.,  1  lb  at  lOd.,  1  lb  at 
12^.,  and  C  ft)  at  I6d. 

8.  A  grocer  has  sugar  at  5d.y  7d.,  12c?.,  and  13d. 
per  ib.  How  much  of  each  kind  will  form  a  mixture 
worth  10^.  per  ft) .?  Ans.  3  ft)  at  5c?.,  2  lb  at  7d.,  3  fb 
at  12c?.,  and  5  ib  at  13d. 

30.  When  a  giveii  amount  of  the  mixture  is  required, 
to  find  the  corresponding  amounts  of  the  ingredients — 

Rule. — Find  the  amount  of  each  ingredient  by  the 
last  rule.  Then  add  the  amounts  together,  and  say,  as 
their  sum  is  to  the  amount  of  any  one  of  them,  so  is  the 
required  quantity  of  the  mixture  to  the  corresponding 
amount  of  that  one. 

Example  1. — What  must  be  the  amount  of  tea  at  4s.  per 
ft),  in  736  ft)  of  a  mixture  worth  56*.  per  ib,  and  containing 
tea  at  6s.,  8s.,  and  9s.  per  lb  ? 

To  produce  a  mixture  worth  5s.  per  ft),  we  require  8  ft) 
at  4s.,  1  at  8s.,  1  at  6s.,  and  1  at  9s.  per  ft).  [28].  But  all 
of  these,  added  together,  will  make  11  ft),  in  which  there 
are  8  ft)  at  4s.    Therefore 

ft) 
ft>       8x736     ft>    ^■ 
736  :      21^    =526  4y*Y,  the  required  quantity 


ft) 
11 


ft) 

8 


of  tea  at  4s. 

That  is,  in  736  ft»  of  the  mixture  there  will  be  536  ft)  4y\ 
oz.  at  4s.  per  ft).  The  amount  of  each  of  the  other  ingre- 
dients may  be  found  in  the  same  way. 
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fluanmv  ;?  ?u\T'  ^'""^  ^^  Syracuse,  gave  a  certain 
quantiU  of  g„l(I  o  form  a  crown  ;  but  when  lie  received  it, 
miMpectmg  tlmt  the  goldHmith  had  taken  Hon.e  of  the  cold 
a..d  suppr.od  Its  place  by  a  ba«or  metal,  ho  comminmoned 
ArchnnedcH  the  celebrated  mathematician  of  iSyracu«o,  to 
ascertain  if  hKH  suspicion  was  well  founded,  a.id  to  what 
extent  Archimedes  was  for  some  time  unsuccessful  in  his 
researchos,  until  one  da^r,  going  into  a  bath,  he  remarked 
that  he  displaced  a  quantity  of  water  equal  to  his  own  bulk 
Seeing  at  once   that  the  same  weight  of  different  bodies 

tities  of  the  fluid  he  exclaimed  with  delight  that  ho  had 
iound    he  desired  solution  of  the  problem.     Taking  a  mass 

t !?.";  n/?r.  -W'f  •'*  f';  "^^'^^  ^^«  ?^^«"  ^"  the  goldsmith, 
0  loi  nd  that  it  displaced  loss  water  than  the  crown  ;  which 
therefore,  was  made  of  a  light.«r,  beoanso  a  more   bulky 
metal— and,  consequently,  was  an  a/loi/  of  gold 

whil'^fK^PP'"''"^  copper  to  have  been  the  substance  with 
which  the  crown  was  adulterated,  to  find  its  amount- 
Let  the  gold  given  by  Hiero  have  weighed  1  lb,  this 
won  d  displace  about  052  lb  of  water  j  1  lb  ('if  copper  ;ould 
disp  ace  about  a  124  lb  of  water;  but  lot  the  crown  have 
displaced  only  072  lb.    Then  vwu  .lave 

•     Gold  differs  from  072,  the  mean,  by—  020 
Copper  differs  from  it  by    .        .     -f.0404*. 

IT  ,,  Copper.  Differences.        Oald. 

Hence,  the   mean=-=l  124— 0404 •020+052=-the  mean. 

h  J^'**'^'!!^  t^^  ^  ^I  ''^PP^^  ^"^  •0404  lb  of  gold  would 
produce  the  alloy  m  the  crown. 

But  the  crown  was  supposed  to  weigh  1  lb ;  therefore 
•0604  lb  (020+0404)  :  -0404  lb  :  :  1  lb  :     Q^Q^  4- 1  »> 

^=•669  lb,  the  quantity  of  gold.    And  1— 6G9=-331  lb  is 
the  quantity  of  copper. 


EXERCISES. 


9. 


^  druggist  IS  desirous  of  producing,  from  medicine 

^J»  65.,  8*.,  and  9*.  per  lb,  1^  cwt.  of  a  mixture 

worth  7*    per  lb.     How  much  of  each  kind  must  he 

use  tor  the  purpose  ?     Ans.  28  lb  at  5*.,  56  lb  at  6*.. 

56  ft)  at  8*.,  and  28  ft)  at  9*.  per  lb. 

10.  27  lb  of  a  mixture  worth  4*.  4d.  tier  ft)  are  ro- 
qiured.     It  is  to  contain  tea  at  6*.  and  at  3*.  6^.  per 
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ft).     IIow  much  of  each  must  bo  used  ?     Ans.  15  ft)  at 
5*.,  and  12  lb  at  3s.  Gd. 

11.  How  much  sugar,  at  4d.^  6</.,  and  Qd.  per  fti, 
must  there  be  m  1  cwt.  of  a  mixture  worth  Id.  per  lb  ? 
Ans.  18|  lb  at  4d.y  18|  lb  at  6d.^  and  74|  lb  at  8^. 
per  lb. 

12.  How  much  brandy  at  12*.,  135.,  14*.,  and  14*. 
6d.  per  gallon,  must  there  be  in  one  hogshead  of  a  mix- 
ture worth  135.  G^.  per  gallon  ?  Ans.  18  gals,  at  12*., 
9  gals,  at  135.,  9  gals,  at  14s.,  and  27  gals,  at  14*.  6d. 
per  gallon. 

31.  When  the  amount  of  one  ingredient  is  given,  to 
find  that  of  any  other — 

Rule. — Say,  as  the  amount  of  one  ingredient  (found 
by  the  rule)  is  to  the  given  amount  of  the  same  ingredient, 
so  is  the  amount  of  any  other  ingredient  (found  by  the 
rule)  to  the  required  quantity  of  that  other. 

Example  1.— 29  lb  of  tea  at  4?.  per  lb  is  to  be  mixed  with 
teas  at  Cs.,  8.?.,  and  O.s.  per  lb,  so  08  to  produce  what  will  bo 
"Vorth  5.S.  per  lb.     What  quantities  must  bo  used  ? 

8  2b  of  tea  at  4s.,  and  1  lb  at  6s.,  1  lb  at  8s.,  and  1  lb  at 
9s.,  will  make  a  mixture  worth  5s.  per  lb  [271.     Thereforo 

8  lb  rthe  quantity  of  tea  at  4s.  per  lb,  as  found  by  the  rule)  . 
29  lb  (the  given  quantity  of  the  same  tea)  :  :  1  lb  (the 

quantity  of  tea  at  6s.  per  lb,  as  found  by  the  rule)  :  ^^^^  ^ 

8 
(the  quantity  of  tea  at  6s.,  which  corresponds  with  29  lb  at 
4s.  per  lb)=3f  lb. 

We  may  in  the  same  manner  find  what  quantities  of  tea  at 
8s.  and  98.  per  lb  correspond  with  29  lb — or  the  given  amount 
of  tea  at  4s.  per  lb. 

Example  2.— A  refiner  has  10  oz.  of  gold  20  carats  fine 
and  melts  it  with  16  oz.  18  carats  fine.  What  must  b« 
added  to  make  the  mixture  22  carats  fine  *? 

10  oz.  of  20  carats  fine=10x20  =  200  carats. 

16  oz.  of  18  carats  fine=16xl8  =  288 

26  :  1  : :  488  :  18|§  carats,  the 
fineness  of  the  mixture. 

24  —  22=2  carats  baser  metal,  in  a  mixture  22  carats  fine. 

24 — 18Jj=5y'j  carats  baser  metal,  in  a  mixture  18  f§ 
carats  fine. 

Then  2  carats  :  22  carats  :  :  b^^  :  57y\  carats  of  pure 
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K<)1.1  -roqiiirod  to  olmnpo  5/^  carafs  T.nsor  motal,  into  a 
nuxturo  22  «mrat8  fin.,,  ikit  t/uu-o  are  nbvmly  in  tJu,  inixturo 
IH],  curatH  gold;   theroforo  57,^-— 18|lj=:58[^  carats  gold 

Tj'lJu,  "*^;  ;;:L  '"^  ''^'''y  ^"?"""-  *''^*'''«  "'•«  20  o^. ;  thorcloro 
.-OX.5H,3=10()«  carats  ot   gold  aro   wanting.      Tliriv  aro 

-4  caratH  (page  5^  m  ovory  oz. ;  theroforo   '"J»  caratM==l2 

.;z.  of  gold  must  be  added.     There  will  then  bo  a  mixture 

containtnir 


containing 

oz.  car.  car. 

10x20  ==  200 

lt)Xl8  =  288 

42x24  =r  1008 


68  :  1  oz.  : 


1496  :  22  carats,  the  required  fincnohs. 

EXERCISES. 

13.  How  much  toa  at  6s.  per  ib  must  bo  mixed  with 
12  lb  at  3*.  Sd.  per  lb,  so  that  the  mixture  may  be 
worth  4.9.  4d.  per  lb  .'     Ans.  4f  lb. 

14.  How  much  brass,  at  14^/.  per  lb,  and  pewter,  at 
lOifl?  per  lb,  must  I  melt  with  50  lb  of  copper,  at  I6d. 
per  lb,  so  as  to  make  the  mixture  worth  1*.  per  ib  > 
Alls.  50  lb  of  brass,  and  200  lb  of  pewter. 

16.  How  much  gold  of  21  and  23  carats  fine  must 
bo  mixed  with  30  oz.  of  20  carats  fine,  so  that  the  mix- 
ture may  be  22  carats  fine  ?  Ans.  30  of  21,  and  90' 
of  23. 

16.  How  much  wine  at  7*.  5d.,  at  5s.  2d.,  and  at 
4s.  2d.  per  gallon,  must  be  mixed  with  20  gallons  at 
es.Sd.  per  gallon,  to  make  the  mixture  worth  6*.  per 
gallon  ?  Ans.  44  gallons  at  7*.  5d.,  16  gallons  at  5*. 
2d.y  and  34  gallons  at  4^.  2d. 

V-  QUESTIONS. 

1.  What  is  alligation  medial .?  [26]. 

2.  What  is  the  rule  for  alligation  medial  ?   [27]. 

3.  What  is  alligation  alternate  ?   [26] . 

4.  What  is  the  rule  for  alligation  alternate  ?  [28]. 

5.  What  is  the  rule,  when  a  certain  amount  of  the 
mixture  is  requu-ed  ?   [30] . 

6.  What  is  the  rule,  when  the  amount  of  one 
of  the  ingredients  is  given  .?  [31]. 
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SECTION  IX. 


INVOLUTION  AND  EVOLUTION,  &c. 

1.  Involution. — A  quantity  which  is  the  product  of 
two  or  more  factors,  each  of  them  the  same  number,  is 
termed  a  fower  of  that  number ;  and  the  number,  mul- 
tiplied by  itself,  is  said  to  be  involved.  Thus  5X5X5 
(=125)  is  a  *'  power  of  5  ;"  and  125,  is  5  "  involved." 
A  power  obtains  its  denomination  from  the  number  of 
times  the  root  (or  quantity  involved)  is  taken  as  a  factor. 
Thus  25  (=5X5)  is  the  seamd  power  of  5. — The 
second  power  of  any  number  is  also  called  its  square; 
because  a  square  surface,  one  of  whose  sides  is  expressed 
by  the  given  number,  will  have  its  area  indicated  by  the 
sedond  power  of  that  number ;  thus  a  square,  5  inches 
every  way,  will  contain  25  (the  square  of  5)  square 
inches  ;  a  square  5  feet  every  way,  will  contain  25 
square  feet,  &c.  216  (6X6X6)  is  the  third  power  of 
6.— The  third  power  of  any  number  is  also  termed  its 
€iu,he ;  because  a  cube,  the  length  of  one  of  whose  sides 
is  ejpdcessed  by  the  given  number,  will  have  its  solid 
contents  indicated  by  the  third  power  of  that  number. 
Thus  a  cube  5  inches  every  way,  will  contain  125  (the 
cube  of  5)  cubic,  or  solid  inches ;  a  cube  6  feet  every 
way,  will  contain  125  cubic  feet,  &c. 

2.  In  place  of  setting  down  all  the  factors,  we  put 
down  only  one  of  them,  and  mark  how  often  they  are 
supposed  to  be  set  down  by  a  small  figure,  which,  since 
it  points  out  the  number  of  the  factors,  is  called  the 
index,  or  exponent.  Thus  5^  is  the  abbreviation  for 
5X5  : — and  2  is  the  index.  5»  means  5X5X5X5X5, 
or  5  in  the  fifth  power.  3*  means  3X3X3X3,  or  3  in 
the  fourth  power.  8"^  means  8X8X8X8X8X8X8, 
or  8  in  the  seventh  power,  &c. 

3.  Sometimes  the  vinculum  [Sec.  II.  5]  is  used  in  con- 
junction with  the  index  ;  thus  5+8^  means  that  the  sum 
of  5  and  8  is  to  be  raised  to  the  second  power-— this 
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is  very  different  from  5^+8^ ,  which  means  the  sum  of 

the  squares  of  5  and  8  :  5+8^  being  169  :  while  5>  4-8» 
IS  only  89.  . 

4.  In  multiplication  the  multiplier  may  be  considered 
as  a  species  of  index.  Thus  in  187X5,  6  points  out 
how  otten  187  should  be  set  down  as  an  adderuL ;  End 
ib7Xo  IS  merely  an  abbreviation  for  i 87 -f  187 +187 -f 

lf^}^l  [^^^:3?-^^J;  ^"  ^^'^"^  ^  points  out  how 
otten  187  should  be  set  down  as  a  factor  ;  and  187«  is 

an  abbreviation  for  187X  187x  187X  187X  187  :— that 

IS,  the  "multiplier"  tells  the  number  of  the  addends,  and 

the     mdex"  or  "  exponent,"  the  number  of  the  favors. 

5.  To  raise  a  number  to  any  power 

•  ,^"^^T-Fi»d  the  product  of  so  many  factors  as  the 
index  of  the  proposed  power  contains  units—each  of  the 
factors  being  the  number  which  is  to  be  involved. 

Example  1.— What  is  the  5th  power  of  7  ? 

7'=7x7x7x7x7=16807. 

l.^l^Ti^  2.-What  is  the  amount  of  £1  at  compound 
interest,  for  6  years,  allowing  6  per  cent,  per  annum? 

?n^  ^T^^^  ?^  ^^  ^^^  ^  y^^^^  at  6  per  cent,  is— 
_l:06xl06xl06xl06xl06xl06*[Sec.   ¥117201    or 
106"=1 41852.  •'' 

We,  as  already  mentioned  [Sec.  VII.  23],  may  abridge 

EXERCISES. 

1.  3'=243, 

2.  20"'=10240000000000. 

3.  3'=2187. 

4.  105«=1340095640625. 

5.  105«=1 -340095640626. 

6.  To  raise  a  fraction  to  any  power 

Rule.— Raise  both  numerator  and  denominator  to 
that  power. 

Example.— ( 3)  3=3  X I X  f =1  J. 

To  involve  a  fraction  is  to  multiply  it  by  itself  But  to 
multiply  it  by  itself  any  number  of  ^times.  we  must  multllv 
iumbrrTt?^eY[Sf  iv"39?'  '''  denominator  by  itself.  t£at 
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( ii\ 7 a  I  a 


7     /  a  S  7 3  18  7 

9      /  5  \  5 313  5 

7.   lo  raise  a  mixed  number  to  any  power — 
Rule. — Keduce  ifc  to  an  improper  fraction  [Seo.  'IT 
24]  ;  and  tben  proceed  as  directed  by  the  last  rule. 

EXAMPLB.— (2^)4.-=(f)*=«l-Y. 


Qh 


EXERCI8K8. 
a'\3 185103 


X2_7. 


/^.fiaSa 22  1  ti43C  1] 
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10. 
11. 

12.     (5n8=^-,5-j.,,y        . 

13.  (4)'=42<§gv>". 

^  8.  Evolution  is  a  process  exactly  opposite  to  involution ; 
since,  by  means  of  it,  we  find  what  number,  raised  to  a 
given  power,  would  produce  a  given  quantity — the  num- 
ber so  found  is  termed  a  root.  Thus  we  "  evolve  "  25 
when  we  take,  for  instance,  its  square  root ;  that  i; ,  when 
we  find  what  number,  multiplied  by  itself,  will  produce 
25.  Roots,  also,  are  expressed  by  exponents — but  as  these 
exponents  are  fractions,  the  roots  are  called  ''^fractional 
powers."  Thus  4*  means  the  square  root  of  4;  4*  the 
cube  root  of  4  ;  and  4  ^  the  seventh  root  of  the  fifth  power 
of  4.  Roots  are  also  expressed  by  ^,  called  the  radical 
sign.  When  used  alone,  it  means  the  sqtiare  root — thus 
^3,  is  the  square  root  of  3 ;  but  other  roots. are  indicated 
by  a  small  figure  placed  within  it — thus  ^5  ;  which 

means  the  cube  root  of  5.     ^7*  (75),  is  the  cube  root 
of  the  square  of  7. 

9.  The  fractional  exrponent,  and  radical  sign  are  some- 
times used  in  conjunction  with  the  vinculum.  Thus 
4—3%  is  the  square  root  of  th«  difference  between  4 

and  3  ;  ,^5+7,  or  5+7*,  is  the  cube  root  of  the  sum 
of  5  and  7. 

10.  To  find  the  square  root  of  any  number — 
Rule — I.  Point  off  the  digits  in  pairs,  by  dots  ;  put- 
ting one  dot  over  the  units*  place^  and  then  another  dot 
over  every  second  digit  loth  to  the  right  and  left  of 

tnA    units'    nIanA \f    fKxifa    ava.    Alniia     n4'    A^^i    oi/^y^r.    r^C 

decimal  point. 
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II.  Fmd  the  highest  number  the  square  of  which 
will  not  exceed  the  amount  of  the  highest  period,  or 
that  which  IS  at  the  extreme  left— this  number  will  be 
tne  hrst  digit  in  the  required  square  root.  Subtract  its 
square  from  the  highest  period,  and  to  the  remainder, 
considered  as  hundreds,  add  the  next  period. 

III.  Find  the  highest  digit,  which  being  multiplied 
into  twice  the  part  of  the  root  already  found  (consi- 
dered as  so  many  tens),  and  into  itself,  the  sum  of  the 
products  will  not  exceed  the  sum  of  the  last  remainder 
and  the  period  added  to  it.  Put  this  digit  in  the  root 
after  the  one  last  found,  and  subtract  the  former  sum 
from  the  latter. 

IV.  To  the  remainder,  last  obtained,  bring  do\»n 
another  period,  and  proceed  as  before.  Continue  this 
process  until  the  exact  square  root,  or  a  sufficiently 
near  approximation  to  it  is  obtained. 

11.  Example. — ^What  is  the  square  root  of  22420225  ? 
22420225  (4735,  is  the  required  root. 

87)642 
609 


943)3362 
2829 

9465)47325 
47325 

22  is  the  highest  period ;  and  4^  is  the  highest  square  which 
does  not  exceed  it— we  put  4  in  the  root,  and  subtract  42, 
or  16  from  22.  This  leaves  6,  which,  along  with  42,  the  next 
period,  makes  642. 

We  subtract  87  (twice  4  tens+7,  the  highest  digit  which 
we  can  now  put  in  the  root)  x  7  from  642.  This  leaves 
66,  which,  along  with  02,  the  next  period,  makes  3302. 

We  subtract  943  (twice  47  tens  +3,  the  next  digit  of  the 
root)  x3  from  3302.  This  leaves  473,  which,  along  with 
25,  the  only  remaminc  period,  makes  47325. 

We  subtract  9465  (twice  473  tens  -f-5,  the  next  digit  of 
the  root)  x5.    This  leaves  no  remainder. 

The  given  number,  therefore,  is  ez  ctly-a  square;  and 
its  square  root  is  4735. 

12.  Reason  of  I.— We  point  off  the  digits  of  the  given 
Bquaro  in  pairs,  and  consider  the  number  of  dots  as  indicating 
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the  number  of  digits  in  the  root,  since  neither  one  nor  two 
digits  m  the  square  can  give  more  or  lens  than  one  in  the  root  • 
neither  three  nor  four  digits  in  the  square  can  give  more  or 
less  than  two  in  tlie  root,  &o.-which  the  pupil  may  easily 
adcerta.n  by  experiment.  Thus  1,  the  smallest  single  diirit, 
will  give  one  digit  as  4ts  square  root;  and  U9,  the  largest  pair 
of  digits,  can  give  only  one~since  81,  .  r  the  squarJ  of  5,  is 
the  greatest  square  which  does  not  exceed  99. 

Pointinff  off  the  digits  in  pairs  shows  hoW  many  should  be 
brought  down  successively,  to  obtain  the  successive  digits  of 
the  root— since  it  will  be  necessary  to  bring  down  one  period 
for  each  new  digit;  but  more  than  one  will  not  be  required. 

Reason  of  II.— We  subtract  from  the  highest  period  of  the 
given  number  the  highest  square  which  docs  not  exceed  it. 
and  consider  the  root  of  this  square  as  the  first  or  highest 
digit  of  the  required  root ;  because,  if  we  separate  any  number 
into  the  parts  indicated  by  its  digits  (563,  for  instince,  into 
500,  60,  and  3),  its  square  will  be  found  to  contain  th«  square 
of  each  of  its  parts.  04  ua*  o 

Reason  of  IIL-We  divide  twice  the  quantity  already  in 
the  root  (considered  as  expressing  tens  of  the  nexfc  denomina- 
tion) into  what  IS  left  after  the  preceding  subtraction,  &c..  to 
obtain  a  new  digit  of  the  root:  because  the  square  of  any 
quantity  contains   (besides  the  .,quare  of  each  of  its  parts) 

Zril  %ri^TL^^  «,'^«^,Pr*  ™^ltip"ed  by  each  of  the  other 
parts.     Thus  if  14  is  divided  into  1  ten  and  4  units,  its  square 

Tf  n '''''/!f  \v  """"K  ^^'  ''"•^  ^''  ^""^  '^Iso  t^ice  the  product 
of  10and4._We  subtract  the  square  of  the  digit  last  put  in 
the  root,  at  the  snme  time  that  we  subtract  twice  the  p  ^duct 
obtained  on  multiplying  it  by  the  part  of  the  root  which  pre- 
cedes it.  Thus  in  the  example  which  illustrates  the  rule, 
when  we  subtract  87 X7,  we  really  subtract  2x40x7-4-72 

It  will  be  easily  to  show,  that  the  square  of  any  quantity 
contains  the  squares  of  the  parts,  along  with  twice  the  pro- 
duct of  every  two  parts.    Thus  *^ 

„     2242023S=4736^'=4000+700+304:6^ 

-4000  =16000000 


^na 


6420235 


2X4000X700-1-700  =  6090000 


83022o 
2X4000X30-(-2X700X30-i-802=    232900 


«7325 
2X4000X6-f.2X700X6-f-2X30X6-|-6»=47325 

Reason  of  IV.-Dividing  twice  the  quantity  already  in 
the  root  (considered  as  expressing  tens  of  the  iext  denomi- 
nation) into  the  remainder  of  the  given  number,  &c.,  gives 
the  next  digit ;  because  the  square  contain^  4*  .1^  It 
twice  the  products  (or,  what  is  the  same  thing,' the  product 
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them  (which  ,8  the  same  as  each  of  them  multiphedL Twice 
the  sum  of  all  the  rest).  This  would,  on  exaSatfon  be 
found  the  case  with  the  square  of  any  other  number  '     ' 

not  hTnlT'"'  *'l*  l**.''"P^",  «'^«°'  ^«  «^»'^»  fi«d  that  it  will 
not  be  necessary  to  bring  down  more  than  one  period  at  a 
time,  nor  to  add  cyphers  to  the  quantities  subtracted 

13.  When  the  given  square  contains'decimals-- 
it  any  of  the  periods  consist  of  decimals,  the  digits 
m  the  root  obtained  on  bringing  down  these  periods  to 
the  remainders  will  also  be  decimals.  Thus,  taking  the 
example  just  given,  but  altering  the  decimal  point,  we 
shall  have  ^2^4202  25  ==473  5;  ^2242  0225=47-35.' 
V^2;420225_=  4-735  ;  ^  -22420225  =  -4735  ;  and 
^y  0022420225=  04735,  &c. :  this  is  obvious.  If  there 
18  an  0^^  number  of  decimal  places  in  the  power,  it 
must  be  made  even  by  the  addition  of  a  cypher!  Using 
the  same  figures,  V2242022-5=1497-338,  &o. 

2242d22-56  (1497- 838,  &o 


24)124 
96 

289)2820 
2601 

2987)21922 
20909 

29948)101850 

89829 

.*J99463)1162100 
898389 

2994668)26371100 
28957344 


1413756 


am 


In  this  case  the  highest  period  consists  but  of  a  single  diirit- 
j<l  the  given  number  is  not  a  perfect  square.  * 

-••^...  zjxu=i  yv  »u  even  numoer  or  aecauai  places :  since  m 
numbw  of  decimals  in  the  root  will  produce  an  odd  numbei 
«  tb*  square  [Sec.  II.  48]-as  may  be  preyed  by  experiment 


/ 


\ 
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KXERCISES. 


H.  ^196364=3442 
16.  ^328329=s578 

16.  v^- 0676= -26 

17.  ^87  •66=9-3622 

18.  ^861=29-8428 

19.  ^984064=992 


20.  ^5=2- 28607 

21.  y- 6= -707 106 

22.  ^^91^9681=9 -69 

23.  y288 144=488 

24.  ^82- 8761=6 -69 
28.  y- 881776= -676 


14.  To  extract  the  square  root  of  j »  .'  /.on 

Rule.— Having  reduced  the  fraot.  lo  its  lowest 
terms,  make  the  square  root  of  its  numerator  the  nume- 
rator, and  the  square  root  of  its  denominator  the  deno- 
minator of  the  required  root. 

ExAMPLE.--y^=2. 

15.  Reason  of  the  Rule.— The  square  root  of  any  quan- 
titjr  must  be  such  a  number  as,  multiplied  by  itself,  will  dfo- 
ducte  that  quantity.  Therefore  f  is  the  square  root  of  4;  for 
3Xff==t-    The  same  might  be  shown  by  any  other  example. 

Besides,  to  square  a  fraction,  we  must  multiply  its  numera- 
tor by  Itself,  and  its  denominator  by  itself  [6];  therefore,  to 
take  Its  square  root— that  is,  to  bring  back  both  numerator 
and  denominator  to  what  they  were  before— we  must  take  the 
square  root  of  each. 

16.  Or,  when  the  numerator  and  denominator  are 
not  squares — 

Rule.— Multiply  the  numerator  and  denominator 
together ;  then  make  the  square  root  of  'hi^  product  the 
numerator  of  the  require!  root,  and  the  given  denomi- 
nator Its  denominator  ;  or  make  the  square  root  of  the 
product  the  denominator  of  the  required  root,  and  the 
given  numerator  its  numerator. 

Example.— What  is  the  square  root  of  4?  CiM  ^ 
*/4x3  4  *        ^^^ 

^-g-  or  ^/==4•472136-f.5=-894427. 

17.  We,  in  this  case,  only  multiply  the  numerator  and 
denominator  by  the  same  number,  and  then  extract  the  square 

root  of  each  product^  For  |=|^,  or  i^.    Therefore  (|)  * 


•  dx/fiS  1 


'^6Xd) 


*«bV^*X'^ 


y  J  V  ^  ^  V     1 


or 


\5X4/    ""./x-.VZ 


'/oX4" 
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18.  Or,  laatlj — 

Rule  —lleduce   the    given    fraction    to   a  decimal 
\iiCo   IV.  63J,  and  extract  its  square  root  [13J 


26 


27 


28. 


(af)*= 


EXERCISES. 


28-5306852 
37 
14 


A6/       14-9666295 
6-244998 


ay- 


13 


29. 
80. 


745353 


(j2)*='86802a4 

81.   /^5\i 

(^-^^=■8451542 


19.  To  extract  the  square  root  of  a  mixed  number— 
HuLE.— Reduce  it  to  an  improper  fraction,  and  then 
proceed  as  already  directed  [14,  &c.] 

Example.— y2|=y1=3^1|. 


EXERCISES. 


32.  y51f}=7' 

33.  ^^=51 

34.  v'l8'o=l  01858 


35.  yT7i==4  1083 

36.  yj>|=2  5298 

37.  yl3]=3-6332 


20.  To  find  the  cube  root  of  any  number 

Rule— I.  Pomt  oiF  the  digits  in  threes,  by  dots- 
putting  the  first  dot  over  the  units'  place,  and  then 
proceediijg  both  to  the  right  and  left  hand,  if  there  are 
digits  at  both  sides  of  the  decimal  point. 

11.  Find  the  highest  digit  whose  cube  will  not  ex- 
ceed the  highest  period,  or  that  which  is  to  the  left  hand 
s.do-this  will  be  the  highest  digit  of  the  required  root ; 
subtract  Its  cube,  and  bring  down  the  next  period  to 
the  rehiainder. 

L  ^l^;/'"?*^  the  highe.st  digit,  v^Uoh,  being  multiplied 
by  300  times  the  square  of  that  part  of  the  root, 
a  ready  found— being  squared  and  then  multiplied  by 
30  times  the  part  of  the  root  already  found— and  being 
multiphed  by  its  own  square— the  sum  of  all  the  pro- 
duces will  not  exceed  the  sum  of  the  last  remainder  and 
the  period  brought  down  to  it.—Put  this  digit  in  the 
root  after  what  is  already  there,  and  subtract  the  former 
tumTi'om  tiie  latter. 

ly.  To   what  D^^  ,r^oiains,  bring  down  the  next 
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period,  and  proceed  as  before.  Continue  this  process 
until  the  exact  cube  root,  or  a  sufficiently  near  approxi- 
mation to  it,  is  obtained. 

ExAMPLE.—What  is  the  cube  root  of  179597069288  ? 

179597069288(5042,  the  required  root. 
125 


300x5»x6 
30x5x6* 

300x56»x4 

30x56x4' 

4»X4 

300x564«x2 

30x504x2» 

2^X2 


54597 
=  50616 


3981069 
=   3790144 


190925288 
190925288 


We  find  (by  trial)  that  5  is  the  first,  6  the  second,  4  the 
thiT<L  and  2  the  last  digit  of  the  root.  And  the  given 
number  is  exactly  a  cube. 

21.  Reason  of  L— We  point  off  the  digits  in  threes,  for  a 
reason  similar  to  that  vhich  caused  us  to  point  them  off  in 
twos,  when  extracting  the  square  root  [12]. 

Reason  of  II.— Each  cube  will  be  found  to  contain  the 
cube  of  each  part  of  its  cube  root. 

Reason  of  III.— The  cube  of  a  number  divided  into  any 
two  parts,  will  be  found  to  contain,  besides  the  sum  of  the 
cubes  of  Its  parts,  the  sum  of  8  times  the  product  of  «ach 
part  by  the  other  part,  and  3  times  the  product  of  each  Tiart 
by  the  square  of  the  other  part.  This  will  appear  froa  the 
lollowmg ; — 

179597069288 
5000»=126000000000 


64597069288 
8x5000'x600-|-3x5000x600»-f600»=  60616000000 


8981069288 
3x5600'x40-f3x5600x4o*-f-40'=^    3790144000 


190925288 
190925288 


8  x5640'x2+3  X6640x2'-f.2'= 

^  Hence,  to  find  the  second  digit  of  the  root,  we  must  find  bv 
iriui  some  numoer  wliicli- being  multiplied  by  3  times  the 
square  of  the  part  of  the  reot  already  found— its  square  being 
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multiplied  by  8  times  the  part  of  the  root  already  foimd-and 
being  multiplied  by  the  square  of  itself-the  sura  of  the  wo- 
ducts  will  not  exceed  what  remains  of  the  given  number 

Instead  of  considering  the  part  of  the  root  already  found  aa 
so  many /m,  [12]  of  the  denomination  next  following  (as  i? 
really  is),  which  would  add  one  cypher  to  it.  and  two  ?yphcr« 
to  Its  square  we  consider  it  as  so  many  units,  and  nmltiply 
it,  not  by  3  but  by  30,  and  its  square,  not  by  8,  but  by  300 
l^JrT  X  6^  X  6  -f  30  X  5  X  6«  +  6«X6  is  the  same  thing  as 
8x60»X6-f-3x60x6*-h6»X«;  since  we  only  change  the  Li. 

[^ct  IL  SS]!'*""'  ^^^  '"'"'^  ^?'  ""^"'^^  ^°*«  ^^*  ^^'•'"  *^«  P^<>duo* 
It  is  evidently  unnecessary  to  bring  down  more  than  ono 
period  at  a  time ;  or  to  add  cyphers  to  the  subtrahends. 

b«^tr^«?«^  °'"  ?7:r'^^®  P°^*3«"  of  tl>e  root  already  found  may 
tl  naif  '  If-  '-.''^''^  *  ''"«^«  ^'K'*-  Since  into  whatever 
thLrhi  J*  ^Jjvide  any  number,  its  cube  root  will  contain 

JJtfedTnrofhe'otLr''  ^''^  '  '^"^"  ''''  '"^^^'^^  ^^  «*«^  ^^"■ 

22.  When  there  are  decimals  in  the  given  cube 

*!.  T^  ^I  *^®  periods  consist  of  decimals,  it  is  ev'dent 
that  the  digits  found  on  bringing  down  these  periods 
must  be  decimals.  Thus  ^179597-069288=56-42,  &o. 
When  the  decimals  do  not  form  complete  periods,  the 
periods  are  to  be  completed  by  the  addition  of  cyphers. 
Example.— -What  is  the  cube  root  of  -3 1 


0-300(-669,  &o. 
216 


800X6'X6 
80X6X6» 
6X6» 

800X66»X9 
80X66X9' 
9X9' 
•669,  &c. 


84000 
==71496 


12504000 
=11922309 


581691,  &e. 
^•3«a:-669,  &c.    And  -8  is  not  exactly  a  cube 
It  18  necessary,  in  this  case,  to  add  cyphers ;  since  one  decimal 
m  tlie  root  will  give  3  decimal  places  in  the  cube;  two  decimal 
Waces  m  the  root  will  give  six  in  the  cube,  &c.    [Sec.  II.  48.] 

EXERCISES. 


38.  ^33»=3 -207534 
89.  ^39==3 -391211 

40.  4/212=5 -962731 

41.  ^3/123505992=498 

42.  4/190109376=57S 


48. 
44. 

AK 


4/458314011=771 
^483-736625=7-85 


.cin 
-CO 


46.  ^999=9-996666 

47.  ^•979146657=-998 
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23.  To  extract  tlio  cube  root  of  a  fraction — 
II (ILK. — Having   reduced   the   given   fraction   to   \ia 
lowest  terms,  make  the  cube  root  of  its  numerator  the 
numerator  of  the  required  fraction,  and  tho  cube  root 
of  its  denominator,  tho  denominator. 


Example. — ^xh'- 


'J. 


s/125 

24.  Rbahon  or  thk  Rule. — The  cube  root  of  any  number 
must  be  such  aa  that,  takea  three  timeH  h8  a  factor,  it  will 
prtxhico  that  number.  Therefore  f  is  the  cube  root  of  j^^ ; 
for  jl  X  )(  X  f  =  ^^ijy.— The  same  thing  might  bo  shown  bv  any 
other  example. 

Bcsidea,  to  cube  a  fraction,  we  must  cube  both  numerator  an«l 
denominator;  therefore,  to  take  its  cube  root— that  is  to  reduce 
it  to  what  it  was  before— we  must  take  the  cube  root  of  both. 

2».  Or,  when  tlie  numerator  and  denominator  are 
not  cubes — 

lluLE. — Multiply  the  numerator  by  the  square  of  the 
denominator  ;  and  then  divide  the  cube  root  of  the  pro- 
duct by  tho  given  denominator ;  or  divide  the  given 
numerator  by  the  cube  root  of  the  product  of  the  given 
denominator  multiplied  by  the  square  of  the  given 
numerator. 

t:xAMPLE.— What  is  the  cube  root  of  ^  ? 

(3y  =  -(/3xr  ^r   ^^3x5-277632 -^7  =  -753947. 

This  rule  depends  m  a  principle  already  explained  [16]. 

26.  Or,  lastly— 

Rule. — Reduce  the  given  fraction  to  a  decimal 
[Sec.  IV.  63J ,  and  extract  its  cube  root  [22] . 

KXERCISES. 


48. 


8  \i_8- 653497 
9/  ■"   9 
4 
•604079 
60.  /I  \i_7- 651725 


49. 


( 


Sj 


8 


941036 


''■ay 

62.   /8  \* 

\n)- 

53.  /  2  \i 

(1-9)  =-'472163 


•660907 


27.  To  find  the  cube  root  of  a  mixed  number 

Rule. — Reduce  it  to  an  improper  fraction  ;  and  then 
proceed  as  already  directed  [23,  &o.] 

Example.— ^3^1=4/^=1-54. 


EVOLUTION. 


317 


11 


KXSRCIIEI. 


54.  (28nU30G35 

55.  (7i)Ul03()y8 
50.  (I)|)*=i20928 


57.  (71i')*=z4  1553 

58.  (32r«,-)U3  1987 
69.  (5J)  1—1-7592 


2S.  Tp  extract  any  root  whatever — 

Rule.— When  the  index  of  the  rtiot  is  some  power 
of  2,  extract  the  square  root,  when  it  is  some  power  of  3, 
extract  the  cube  root  of  the  given  number  so  many  times, 
successively,  as  that  power  of  2,  or  3  contains  unity. 

KvAMPLK  1.— The  8th  root  of  65536=^^^  yV6553B=«4. 
Sm«!o  8  is  the  third  power  of  2,  we  are  to  extract  the 
square  root  three  times,  successively. 

Example  2.— 1342177280«yVl342T7728=:i8. 
Smoe  9  is  the  secoiul  power  of  3,  wo  are  to  extract  th« 
cube  root  twice,  successively. 

29.  In  other  cases  we  may  use  the  following  (Hutton 
Matheraat.  Diet.  vol.  i.  p.  135). 

KuLE. — Find,  by  trial,  some  number  which,  raised 
to  the  power  indicated  by  the  inde-  of  the  given  root, 
will  not  be  far  from  the  given  number.  Then  say, 
as  one  less  than  the  index  of  the  root,  multiplied  by  the 
given  number — plus  one  more  than  the  index  of  the  root, 
multiplied  by  the  assumed  number  raised  to  the  power 
expressed  by  the  index  of  the  root  :  one  more  tha,  the 
index  of  the  root,  multiplied  by  the  given  num^ter — 
plus  one  less  than  the  index  of  the  root,  multiplied  by 
the  assumed  number  raised  to  the  power  indicated  by 
the  index  of  the  root,  ::  the  assumed  root  :  a  still 
nearer  approximation.  Treat  the  fourth  proportional 
thus  obtained  in  the  same  way  as  the  assumed  number 
was  treated,  and  a  still  nearer  approximation  will  be 
found.  Proceed  thus  until  an  approximation  as  near  as 
desirable  is  discovered. 

Ex.\MPLE.— What  is  the  13th  root  of  923 1 
Let  2  be  the  assumed  root,  and  the  proportion  will  be 
12x923-fl4x2«»    :    14x923-fl2x2>=*   ::   2  :   a  nearer 
approximation.     Substituting  this  nearer  approximation  for 
2,  in  the  above  proportion,  we  get  another 'approximation, 
which  we  may  treat  in  the  same  way. 
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60.  (0CG98)ff=G7749 

61.  (6G457)iT==:2-7442 

62.  (2365)J«31-585 


63.  (87426) ?=5084  29 

64.  (8y65)i=l-308 

05.  (075426)! 4=040088 


30.  To  find  the  squares  and  cubes,  the  square  and 
cube  roots  of  numbers,  by  means  of  the  table  at  the  end 
of  the  treatise — 

This  table  contains  the  Svquares  and  cubes,  the  square 
and  cube  roots  of  all  numbers  which  do  not  exceed  1000 
but  it  will  be  found  of  considerable  utility  even  when  very 
high  numbers  are  concerned — provided  the  pupil  bears 
in  mind  that  [12]  the  square  of  any  number  is  equal  to 
the  sum  of  the  squares  of  its  parts  (which  may  be  found 
by  the  table)  plus  twice  the  product  of  each  part  by  the 
3um  of  all  the  others;  and  that  [21]  the  cube  of  a 
ouhiber  divided  into  any  two  parts  is  equal  to  the  sum 
of  the  cubes  of  its  parts  (which  may  be  found  by  the 
table)  plus  three  times  the  product  of  each  part  multi- 
plied by  the  square  (found  by  means  of  the  table)  of 
the  other.  One  or  two  illustrations  will  render  this 
sufficiently  clear. 

Example  1. — Find  the  square  of  873456. 

873450  may  be  divided  into  two  parts,  873  (thousand)  and 

456  (units) .    But  we  find  by  the  table  that  87?=762129  and 

45G'=20793o. 

Therefore  762129000000=873000' 

796176000=873000  X twice  456 

207936=456' 


And  762925383936=873456 
Example  2.— Find  the  cube  of  864379.    Dividing  this  into 
864  (thousand)  and  379  (units),  we  find  8g4'«:644972544 
364»==,746496,  379'=54439939,  and  379'=143641 
Therefore  644972544000000000=864000' 

848765952000000=3  x  864000' x379 
372317472000=3><^864000  X  379' 
54439939=379' 


I -Hi 


And  645821682323911939 
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81  In  finding  the  square  and  cube  roota  of  larger  numbers, 
rro  obtain  their  three  tiiehcst  digits  at  onoa,  if  wo  look  in  the 
table  for  the  highoHt  cuoo  or  square,  the  highest  period  of 
which  (the  reauired  cyphers  being  added)  does  not  exceed  the 
highest  period  of  the  given  number.  The  remainder  of  the 
process,  also,  may  often  be  greatly  abbreviated  by  meana  of 
tiie  table. 

QUESTIONS. 

1.  What  are  involution  and  evolution  ?  [1], 

2.  What  are  a  power,  index,  and  exponent  ?  [1  &  2]. 

3.  What  is  the  meaning  of  square  and  oubo,  of  th« 
square  and  cube  roots  .^  [1  and  8J. 

4.  What  is  the  differenoe  between  an  integral  and  a 
fractional  index  ?  [:^  and  8] . 

6.  How  is  a  number  raised  to  any  power  ?  [5]. 

6.  What  is  the  rule  for  finding  the  square  root  ?  [101. 

7.  What  is  the  rule  for  finding  the  cube  root  ?  [20] . 

8.  How  is  the  square  or  cube  root  of  a  fraction  or 
of  a  mixed  number  found  ?  [14,  &o.,  19,  23,  &c.,  27]. 

9.  How  is  any  root  found  ?  [28  and  29] . 

10.  How  are  the  squares  and  cubes,  the  square  roots 
and  cube  roots,  of  numbers  found,  by  tlie  table  ?  [30] . 


LOOARTIHMS. 


32.  Logarithms  are  a  set  of  artificial  numbers,  which 
represent  the  ordinary  or  natural  numbers.  Taken 
along  with  what  is  called  the  base  of  the  system  to 
which  they  belong,  they  are  the  eqtf^Ls  of  the  corres- 
ponding natural  numbers,  but  without  it,  they  are 
merely  their  representatives.  Since  the  base  is  un- 
changeable, it  is  not  written  along  with  the  logarithm. 
The  logarithm  of  any  number  is  that  power  of  the  base 
which  is  equal  to  it.  Thus  10^  is  equai  to  100 ;  10  is 
the  base^  2  (the  index)  is  the  logarithm^  and  100  is  the 
corresponding  natural  number. — Logarithms,  therefore, 
are  merely  the  indices  which  designate  certain  powers 
of  some  base. 

33.  Logarithms  afford  peculiar  facilities  for  calcu- 
lation. For,  as  we  shall  see  presently,  the  multiplica- 
tion of  numbers  is  performed  by  the  addition  of  their 
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logarithms ;  one  number  is  divided  by  another  if  we 
si'')tiact  the  logarithm  of  the  divisor  from  that  of  the' 
dividend ;  numbers  are  involved  if  \re  multiply  their 
logarithms  by  the  index  of  the  proposed  power  ;  and 
evolved  if  we  divide  their  logarithms  by  the  index  of 
the  proposed  root. — But  it  is  evident  that  addition  and 
subtraction  are  much  easier  than  multiplication  and 
division  ;  and  that  multiplication  and  division  (particu- 
larly when  the  multipliers  and  divisors  are  very  small) 
are  much  easier  than  involution  and  evolution. 

34.  To  use  the  properties  of  logarithms,  they  must  be 
exponents  of  the  same  base — that  is,  the  quantities  raised 
to  those  powers  which  they  indicate  must  be  the  samt. 
Thus  10*  X  12»  is  neither  10^  nor  12',  the  former  being 
too  small,  the  latter  too  great.  If,  therefore,  we  desire 
to  multiply  10*  and  12^  by  means  of  imdiaes^  we  must 
find  some  power  of  10  which  will  be  equal  to  12',  or 
some  power  of  12  which  will  be  equal  to  10*,  op  finally, 
two  powers  of  some  other  number  which  will  be  equal 
respectively  to  10*  and  12',  and  then,  adding  these 
powers  of  the  samz  number,  we  shall  have  that  power 
of  it  which  will  represent  the  product  of  10*  and  12'. 
This  explains  the  necessity  for  a  table  oi  logarithms — 
we  are  obliged  to  find  the  powers  of  some  one  base  which 
will  be  either  equal  to  all  possible  numbers,  or  so  nearly 
equal  that  the  inaccuracy  is  not  deserving  of  notice.  The 
base  of  the  ordinary  system  is  10 ;  but  it  is  clear  that 
there  may  be  as  many  diflFerent  systems  of  logarithms 
as  there  are  diflFereiit  bases,  that  is,  as  there  are  different 
numbers. 

35.  In  the  ordinary  system — ^which  has  been  calcu- 
lated with  great  care,  and  with  enormous  labour,  1  is 
the  logarithm  of  10  ;  2  that  of  100  ;  3  that  of  1000,  &c. 
And,  since  to  divide  numbers  by  means  of  these  loga- 
rithms (as  we  shall  find  presently),  we  are  to  subtract 
the  logarithm  of  the  divisor  from  that  of  the  dividend, 
0  is  the  logarithm  of  1,  for  1=L«=10»-»=10"> ;  —  1  Ls 

==10«-»=,10-'  ;  and 
logarithm  of  -01 ;  —3 


10 

the  logarithm  of  -1,  for  -Isi^'i' 

^  .10     io» 

""  *  '■  aame  reason,  — 2  ia  tl 


that  of  -001,  &c. 
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36.  The  logarithms  of  numbers  between  1  and  10 
must  be  more  than  0  and  less  than  1  ;  that  is,  must  bo 
some  docimal.  The  logarithms  of  numbers  between  10 
and  100  must  be  more  than  1,  and  less  than  2  ;  that 
IS,  unity  with  some  decimal,  &c.  ;  and  the  logarithms  of 
numbers  between  1  and  '01  must  be  -1  and  some  deci- 
mal ;  between  01  and  -001,  -2  and  some  decimal,  &o. 
1  he  decimal  part  of  a  logarithm  is  always  positive. 

37  As  the  integral  part  or  characteristic  of  a  posi- 
tive logarithm  is  so  easily  found— being  [35]  one  less 
than  the  number  of  integers  in  its  corresponding  num- 
ber, and  of  a  negative  logarithm  one  more  than  the 
number  of  cpp/i^rs  prefixed  in  its  natural  number, 
it  is  not  set  down  in  the  tables.  Thus  the  logarithm 
corresponding  to  the  digits  9872  (that  is,  its  decimal 
^aaln!  ^^,4405  ;  hence,  the  logarithm  of  9872  is  3 
no^^ni  *^?*  ""^J^^'^  is  2-994405;  that  of  9-872  is 
0  994405  ;  that  of  -9872  is-  1-994405  (since  there  is  no 
integer,  nor  prefixed  cypher)  ;  of  -009872-3-994405 
&o.  :--rhe  same  digits,  whatever  may  be  theu-  value! 
have  the  same  decimals  in  their  logarithms ;  since  it 
is  the  integral  part,  only,  which  changes.  Thus  the 
logarithm  of  57864000  is  7-762408  ;  that  of  57864  is 
4-762408;  and  that  of  '0000057864,  is— 6-762408 
table— ^*^  ^'^^  *^^  logarithm  of  a  given  number,  by  the 

The  integral  part,  or  characteristic,  of  the  logarithm 
may  be  found  at  once,  from  what  has  been  just  said  [37]— 

When  the  number  is  not  greater  th^n  100,  it  will  be 
tound  m  the  column  at  the  top  of  which  is  N,  and  the 
decimal  part  of  its  logarithm  immediately  opposite  to  it 
m  the  next  column  to  the  right  hand. 

innn  *^f  ""-T^^^  f  ^^^*'^  *^^^  ^^O,  and  less  than 
1000,  It  will  also  be  found  in  the  column  marked  N, 
and  the  decimal  part  of  its  logarithm  opposite  to  it,  in 
the  column  at  the  top  of  which  is  0. 

If  the  number  contains  4  digits,  the  first  three  of 
them  will  be  found  in  the  column  under  N,  and  the 
lourth  at  the  ton  of  the  TiatrA  •  nnrl  fV^nr,  ,•*=  i«„„,.:*i-_ 
m  .he  same  horizontal  Ime  as  the  three  first  dfgits  of 
the  given  number,  and  in  the  same  column  as  its  fourth 
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If  the  number  contains  more  than  4  digits,  find  the 
logarithm  (»!'  its  first  four,  and  also  the  difference  be- 
tween that  and  the  logarithm  of  the  next  higher  num- 
ber, in  the  table ;  multiply  this  difference  bv  the  remain- 
ing digits,  and  cutting  off  from  the  product  so  many 
digits  as  were  in  the  multiplier  (but  at  the  same  time 
adding  unity  if  the  highest  cut  off  is  not  less  than  5),  add 
it  to  the  logarithm  corresponding  to  the  four  first  digits. 

Example  1. — The  logarithm  of  59  is  1-770852  (the  charac- 
teristic being  positive,  and  one  less  than  the  number  oUntegers) . 

Example  2.— The  logarithm  of  338  is  2  528917. 

Example  3.— The  logarithm  of  0004587  is  —4  661529 
(the  characteristic  being  negative,  and  one  more  than  the 
number  of  prefixed  cyphers). 

Example  4.— The  logarithm  of  28434  is  4-453838. 

For,  the  difference  between  453777  the  logarithm  of  2843, 
the  four  first  digits  of  the  given  number,  and  453930  the 
logarithm  of  2844,  the  next  number,  is  153 ;  which,  multi- 

Slied  bjr  4,  the  remaining  digit  of  the  given  number,  pro- 
uce8  6I2;  then  cutting  off  one  digit  from  this  (since  wo 
have  multiplied  by  only  one  digit)  it  becomes  61,  which  being 
added  to  463777  (the  logarithm  of  2844)  makes  453838,  and, 
with  the  characteristic,  4453838,  the  required  logarithm. 

ExAMPLB  5.— The  logarithm  of  873457  is  5941242. 

For,  the  difference  betw^een  the  logarithms  of  8734  and 
8735  is  50,  which,  being  multiplied  bv  57,  the  remaining 
digits  of  the  given  number,  makes, 2850;  from  this  we  cut 
on  two  digits  to  the  right  (since  we  have  multiplied  by  two 
digits),  vvhen  it  becomes  28 ;  but  as  the  highest  digit  cut 
off  is  5,  we  add  unity,  which  makes  29.  Then  5941213  (the 
logarithm  of  8734)-j-29=s=5-941242,  is  the  required  logarithm. 

39.  Except  when  the  logarithms  increase  very  ra- 
pidly— that  is,  at  the  commencement  of  the  table — the 
differences  may  be  ta^ien  from  the  right  hand  column 
(and  opposite  the  three  first  digits  of  the  given  number) 
where  the  mean  differences  will  be  found. 

Instead  of  multiplying  the  mean  difference  by  the 
remaining  digits  (the  fifth,  &c.,  to  the  right)  of  the  given 
number,  and  cutting  off  so  many  places  from  the  product 
as  are  equal  to  the  number  of  digits  in  the  multiplier^ 
to  obtain  the  proportional  part — or  what  is  to  be  added 
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to  the  logarithm  of  the  first  four  digits,  we  may  teke 
the  proportional  part  corresponding  to  each  of  the  re- 
maimng  digits  from  that  part  of  the  column  at  the  kft 
hand  side  of  the  page,  which  is  in  the  same  horizontal 
division  as  that  in  which  the  first  three  digits  of  tSs 
given  number  have  been  found. 
ExAMPLE.—What  is  the  logarithm  of  839785  ^ 

Onnos'to'^torlrf?!;^^^  the)  logarithm  of  839700  is  924124. 
wFfind  4^nr'  Z^^  ^r^  horizontal  division  of  the  page, 
5  26  hI^I  fK""'  (''5^f  **  ^  «^)  420,  and  opposfte  to 
924570  «nf  *^f 'l^^^^^d  logarithm  is  9241244.4l)4.26« 
yj4570,  and,  with  the  cnaiacteristic,  5y2457a 

40    The  method  given  for  finding  the  proportional  nart    nr. 
what  18  to  be  added  to  the  next  lower  Writhm  in  flf  fltT 

100  :  85  :  :  62   (9f4170,  the  logSr  of 'ssVsO^^^^^^ 
the  logarithm  of  839700)  :  ^4^^  or  the  difference  (the  mean 
diiferonce  may  generally  be  U8ed)xby  the  remaining  dibits  of 
♦?r  /nff  ^  "''!?^^?'  ^  ^f  ^*'^^  ^'^'^'^^  being  performed  by  cu?. 

of'di^L  Tn  b??/'i^'  "«^*^-  ^'  ''  «^^^«»t  thatThe  number 
01  digits  to  be  cut  off  depends  on  the  number  of  dijtits  in  tha 
multiplier     The  logarithm  found  is  not  e^tact^y  cSr  be! 

Tz^^,z:z  "^^  ^^"^''^  ^^^^^'"-'^^  *«  ^csZ'Jt; 

hnT?®/'"''^'''"',"''*,"^  ^"""'^  ««t  down  in  the  left  hand  column 

41.  To  find  the  logarithim  of  a  fraction— 
KuLE.---Find  the  logarithms  of  both  numerator  and 

denominator,  and  then  subtract  the  former  from  the 
latter  ;  this  will  give  the  logarithm  of  the  quotient. 
w^^/»5"^^--Log.  U is  1-672098  -  1-748187=  -  1-923910 

S  ie  o?  ti^"*  ^  ''  '?  \'  ?^''^°*«^  ^'^^  1  (*he  character: 
ifltic  of  the  nu.nerator)  :  but  2  from  1  leaves  1  sfJll  +n  "L 

.n!!^!*''"^''"'^  presently  that  to  divide  one  quaniitv  by 

fTotthkr^f-tii:  foS:"  ™'''"^'  *'  'o«ariti.-f  ti^o  i^j. 

42.  To  find  the  logarithm  of  a  mixed  number— 

llULE. — Reduce  it,  trt   an   imr^i.n«x»«  A.««*: J ' 

ored  »8  directed  by  the'lasrruie."'"'^'  "''^"""'  """  ^"^ 
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43.  To  find  the  number  which  corresponds  to  a  given 
logarithm — 

If  the  logarithm  itself  is  found  'n  the  table — 
Rule. — ^Take  from  the  table  iuc  number  which  cor- 
responds to  it,  and  place  the  decimal  point  so  that  there 
may  be   the   requisite  number  of  integral,  or  decimal 
places — according  to  the  characteristic  [37]. 

Example.— What  number  corresponds  to  the  logarithm 
4-214314  ] 

We  find  21  opposite  the  natural  number  163 ;  and  look- 
ing along  the  horizontal  line,  wo  find  the  rest  of  the  logarithm 
under  the  figure  8  at  the  top  of  the  page;  therefore  the  digits 
of  the  required  number  are  1638.  But  as  the  characteristic 
18  4»  there  must  in  it  be  5  places  of  integers.  Hence  the 
required  number  is  16380. 

44.  If  the  given  logarithm  is  not  found  in  the  table— 
\  Rule.— Find  that  logarithm  in  the  table  which  is 
next  lower  than  the  given  one,  and  its  digits  will  be 
the  highest  digits  of  the  required  number  ;  find  the 
difference  between  this  logarithm  and  the  given  one, 
annex  to  it  a  cypher,  and  then  divide  it  by  that  differ-. 
ence  in  the  table,  which  corresponds  to  the  four  highest 
digits  of  the  required  number — the  quotient  will  be  the 
next  digit;  add  another  cypher,  divide  again  by  the 
tabular  difference,  and  the  quotient  will  be  the  next 
digit.     Continue  this  process  as  .long  as  necessary. 

Example.-^ What  number  corresponds  to  the  logarithm 
6'654329  ? 

654273,  which  corresponds  with  the  natural  number  4511, 
is  the  logarithm  next  lers  than  the  given  one  ;  therefore  the 
first  four  digits  of  the  required  number  are  4511.  Adding 
a  cypher  to  56,  the  difference  between  654273  and  the  given 
logarithm,  it  becomes  560,  which,  being  divided  by  96,  the 
tahiUar  difference  corresponding  with  4511,  gives  5  as  quo- 
tient, and  80  as  remainder.  Therefore,  the  first  ^ve  digits 
of  the  required  number  are  45115.  Adding  a  cypher  to  80, 
it  becomes  800 ;  and,  dividing  this  by  96,  we  obtain  8  as 
the  next  digit  of  the  required  number,  and  32  as  remainder. 
The  tntegars  of  the  required  number  (one  more  than  5,  the 
ohai-acteristic)  are,  therefore,  451158.  We  may  obtain  the 
ueeiriiaiS,  by  continuing  the  additiuu  of  cyphers  to  the  re- 
mainders, and  the  division  by  96. 
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f^r.  f /'-^''"^u  ^^*^"^°  *^«  ?i^«°  logarithm  an! 
exceed^tw/h  *^«  ^^^e,  the  higUt  (whTch  does  not 
h^n^  -^^  2  i*''''^  proportional  parts  found  at  the  right 
hand  side  of  the  page  and  in  the  same  horizontel  &. 
^  wi  h  the  first  three  digits  of  the  given  numbe^l. 

48'  whirl.  fi\i^  ^'S^^'*  ^^  *^«««'  contained  in  56,  is 

wilh    fh«       /°1  "^PP^^^  *«'  ^'^^  therefore  oorrespondine 
with,  the  natural  number  5 ;  hence  5  is  thts  ntlf  «?  lu^ 

required  digits.     48  subtracted  from  56,   eaves  8    ths  then 
a  cypher  ,8  added,  becomes  80,  which  cSL  V?  rioTres 
ponding  to  the  natural  number  8)  •  therefore  8  i«  *Wo  «?  .' 
of  the  required  digits.    77,  subtrL^ed  frlrlo  leters 

llfl'^S^r^^""'  ^^  *^.'  '^'l^^'^d  number,  kre  found  t^  bo 
451158,  the  same  as  those  obtained  by  the  other  rScS^. 

^  The  rules  for  finding  the  numbers  correspondinff  ia 

i!rTn^-^'';?T  ^^?,^^r«lythe  converse  of  ded 
for  finding  the  logarithms  of  given  numbers. 

Use  of  Logarithms  in  Aritknetk. 
ritbms^''  n»^My  numbers,  by  means  of  their  loga- 

Rule.— Add  the  logarithms  of  the  factors  ;  and  tfie     " 
re^red';!^^^^^^ 

ExAMPU!— 87x24=1-939519  (the  loe  of  8T1  O.l'iSnail 
(the  log.  of  24  =3-319730:  whU  is  found  titoLeSd 
with  tie  nataral  number,  sdsS.    Therefore  87x2£W8 

ri''?^'1.\>?.«^l>^/>«^«><6><6;V*eTbbl?4l?„'fr 
aoffftrr^mpi"    fPk""''   1^"  ^".  f"!^*^  '**  '^®  *""»  of  the  indices 
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47.  "When  the  characteristics  of  the  logarithms  to  bo 
added  are  both  positive,  it  is  evident  that  their  sum  will 
bo  positive.  When  they  are  both  negative,  their  sum 
(diminished  by  what  is  to  be  carrie<l  from  the  sum  of 
the  positive  [36j  decimal  parts)  will  be  negative.  When 
one  is  negative,  and  the  other  positive,  subtract  the  less 
from  the  greater,  and  prefix  to  the  difference  the  sign 
belonging  to  the  great;er — bearing  in  mind  what  has 
been  already  said  [Sec.  II.  15]  with  reference  to  the 
subtraction  of  a  greater  from  a  less  quantity. 

48.  To  divide  numbers,  by  means  of  their  logarithms — 
Rule. — Subtract  the  logarithm  of  the  divisor  from 

that  of  the  dividend ;  and  the  natural  number,  corres- 
ponding to  the  result,  will  be  the  required  quotient. 

Example.— 1134 -^  42  =  3054613  (the  log.  of  1184)  — 
1-623249  (the  log.  of  42)  =  1-431364,  which  is  found  to 
correspond  with  the  natural  number,  27.  Therefore  1134-r 
42=27. 

Reason  or  the  Rule. — This  mode  of  division  arises  from 
the  nature  of  indices.    Thus  4*-!-4'=[2]  4x4X4x4X4-^4X 

4X4=*-^^|~^^==4X4X|^==4X4,  the  abbreviation 

for  -which  is  4*.  But  2  is  equal  to  the  indes  (logarithm)  of 
the  dividend  minus  that  of  the  divisor.  The  rule  might,  in 
the  same  way,  be  proved  correct  by  any  other  example. 

49.  In  subtracting  the  logarithm  of  the  divisor,  if  it 
is  negative,  change  the  sign  of  its  characteristic  or  inte- 
gral part,  and  then  proceed  as  if  this  were  to  be  added 
to  the  characteristic  of  the  dividend  ;  but  before  making 
the  characteristic  of  the  divisor  positive,  subtract  what 
was  borrowed  (if  any  thing),  in  subtracting  its  decimal 
part.  For,  since  the  decimal  part  of  a  logarithm  is 
positive,  what  is  borrowedy  in  order  to  make  it  possible 
to  subtract  the  decimal  part  of  the  logarithm  of  the 
divisor  from  that  of  the  dividend,  must  be  so  much 
taken  away  from  what  is  posiuve,  or  added  to  what  is 
negative  in  the  remainder. 

We  change  the  sign  of  the  negative  characteristic,  and 


W 


away  a  negative  quantity. 
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<50.  To  raise  a  quantity  to  any  power,  by  means  of 
it>i  logarithm — 

Rule.— Multiply  the  logarithm  of  the  quanity  by 
the  mdex  of  the  power  ;  and  the  natural  number  cor- 
responding to  the  result  will  be  the  requu-ed  power. 

KxAMPLt. — ^Raise  5  to  the  5th  power. 

The  logarithm  of  5  is  069897,  which,  multiplied  by  5, 
gives  3-49485,  the  logarithm  of  3125.  Therefore,  the  5th 
power  of  5; is  3125. 

Keason  of  l-HK  Rule.— Thj8  rule  also  follows  from  the 
naxare  of  iudioes.  5'  raised  to  the  5th  power  is  6x6  multiplied 
by  6X0  multiplied  by  6x6  multiplied  by  5X6  multiplied 
by  6X5,  or  5x5x6x6x6x6x5X6x5x6,  the  abbreviation 
for  which  is  [2]  5".  But  10  is  equal  to  2,  the  index  (logarithm) 
of  the  quantity,  multiplied  by  6,  that  of  tlie  power.  The 
rnle  might,  in  the  same  way,  be  proved  correct  by  any  other 
exijimple. 

51.  It  follows  from  what  has  been  said  [47]  that  when 
a  negative  characteristic  is  to  be  multiplied,  the  product 
iff  negative ;  and  that  what  is  to  be  carried  from  the 
multiplication  of  the  decimal  part  (always  positive)  is 
to  be  subtracted  from  this  negative  result. 

52.  To  evolve  any  quantity,  by  means  of  its  loga- 
rithm— 

KuLE. — ^Divide  the  logarithm  of  the  given  quantity 
by  that  number  which  expresses  the  root  to  be  taken  ; 
and  the  natural  number  corresponding  to  the  result  will 
be  the  required  root. 

Example. — What  is  the  4th  root  of  2401. 

The  logarithm  of  2401  is  3380392,  which,  divided  by  4, 
the  number  expressing  the  root,  gives  -845098,  the  logarithm 
of  7.    Therefore,  the  fourth  root  of  2401  is  7. 

Reason  of  the  Rule.— This  rule  follows,  likewise,  trom 
the  nature  of  indices.  Thus  the  6th  root  of  16"  is  such  a. 
number  as,  raised  to  the  6th  power— that  is,  taken  6  times  as 
a  factor— would  produce  16'°.  But  16*/,  taken  6  times  as  a 
factor,  would  produce  16".  The  rule  might  be  proved  correct, 
equally  well,  by  any  other  example. 

53.  When  a  negative  characteristic  is  to  be  divided — 
BuLE  I. — If  the  characteristic  is  exactly  divisible  by 

the  divisor,  divide  in  the  nrditiftrv  w«v.  hnf.  Tnak^  th<» 
characteristic  of  the  quotient  negative. 
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^  II- — ^f  the  negative  characteristic  is  wt  exactly 
divisible,  add  what  will  make  it  so,  both  to  it  And  to  the 
decimal  part  of  the  logarithm.  Then  proceed  with  the 
division. 

Example.— Divide  the  logarithm  -4-837564  by  5. 
4  wants  1  of  being  divisible  by  5  j  then  --4-837564-j-5=- 
—  5-f-l-83756^^5=.l-367513,  the  required  logarithm. 

Reason  of  I.— The  quotient  multiplied  by  the  divisor  must 
give  the  dividend;  but  [61]  a  negative  quotient  multiplied  by 
a  positive  divisor  will  give  a  negative  dividend. 

Reason  or  II.-— In  example  2,  we  have  merely  added  -I- 1 
and  —  I  to  the  same  quantity— which,  of  course,  does  not 
alter  it. 


QUESTIONS. 

I.  What  are  logaritlms }  [32]. 

J     2.  How  do  they  facilitate  calculation  ?  [33] . 

3.  Why  is  a  table  of  logarithms  necessary  .?  [34]. 

4.  What  is  the  characteristic  of  a  logarithm;  an^ 
how  is  it  found  .?  [37]. 

5.  How  is  the  logarithm  of  a  number  found,  bv  th<» 
table.?  [.?e].  '    ^ 

6.  How  are  the  "differences,"  given  in  the  table 
used?  [39]. 

7.  What  is  the  use  of  •*  proportional  parts  ?"  [39]. 

8.  How  is  the  logarithm  of  a  fraction  found  ?  [41] . 

9.  How  do  we  find  the  logarithm  of  a  mixed  num- 
ber .?  [42]. 

10.  How  is  the  number  corresponding  to  a  given 
logarithm  found?  [43].  r  e,  e 

I I .  How  is  a  number  found  when  it«  corresponding 
logarithm  is  not  in  the  table  ?  [44] . 

12.  How  are  multiplication,  division,  involution  and 
evolution  efiected,  by  means  of  logarithms  ?  [46,  48, 
60,  and  52].  l     »       , 

13.  When  negative  characteristics  are  added,  what 
is  the  sign  of  their  sum  ?  [47] . 

14.  What  is  the  process  for  division,  when  the  cha- 
racteristic of  the  divisor  is  negative  ?  [49] . 

15.  How  is  a  negative  characteristic  multiplied  ?  [511. 

16.  How  is  a  negative  characteristic  divided  ?  [53]'' 
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SECTION  X. 

PROGRESSION,  &o. 

1.  A  progression  consists  of  a  number  of  quantities 
tnoreasing,  or  decreasing  by  a  certain  law,  and  forminir 
what  are  called  conHnued  proportionals.  When  the 
terms  of  the  series  constantly  increase,  it  is  said  to 
be  m  ascending,  but  when  they  decrease  (increase  to 
tue  le/t)j  a  descending  series. 

2.  In  an  equidifftrent  or  arithmetical  progression,  the 
quantities  mcrease,  or  decrease  by  a  cmnmon  difference. 
Ihus  6,  7,  9,  II,  &o.,  is  an  ascending,  and  15,  12,  9,  6, 
&o.,  IS  a  descending  arithmetical  series  or  progression 
I  he  common  difference  in  the  former  is  2,  and  in  the 
latter  3.  A  continued  proportion  may  be  formed  out 
ot  such  a  series.     Thus* 


0  ^  ^  V'  •  '^A  ^  •  •  ^  ■  ^^'  ^°- ;  a«d  15   :  12  : :  12  :  9  :  : 
15:  12  ::  9  fe^^-  &?  say  5  :  7  : :  9  •  11  ::  &<,.;  and 

3.  Jn  a  geometrical  or  equirational  progression,  the 
quantities  increase  by  a  common  ratio  or  multiplier 
Ihus  5,  10,  20, 40,  &c. ;  and  10000,  1000,  100,  10,  &c  , 
are  geometrical  series.  The  common  ratio  in  the  former 
case  IS  2,  ^nd  the  quantities  increase  to  the  right;  in 
the  latter  it  is  10,  and  the  quantities  increase  to  the 
kft  A  continued  proportion  may  be  formed  out  of 
such  a  series.     Thus — 

^(L'  ^?n^-  ^®,L^  ; :  20  :  40,  &o.;  and  lOOOO  :  1000  : : 
1000  :  100  : :  100  :  10,  &c.  Or  we  may  say  5  :  10  : :  20  • 
40  : :  &o.  j  and  10000  :  1000  : :  100  :  10  :f  &c. 

4.  The  first  and  last  terms  of  a  progression  are  called 
its  extremes,  and  all  the  int9rmediate  terms  its  means. 

6.  Arithmetical  Progression.—lo  find  the  sum  of  a 
series  of  terms  in  arithmetical  progression—  * 

HuLE. Mllltinlv    tbft     snm  nf  i\\a.    Av4^i.A»..^.a    V—  t^l* 

the  number  of  terms. 
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Example.— What  is  the  sum  of  a  seriei  of  10  terms  the 
first  being  2,  and  lost  20  i    Ans.  2+20  x  V"="110. 

6.  R«A»ON  or  THE  Rule.— This  rule  can  be  easily  proved. 
For  this  purpose,  set  down  the  progression  twice  over— but 
In  such  a  way  as  that  the  last  term  of  one  shall  be  under  the 
first  term  of  the  other  scries. 

Then,  24-f-21-|-18-f  irj-J-12+  0=the  sura. 

9+12-f-16-f  18-)-21-j-24=the  sum.    And, 

adding  the  equals,  88-f.88-f88-f.88+88+88«:twioe  the  sum. 
^That  is,  twice  the  sum  of  the  series  will  be  equal  to  the  sum 
or  as  many  quantities  as  there  are  terms  in  the  series— each 
of  the  quantities  being  equal  to  the  sura  of  tlio  extremes. 
And  the  sum  of  the  series  itself  will  bo  equal  to  half  as  much, 
or  to  the  sum  of  the  extremes  taken  ha/f  as  many  times  as 
there  are  terms  in  the  series.  The  rule  might  be  proved 
oorreot  by  any  other  example,  and,  therefore,  is  general. 

EXERCISES. 

1.  One  extremo  is  3,  the  other  15,  and  the  number 
of  terms  is  7.     What  is  the  sum  of  the  series  ?     Ans.  63. 

2.  One  extreme  is  6,  the  other  93.  and  the  number 
of  terms  is  49.     What  is  the  sum  .?     Am.  2401. 

3.  One  extreme  is  147,  the  other  |,  and  the  number 
of  terms  is  97.     What  is  tlie  sura  ?     A7is.  7165875. 

4.  One  extreme  is  4f,  the  other  143,  and  the  num 
ber  of  terms  is  42.     What  is  the  sum  ?     A7is.  3094*875 

7.  Given  the  extrtTies,  and  number  of  terms — to  find 
the  common  difference — 

Rule. — Find  the  difference  between  the  given  ex- 
tremes, and  divide  it  by  one  less  than  the  number  of 
terras.     The  quotient  will  be  the  common  difference. 

ExAMPLE.--In  an  arithmetical  series,  the  extremes  are  21 
and  6,  and  the  number  of  terms  is  7.  What  is  the  common 
oinerence  ? 

21  —  3^7  —  1  =  18^6  =  3,  the  required  number. 
8.  Reason  of  the  RuLE.—The  diflference  between  the 
greater  an  1  lesser  extreme  arises  from  the  common  diflFerence 
being  added  to  the  lesser  extreme  once  for  every  term,  ex- 
cept the  lowest ;  that  is,  the  greater  contains  the  leaser  ext  »  ae 
plus  the  common  difference  taken  once  less  than  the  number 
Of  terius.  ^  herefore,  if  we  subtract  the  lesser  from  the  greater 
ei^reme,  the  jfferenoe  obtained  will  be  equal  to  the  common 
dlfferfenoe  mnltipjjed  by  on©  less  than  the  number  of  terms. 
And  It  we  dmde  the  difference  bv  one  less  than  fh**  «"r«i.a« 
Of  lerms,  we  will  have  the  common  difference. 
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EXERCISES. 

6.  TL  extremes  of  an  arithmetioal  series  are  21 
and  4'J7,  and  the  number  of  terras  is  41.  What  is  the 
common  difference  ?     ^tw.  11-9. 

6.  The  extremes  of  an  arithmetical  series  are  127|f 
and  9|,  and  the  number  of  terms  id  26.  What  is  the 
common  difference  ?     Ans.  4^. 

7.  The  extremes  of  an  arithmetioal  series  are  77|f 
and  f ,  and  the  number  of  terms  U  84.  What  is  the 
common  difference  .?     Ans.  -j-J. 

9.  To  find  any  nmiher  of  arithmetical  means  between 
two  given  numbers — 

KuLE.— Find  the  common  difference  [7]  ;  and,  ac- 
cording as  it  is  an  ascending  or  a  descending  series,  add 
it  to,  or  subtract  it  from  the  first,  to  form  the  second 
term  ;  add  it  to,  or  subtract  it  from  the  second,  to  form 
the  third.  Proceed  in  the  same  way  with  the  remain- 
ing terms. 

We  must  remember  that  one  less  than  the  number  of 
terms  is  one  more  than  the  number  of  means. 

Example  1. — Find  4  arithmetioal  means  between  6  and 
15 
21.    21— 6 arsis.     ;jqpj=3,  tho  common  difference.    And 

the  series  is — 

6  .  64-3  .  64-2x3  .  64-3x3  .  64-4x3  .  64-5x3. 


Or  6 


12 


15 


18 


21. 


ExAft.i'LE  2. — Find  4  arithmetical  means  between  30  and 
20 
10.    30-10=20.    1-7-7=4,  the  common  difference.    And 


the  aeries  is — 
30    . 


44-1= 

26    .    22    .    18     .    14 
This  rule  is  evident. 
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EXERCISES. 

8.  Find  11  arithmetical  means  between  2  and  ,26 
Ans,  .4,  6,  8,  10,  12,  14,  16,  18,  20,  22,  and  24. 

9.  Find  7  arithmetical  means  between   8   and   32 
Ans.^  n ,  14, 17,  20,  2?,  26,  29. 

iO   rina  5  arithmetieai  means  between  44,  and  i3i. 
Am,  6,7^,9,  10|,  12. 


I 
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10.  Given  the  extremes,  and  the  number  of  terma— 
to  find  any  term  of  an  arithmetical  progressian — 

l^yLE.--.Find  the  common  difference  by  the  last  rule, 
and  if  it  is  an  ascending  series,  the  required  term  will 
be  the  lesser  extreme  plus — if  a  descending  series,  the 
greater  extreme  minus  the  common  difference  multiplied 
by  one  less  than  the  number  of  the  term. 

Example  l.~What  is  the  5th  term  of  a  series  containinir 
9  terms,  the  first  being  4,  and  the  last  28  ? 

28—4  

— g — =3,  is  the  common  difference.    And  4-f-3x5^» 

16,  is  the  required  term. 

Example  2.— What  is  the  7th  term  of  a  series  of  10  terms, 
the  extremes  beina:  20  and  21 
20-2         .  _ 

9~=2,  is  the  common  difference.     20  —  2x7—1=8, 

is  the  required  terra. 

11.  Reason  or  the  Rule.—Iu  an  ascending  series  th« 
required  term  is  greater  than  the  given  lesser  extreme  to  the 
amount  of  all  the  differences  found  in  it.  But  the  number  of 
differences  it  contaias  is  equal  only  to  the  number  of  terms 
which  precede  it— since  the  common  difference  is  not  found  in 
ihojirat  term. 

In  a  descending  series  the  required  term  is  less  than  the 
given  greater  extreme,  to  the  amount  of  the  differences  sub- 
tracted from  the  greater  extreme— but  one  has  been  subtracted 
from  it,  for  each  of  the  terms  which  precede  the  required  term. 

EXERCISES. 

11.  In  an  arithmetical  progression  the  extremes  are 
14  and  86,  and  the  number  of  terms  is  19.  What  is 
the  11th  term  ?     Am.  54. 

12.  In  an  arithmetical  series  the  extremes  are  22  and 
4,  and  the  number  of  terms  m  7.  What  is  the  4th 
term  ?     Ans.  13. 

13.  In  an  arithmetical  series  49  and  £  are  the  ex- 
tremes, and  106  is  the  number  of  terms.  What  is  the 
94th  term  ?     Am.  6*2643. 

12.  Given  the  extremes,  and  common  difference— to    ' 
find  the  number  of  terms — 

Rule. — Divide  the  difference  between  the  given  ex- 
tremes by  the  common  difference,  and  the  quotient  plus 


Vt.S.\l    lJ.\X'il.tJVl.     Vi.     bCIiUS. 
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ExAMPLE.—How  many  terms  in  an  arithmetical  Mriei  of 
wluoh  the  extremes  are  5  and  26,  and  th«  oommon  differ- 
ence 3  ? 
26-5 

g     ■■7.    And  74-1«b8,  is  the  number  of  terms. 

18.  Rbamw  or  THr  RuLK.— The  greater  differs  ft-om  the 
lesser  extreme  to  the  amount  of  the  differences  found  in  all  the 
terms.  But  the  common  difference  in  found  in  all  the  terms 
except  the  lesser  extreme.  Therefore  the  difference  between 
tlie  extremes  contains  the  common  difference  once  less  than 
will  be  expressed  hy  the  number  of  terms. 

EXERCISES. 

14.  In  an  arithmetical  series,  the  extremes  are  96 
and  12,  and  the  common  difference  is  6.  What  is  thfi 
number  of  terras  ?     Ans.  15. 

15.  In  an  arithmetical  series,  the  extremes  are  14 
and  32,  and  the  common  difference  is  3.  What  is  the 
number  of  terms  ?     Am.  7. 

16.  In  an  arithmetical  series,  the  common  difference 
is  f ,  and  the  extremes  are  14f  and  il.  What  is  the 
number  of  terms  ?     Ans.  8. 

14.  Given  the  sum  of  the  series,  the  number  of  terms, 
and  one  extreme — to  find  the  other — 

Rule. — Divide  twice  the  sum  by  the  number  of 
terms,  and  take  the  given  extreme  from  the  quotient 
The  difference  will  be  the  required  extreme. 

Example. — One  extreme  of  an  arithmetical  series  is  10 
the  number  of  terms  is  6,  and  the  sum  of  the  series  is  42 
What  is  the  other  extreme  1 
2x42 
Q    —10  =  4,  is  the  required  extreme. 

15.  Reasok  of  thb  RuLK.~We  have  seen  [5]  that  2  X  the 
sum  =x  sum  of  the  extremes  X  the  number  of  terms.  But  if  we 
divide  each  of  these  equal  quantities  by  the  number  of  terms, 
we  shall  have 

2  X  the  sum  sum  of  extremes  X  the  number  of  terms 


the  number  of  terms* 
2  X  the  sura 


Or 


the  number  of  terms 


the  number  of  terms 
:sum  of  the  extremes.    And  sub- 


^H  tractinor    thn    AAmA    ATframo  frnvn  aan\%  r>.f  *\%n^^ 


have 
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2  X  the  sum 
the  number  of  terms 


■  one  extreme=the  sum  of  the  extrenles 


—  the  same  extreme. 

twice  the  sum 

"''  the  number  of  terms  "'^'^^^  ^"®  extreme  = 
treme. 

EXERCISES. 


(the  other  ox' 


17.  One  extreme  is  4,  the  number  of  terms  is  17, 
and  the  sum  of  the  series  is  884.  What  is  the  dthcr 
extreme  ?     Ans.  100; 

18.  One  extreme  is  3,  the  number  of  terms  is  63, 
and  the  sum  of  the  series  is  252.  What  is  the  other 
extreme  ?     Am.  5. 

19.  One  extreme  is  27j  the  number  of  terms  is  26, 
and  the  sum  of  the  series  is  1924.  What  is  the  other 
extreme.?     Ans.  12i. 

IB.  Geometrical  Progression. — Given  the  extremes 
and  common  ratio — to  find  the  sum  of  the  series 

ByLE. — Subtract  the  lesser  extreme  from  the  prouuct 
of  the  greater  and  the  common  ratio;  and  divide  the 
diflference  by  one  less  than  the  common  ratio. 

ExABjjPLE.— In  a  geometrical  pirogression,  4  and  312  are 
the  extremes,  and  the  common  ratio  is  2.  What  is  the  sum 
of  the  series. 

312x2-4 

;,  2 1 =620,  the  required  number. 

17.  Reason  of  the  Rule. — The  rulo  may  be  proved  by 
setting  down  the  series,  and  placing  over  it  (but  in  a  reverse 
order)  the  product  of  each  of  the  terms  and  th«  common  ratio. 
Then 

Sum  X  common  ratio  =      8  + 16  -f-  32,  &c.  .  +  812  +  624 

Sum=: 4  +  3+16  +  32,  &c.  .  +812  . 

And,  subtracting  the  lower  from  the  upper  line,  we  shall  have 
Sum  X  common  ratio  —  Sum  =  624  —  4.    Or 
Common  ratio  —  1  X  Sum  =  624  —  4. 

And,  dividing  each  of  the  equal  quantities  by  the  common 
ratio  minus  1 

042  (last  term  X  common  ratio)  —4  (the  first  term) 


Sum  = 


common  ratio 
Which  is  the  rule. 
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20.  The  extremes  of  a  geometrical  series  are  512  and 
2,  and  the  common  ratio  is  4.  What  is  the  sum  r 
Am.  682. 

21.  Th-e  extremes  of  a  geometrical  series  are  12  and 
175692,  and  the  common  ratio  is  11 .  What  is  the  sum  > 
Ans.  193260. 

22.  The  extremes  of  an  infinite  geometrical  series 
are  j\  and  0,  and  J^  is  the  common  ratio.  What  is 
the  sum  ?    Ans.  -J.     [Sec.  IV.  74.] 

Since  the  series  is  infinite,  the  lesser  extreme=0, 

23.  The  extremes  of  a  geometrical  series  are  -3  and 
937  5,  and  the  common  ratio  is  5.  What  is  the  sum  ? 
Ans.  J\.17V875. 

18.  Given  the  extremes,  and  number  of  terms  in  a 
geometrical  series — to  find  the  common  ratio — 

Rule. — ^Divide  the  greater  of  the  given  extremes 
by  the  lesser  ;  and  take  that  root  of  the  quotient  which 
is  indicated  by  the  number  of  terms  minus  1.  This  will 
be  the  required  number. 

Example.— 5  and  80  are  the  extremes  of  a  geometrical 
progression,  in  which  there  are  5  terms.  What  is  the  com- 
mon ratio  1 

80    ,^ 

•g-=lo.    And  ^16=2,  the  required  common  ratio. 

19.  Reason  ot  the  Rule. — The  greater  extreme  is  equal 
to  the  lesser  multiplied  by  a  product  which  has  for  its  factors 

the  common  ratio  taken  once  less  than  the  number  of  terms 

since  the  common  ratio  is  not  found  in  the  Jirst  term.  That 
is,  the  greater  extreme  contains  the  common  ratio  raised  to  a 
power  indicated  by  1  less  than  the  number  of  terms,  and  mul- 
tiplied by  the  lesser  extreme.  Consequently  if,  after  dividing 
by  the  lesser  extreme,  we  take  that  root  of  the  quotient,  which 
is  indicated  by  one  less  than  the  number  of  terms,  we  shall 
obtain  the  common  ratio  itself. 

exercises. 

24.  The  extremes  of  a  geometrical  series  are  49152 
and  3,  and  the  number  of  terms  is  8.  What  is  the 
oommon  ratio  ?     Ans.  4. 

95.  The  extremes  of  a  geometrical  series  are  1  and 


f 


k 
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16625,  and  the  number  of  terms  is  7.    What  is  the 
oommon  ratio  ?     Ans.  6. 

26.  The  extremes   of  a  geometrical  series  are 
2017^8035   and  6,  and  the   number  of  term*  is  10 
What  is  the  common  ratio  ?     Am.  7. 

20.  To  find  any  number  of  geometrical  means  be 
tween  two  quantities — 

Rule. — ^Find  the  oommon  ratio  (by  the  last  rule)^ 
and — according  as  the  series  is  ascending,  or  descend- 
ing—multiply or  divide  it  into  the  first  term  to  obtain 
the  second ;  multiply  or  divide  it  into  the  second  ta 
obtain  the  third  ;  and  so  on  with  the  remaining  terms. 

We  must  remember  that  one  less  than  the  number 
of  terms  is  one  more  than  the  number  of  means. 

Example  1.— Find  3  geometrical  means  between  1  and 
ol. 

4/y-=3,  the  common  ratio.  And  3,  9,  27,  are  the  re- 
quired means. 

Example  2.— Find  3  geometrical  means  between  1250 
and  2. 

,1250  1250     1250      1250 

y-2-==5.    And  -g-     5^   g-^^^^,  or  250,  50,  10, 

are  the  required  means. 


5X5 
Tliis  rule  requires  no  explanation. 


exercises. 

27.  Find  7  geometrical  means  between  3  and  19683  ? 
Ans.  G,  27,  81,  243,  729,  2187,  6561. 

28.  Find  8  geometrical  means  between  4096  and  8  ? 
Ans.  2048,  1024,  612,  256,  128,  64,  32,  and  16. 

29.  Find  7  geometrical  means  between  14  and 
23514624?      Ans.    84,   504,   3024,   18144,    108864. 
653184,  and  3919104. 

21 .  Given  the  first  and  last  term,  and  the  number  of 
terms — to  find  any  term  of  a  geometrical  series — 

Rule. — If  it  be  an  ascending  series,  multiply,  tf  a 
descending  series,  divide  the  first  term  by  that  power 
of  tiie  common  ratio  which  is  indicated  by  the  niuribet 
of  the  term  minus  1. 
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Example  1.— Find  the  3rd  term  of  a  geometrical  Beries, 
of  whicL  the  first  term  is  6,  the  last  1458,  and  the  number 
of  terms  6. 

14*18 

The  common  ratio  is  ^— g— =3.    Therefore  the  required 

term  is  6x3*1=54. 

Example  2. — Find  the  5th  term  of  a  series,  of  which  the 
extremes  are  524288  and  2,  and  the  number  of  terms  is  10. 

524288  524288 

The  common  ratio  ^ — h — =^'     ^^^  — 2w"~=2048, 

is  the  required  term. 

22.  Reason  of  the  Rttle, — In  an  ascending  series,  any 
term  is  the  product  of  the  first  and  the  common  ratio  taken 
as  a  factor  so  many  times  as  there  are  preceding  terms — since 
it  is  not  found  in  the^r«^  term. 

In  a  descending  series,  any  term  is  equal  to  the  first  term, 
divided  by  a  produc.  containing  the  common  ratio  as  a  factor 
so  many  times  as  there  are  preceding  terms — since  every  term 
but  that  which  ia  required  &Jds  it  once  to  the  factors  which 
constitute  the  divisor. 


r  ^ 


EXERCISES. 

30.  What  is  the  6th  term  of  a  series  having  3  and 
6859375  as  extremes,  and  containing  10  terms  .?  Ans. 
9375. 

31.  Given  39366  and  2  as  the  extremes  of  a  series 
having  10  terms.     What  is  the  8th  term  .?     Ans.  18. 

32.  Given  1959552  and  7  as  the  extremes  of  a  series 
having  8  tettns.     What  is  the  6th  term }    Ans.  252. 

23.  Given  the  extremes  and  common  ratio — to  find 
the  number  of  terms —  " 

Rule. — Divide  the  greater  by  the  lesser  extreme, 
and  one  more  than  the  number  expressing  what  power 
of  common  ratio  is  eqnal  to  the  quotient,  will  be  the 
required  quantity. 

Example. — How  many  terms  in  a  series  of  which  the 

extremes  are  2  and  256,  and  the  common  ratio  is  2  ? 

256 

-rt-«=128.    But  2^=128.    There  are,  therefore,  8  terms. 


the  greater  divided  by  the  lesser  extreme)  once  less  than  th« 
number  of  terms. 


..a 
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EXERCISES. 

33.  How  many  terms  in  a  series  of  wbicli  the  first  is 
78732  and  the  last  12,  and  the  common  ratio  is  9  ? 
Ans.  5. 

34.  How  many  terms  in  a  series  of  which  the  ex- 
tremes and  common  ratio  are  4,  470596,  and  7  ?  Ans.  7. 

35.  How  many  terms  in  a  series  of  which  the  ex- 
tremes and  common  ratio,  are  196608,  6,  and  8  .?  Ans.  6. 

24.  Given  the  common  ratio,  number  of  terms,  and 
one  extreme — to  find  the  other — 

B,ULE. — If  the  lesser  extreme  is  given,  multiply,  if 
the  greater,  divide  it  by  the  common  ratio  raised  to  a 
power  indicated  by  one  less  than  the  number  of  terms. 

Example  1. — In  a  geometrical  series,  the  lesser  extreme 
is  8,  the  number  of  terms  is  5,  and  the  common  ratio  is  6; 
^hat  is  the  other  extreme  "?    Ans.  8x6*-'=:10368. 

Example  2. — In  a  geometrical  series,  the  greater  extreme 
is  6561,  the  number  of  terms  is  7,  and  the  common  ratio  is 
3 ;  what  is  the  other  extreme '?    Ans.  6561-f-3'~'=9. 

This  rule  does  not  require  any  explanation. 

EXERCISES. 

36.  The  common  ration  is  3,  the  number  of  terms  is  7, 
and  one  extreme  is  9  ;  what  is  the  other  ?     Ans.  6561. 

37.  The  common  ratio  is  4,  the  number  of  terms  is 
6,  and  one  extreme  is  1000  ;  what  is  the  other  ?  Ans. 
1024000. 

38.  The  common  ratio  is  8,  the  number  of  terms  w 
10,  and  one  extreme  is  402653184  ;  what  is  the  (ftiiet  ? 
Ans.  3. 

In  progression,  as  in  many  other  rules,  the  application  of 
algebra  to  the  reasoning  would  greatly  simplify  it. 

MISCELLANEOUS   EXERCISES   IN    PROGRESSION. 

1.  The  clocks  in  Venice,  and  some  other  places  attmo 
the  24  hours,  not  beginning  again,  as  ours  do,  after  12. 
How  many  strokes  do  they  give  in  a  day  .?     Ans.  300. 

2  A  butcher  bought  100  sheep ;  for  the  first  he 
gave  Is.y  and  for  the  last  £9  19s.     What  did  he  pay  for 
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all,  supposi  ig  their  prices  to  form  an  arithmetical  series  > 
Ans.  £500. 

3.  A  person  bought  17  yards  of  cloth:  for  the  first 
yard  he  gave  2s  and  for  the  kst  10^.  What  was  the 
price  of  all }     Am.  £b  2s. 

*i  '*•  ^  Pf  son  travelling  into  the  country  went  3  miles 
the  first  day,  8  miles  the  second,  13  the  third,  and  so 

dS zttirz:^' " ^"^ '^^-  ^^^ °^^^^ ^«^^ 

_  5.  A  man  being  asked  how  many  sons  he  had,  said 
that  the  youngest  was  4  years  old,  and  the  eldest  32, 
and  that  he  had  added  one  to  his  family  every  fourth 
year.     How  many  had  he  ?     Am.  8. 

Am.  f""^  *^^  ^""^  ""^  ^"^  '"^"'^  '^"^'»  ^'  *'  ^'  &^- 

7.  Of  what  value  is  the  decimal  -463'  >     Am  445 

8.  What  debt  can  be  discharged  in  a  year  by  monthly 
payments  m  geometrical  progression,  the  first  term 
being  £1,  and  the  last  £2048;  and  what  wiU  be  the 
common  ratio .?  Am.  The  debt  will  be  £4095 :  and 
the  ratio  2.  >       ^ 

9.  What  will  be  the  price  of  a  horse  sold  for  1  far- 
thing for  the  first  nail  in  his  shoes,  2  farthings  for  the 
second,  4  for  the  third,  &c.,  allowing  8  nails  in  each 
shoe  ?     Am.  £4473924  bs.  3^d. 

^■^^.V^  nobleman  dying  left  11  sons,  to  whom  he  be- 
queathed his  property  as  follows ;  to  the  youngest  he 
gave  £1024 ;  to  the  next,  as  much  and  a  half ;  to  the 
next,  11  of  the  preceding  son?^  share  ;  and  so  on.  What 
was  the  eldest  son's  fortune  ;  and  what  was  the  amount 
ot  the  nobleman's  property?  Am.  The  eldest  son  re- 
ceive^  £59049,  and  the  father  was  worth  £175099. 

QUESTIONS. 

1.  What    is    meant    by  ascendmg    and    descending 

series?  [1].  "'  ° 

2.  What  is  meant  by  an  arithmetical  and  geome- 
trical progression  ;  and  are  they  designated  by  an?  otter 
namesj  [2  and  3] .  J      J       ^^ 

f  VVhat  are  the  common  difference  and  common 
ratio?  [.2  and  3]. 
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4.  Show  thiit  a  continued  proportion  may  be  formed 

from  II  s(u  i,^a  of  cithor  kind  ;    i2  and  3j . 

5.  Wliut  mo  moans  and  extrcnios  ?   [4]. 

«).  liow  is  tluj  sum  of  an  arithmetical  or  a  gcome* 
trioal  He.v'u'H  found  ?   [0  and  10]. 

7.  How  is  the  cotnniou  diiforence  or  common  ratio 
found:    [7  and  KSj. 

b>  Iluw  is  liny  immbor  of  arithmetical  or  geometrical 
means  found?   [iJ  and  20], 

9.  ll<nv  is  any  particular  arithmetical  or  geometrical 
uicau  found  .-    [10  and  21]. 

10.  How  is  the  numbnr  of  terms  in  an  arithmetical 
or  goouiotiical  series  found  ?   [12  and  23]. 

i  I.  llow  is  one  extreme  of  an  arithmetical  or  gcomc- 
trii:al  series  tound  ?   [14  and  24]. 


ANNUITIES. 

2i.  An  annuity  is  an  income  to  be  paid  at  stated 
timos,  yearly,  half-yearly,  &c.  It  is  either  in  possession, 
that  is,  entered  upon  already,  or  to  be  entered  upon 
immi»diately  ;  or  it  is  iw  reversion^  that  is,  not  to  com- 
mence until  after  some  period,  or  after  something  has 
occurred.  An  annuity  is  certain  when  its  commence- 
ment and  termination  are  assigned  to  definite  periods, 
contingent  when  its  beginning,  or  end,  or  both  are 
uncertain;  is  in  arrears  when  one,  or  more  payments 
are  retained  after  they  hfe-,e  become  due.  The  amount 
of  an  annuity  is  the  sum  of  the  payments  forborne  (in 
arrears),  and  the  interest  due  upon  them. 

When  an  annuity  is  paid  off  at  once,  the  price  given 
for  it  is  called  its  preseiit  worth,  or  value — which  ought 
to  be  such  as  would — if  left  at  compound  interest  until 
the  annuity  ceages — produce  a  sum  equal  to  what  would 
be  due  from  the  annuity  left  unpaid  until  that  time. 
This  value  is  said  to  be  so  many  years^  purah/ise ;  that 
is,  so  many  annual  paynaents  of  the  income  a?)  ivould  be 
^ust  equivalent  to  ft. 

26.^To  find  the  amount  of  a  certain  cnniber  of  pay- 
ments in  arrears,  and  the  interest  due  on  tbf  ai— 
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RuLE.—Find  the  interest  due  on  each  payment  •  then 
M  tlio  required  amount.  * 

unnn^nT'^r  ^""^^J**  ^•"  ^'^  *^«  «^"»«"nt  of  £1  per  annum 
unpazdfor  Gyear8,5  per  cent,  simple  interest  bein^gaZe"^ 

them  V,rm  Z  P'i.f  ^^/"K  Pajmonts,  with  the  interest  due  on 
tftem,torm  the  artthmeticalseneH£l^£05x5.  £l-f-£  05x 
„  •  '-£1^.^'^^  ^1-  And  its  sum  is  jCl+jei+jG  05vSv 
f«£2+£.25x3=.£6.75=.£6  15.,  the  requTrtdtfount  ^ 

is  nn3''f  ^n/^  *^'^  ^l"*^^  ^  ^^^™  ^orth  £60  per  annum 
per  cent,  per  an.  compound  interest  ? 
wif h  il'i'inTr^fl' •  '!k ''  '^  geometrical ;  and  the  last  payment 
wi^h  ftsint^^  the  given  annuity,  the  precUing  pLS 
^X]^ln^::^:ir'''  "'  ^^^  ^-^Zyears^mS^Uea* 

IhJ  trpXTV""^  4^  ^^'  ^"  ^"'^  ^7  *^«  ta^l«  at  the  end  of 
the  serTes'sl-  ^'''^  ^'  ^^2  4(5662.    Then  the  sum  of 

£2'40662x  105x60- 60 

105  —  1  [16]=:sl 832-4,  the  required  amount. 

The  amount  of  £1  for  18  years  multiplied  by  105  is  the 
same  as  the  amount  of  £1  ir  19,  or  tL  fnvL  number  of 
years,  which  is  found  to  be  £2  527.'    And  1§5  ~  1  the  divi- 

£['•  'thSif/'.;!^"-  r^""*  «^'  ^1  f«^  «"«  payment  mtjs 
£1 ,  that  IS,  to  the  interest  of  £1  for  one  nayment.    Hence 

the  required  sum  will  be  ^^uld  p^  ~  -  ^  £1832-4. 
It  would  evidently  be  thbAame^thing  to  consider  the 

2-527  ^'l'         *^'°  """^^'P^^  ^^^  ''^^^*'^y  60     Thus 
— ^        X  60= £1832-4.    For  an  annuity  of  £60  ought 
to  be  60  times  as  productive  as  one  of  only  £1. 

Hence,  briefly,  to  find  the  amount  of  any  number  of 
papnents  in  arrears,  and  the  compovmd  interest  due  on 

Subtract  ^1  from  the  amount  of  £\  for  the  dven 
number  of  navmpnfa    a-n^  AXtt^a^  *i,-.  azxt i°  .-, 

interest  of  £\  for  one  payment ;  then  multiply  the  quo- 
tient by  the  given  sum.  ^ 

Q 
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27.  Reason  or  the  Rule. — Each  payment,  with  its  inte- 
rest, evidently  constitute  a  separate  amount ;  anl  the  sum  due 
must  be  the  sura  of  these  amounts — which  form  a  decreasing 
series,  because  of  the  deoreaaing  interest,  arising  from  the 
decreasing  number  of  times  of  payment. 

When  simple  interest  is  allowed,  it  is  evident  that  what  is 
due  will  be  the  sum  of  an  arithmetical  series,  one  extreme  of 
which  is  the  first  payment  plus  the  interest  due  upon  it  at  the 
time  of  the  last,  the  other  the  last  payment ;  and  its  common 
difference  the  interest  on  one  payment  due  at  the  next. 

But  when  compound  interest  is  allowed,  what  is  due  will  be 
the  sum  of  a  geometrical  series,  one  extreme  of  which  is  the 
first  payment  plus  the  interest  due  on  it  at  the  last,  the  other 
the  last  payment;  and  its  common  ratio  £>\  plus  its  interest 
lor  the  interval  between  two  payments.  And  in  each  case  the 
interest  due  on  the  first  payment  at  the  time  of  the  last  will 
be  the  interest  due  for  one  less  than  the  number  of  payments, 
since  interest  is  not  due  on  the  first  vintil  the  time  of  the  second 
payment. 

1  EXERCISES. 


1.  What,  \b  the  amount  of  ^£37  per  annum  unpaid 
for  1 1  years,  at  5  per  cent,  per  an.  simple  interest .? 
Am.  ^£508  155. 

2.  What  is  the  amount  of  an  annuity  of  .£100,  to 
continue  5  years  at  6  per  cent,  per  an.  compound  inte- 
rest .?     Ans.  i2563  1 1*.  2\d 

3.  What  is  the  amount  of  an  annuity  of  i2356,  to 
continue  9  years,  at  6  per  cent,  per  an.  simple  interest } 
Am.  £3972  19*.  2^d. 

4.  What  is  the  any^  ^-  of  £49  per  annum  unpaid 
for  7  years,  6  per  cent.  vjk,^.  j»  )und  interest  being  allowed .? 

Ans.  £411  5s.  ll^d. 

* 

28.  To  find  the  present  value  .1  an  annuity— 
Rule. — Find  (by  the  last  rule)  the  amount  of  the 
given  annuity  if  not  paid  up  to  the  time  it  will  cease. 
Then  ascertain  how  often  this  sum  contains  the  amount 
of  £1  up  to  the  same  time,  at  the  interest  allow^».d. 

Example. — What  is  the  present  worth  of  an  annuity  of 
£12  per  annum,  to  be  paid  for  18  years,  5  per  cent,  com- 
pound interest  being  allowed '? 

An  annuity  of  £12  unpaid  for  18  years  would  amount  to 
£28-13238  X  12  =  £337-58856. 
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But  £1  put  to  interest  for  18  years  at  the  same  rat» 
would  amount  to  £240602.     Therefore 
£337-58850 
~2^49GG2~~    ^^^  ^**  ^'  ^^  *^®  required  value. 

The  sum  to  be  paid  for  the  annuity  should  evidently  be  such 
as  would  produce  the  same  as  the  annuity  itself,  in  the  same 
time. 

EXERCISES. 

5.  What  is  the  present  worth  of  an  annuity  of  ie27, 
to  be  paid  for  13  years,  6  per  cent,  compound  interest 
being  allowed  ?     Am.  £2o3  12s.  d^d. 

6.  What  is  the  present  worth  of  an  annuity  of  iE324, 
to  be  paid  for  12  yearrs,  5  per  cent,  compound  interest 
being  allowed  ?     Am.  JE2S71  13*.  10^^^. 

7.  What  is  the  present  worth  of  an  annuity  of  £22, 
to  be  paid  for  21  years,  4  per  cent,  compound  interest 
being  allowed  ?     Am.  ^£308  12*.  lOd. 

29.  To  find  the  present  value,  when  the  annuity  is 
in  perpetuity — 

Rule. — Divide  the  interest  which  £1  would  produce 
in  perpetuity  into  £1,  and  the  quotient  will  be  tne  sum 
required  to  produce  an  annuity  of  £1  per  aminm  in 
perpetuity.  Multiply  the  quotient  by  the  number  of 
pounds  in  the  given  annuity,  and  the  product  >vill  be 
the  required  present  worth. 

Example. — What  is  the  value  of  an  income  of  £17  for  ^vert 

Let  us  suppose  that  £100  would  produce  £5  per  cont.  per 

an.  for  ever: — then  £1  would  produce  £-05.     Thoi-efore, 

to  produce  £1,  we  require  as  many  pounds  as  will  be  e<iual 

to  the  number  of  times  £05  is  contained  in  £1.    But-T^s" 

£20,  therefore  £20  would  produce  an  annuity  of  £1  for 
ever.  And  17  times  as' much,  or  £20x17=340^  which 
would  produce  an  annuity  of  £17  for  ever,  is  the  required 
present  value. 

EXERCISES. 

8.  A  small  estate  brings  ^£25  per  annum ;  wh&<;  is 
its  presout  worth,  allowing  4  per  cent,  per  annum  ir-ite- 
rest  >     Am.  £625. 

9.  What  is  the  present  worth  of  an  income  of  £347 
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in  perpetuity,  allowing  6   per   cent,   interest?    Ans 
jy6783  6s.  Sd. 

10.  What  is  the  value  of  a  perpetual  annuity  of  j£46, 
allowing  5  per  cent,  ictercst  ?     Ans.  i2920. 

30.  To  find  tho  present  value  of  an  annuity  in  rever- 
sion— 

Rule. — Find  the  amount  of  the  annuity  as  if  it  were 
forborne  until  it  should  cease.  Then  find  what  sum, 
put  to  interest  now,  would  at  that  time  produce  the 
same  amount. 

Example. — What  is  the  value  of  an  annuity  of  £10  per 
annum,  to  continue  for  6,  but  not  to  commence  for  12  yearMj 
6  per  cent,  compoun  1  interest  being  allowed  * 

An  annuity  of  £10  for  6  years  if  left  unpaid,  would  be 
worth  £68- 0191 :   and  £1  would,  in  18  years,  be  worth 
£11-68959.    Therefore 
'£080191 
■TT:z.on5Q==='£28  5s.  3(/.,  is  the  required  present  worth. 

EXERCISES 

11.  what  is  the  present  worth  of  £75  per  annum, 
which  is  not  to  commence  for  10  years,  but  will  con- 
tinue 7  years  after,  at  6  per  cent,  compound  interest .? 
Am.  £\55  9s.  l^d. 

12.  The  reversion  of  an  annuity  of  £175  per  annum, 
to  continue  1 1  years,  and  commence  9  years  hence,  is  to 
be  sold  ;  what  is  its  present  worth,  allowing  6  per  cent, 
per  annum  compound  interest }     Aqis.  £430  7*.  ^d. 

13.  What  is  the  piosent  worth  of  a  rent  of  £45  per 
annum,  to  commence  in  8,  and  last  for  12  years,  6  per 
cent,  compound  interest,  payable  half-yearly,  being 
allowed  }     Ans.  £117  2s.  ^d. 

31  "\Yhen  the  annuity  is  contingent,  its  value  depends 
on  the  probability  of  the  contingent  circumstance,  or 
circumstances. 

A  life  annuity  is  equal  to  its  amount  multiplied  by 
the  value  of  an  annuity  of  £1  (found  by  tables)  for  the 
given  age.  The  tables  used  for  the  purpose  arc  calcu- 
lated on  nrincinles  derived  from  the  doctrine  of  chances. 

5  1  / 

observations  on  the  duration  of  life  in  difierent  circum- 
/stances,  the  rates  of  compound  interest,  &c. 
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QUESTIONS; 

1.  What  \h  an  annuity  ?  [25]. 

2.  What  i«  an  annuity  in  possession — in  rcvorsion-^ 
ciMtHid — oontiugont — or  in  arreare  ?  [25]. 

3.  What  is  meant  by  the  present  worth  of  an  an- 
nuity ?  [♦^)]. 

4.  How  is  the  amount  of  any  number  of  payments 
in  arrears  found,  the  interest  allowed  being  simple  or 
compound  ?  [26]. 

5.  How  is  the  present  value  <  f  an  annuity  in  posses- 
sion found  ?  [28], 

G.  How  is  the  present  value  of  an  annuity  in  per- 
petuity found  ?  [29]. 

7.  IIow  is  the  present  value  of  an  annuity  in  rever- 
sion found  >  [30] . 
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32.  Position,  called  al  >  the  "  rule  of  false,"  is  a  rule 
which,  by  the  use  of  one  or  more  assumed,  but  false 
numbers,  enables  us  to  find  the  true  one.  By  means  of 
it  we  can  obtain  the  answers  to  certain  questions,  which 
we  could  not  resolve  by  tlio  ordinary  direct  rules. 

When  the  results  are  really  proportional  to  the  sup- 
position— as,  for  instan'  t),  vvhrn  the  number  sought  is 
to  be  miUiiplied  or  divided  by  some  pioposed  number  ; 
or  is  to  be  increased  or  diminished  by  itself^  or  by  some 
given  mu/iiple  or  part  of  itselt^— and  when  the  question 
contains  only  one  proposiflon^  we  use  what  is  called 
single  position,  assuming  only  mm  number  ;  and  the 
quantity  found  is  exactly  that  which  is  required.  Other- 
wise— as,  for  ii  tance,  when  the  number  soughi  is  to  be 
increased  or  diminished  by  some  absolute  number,  which 
is  not  a  known  multiple,  or  part  of  it — or  when  two 
piopositions,  neither  of  which  can  be  banished,  are  con- 
tained in  the  problem,  we  use  double  position,  assuming 
two    numbers.     If  the    number   sought   is,  duiing    the 

Drocess    i.ndieai    d    hv    tlio    nnnsHan      t"     b«     invnlvori     f\r 

evolved,  we  obtain  only  an  approximation  to  the  quan- 
tity required. 


I 
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33.  SiTiffle  Position. — Rule.  Assume  a  number,  and 
perform  with  it  the  operations  describod  in  the  question  ; 
then  say,  us  the  result  obtained  is  to  the  number  nsed^ 
80  is  the  true  or  given  result  to  the  number  reqaired. 

Example. — What  number  is  that  which,  being  multiplied 
by  5,  by  7,  and  by  U,  the  sum  of  the  results  shall  be  231 '? 
Let  us  assume  4  as  the  quantity  soucht.     4xr)4-4x74- 

4x9=84.     And  84  :  4  ::  231  :  i^-=ll,  the  required 


number. 


84 


84.  RKAboN  or  THK  RuLK. — It  is  evident  that  two  num- 
bers, multiplied  or  divided  by  the  same,  should  produce  pro- 
portionate results. — It  is  otherwise,  however,  when  Uic  same 
quantity  is  added  to,  or  subtracted  from  them.  Thus  let  tho 
given  question  be  changed  into  tho  following.  What  number 
is  that  which  being  multiplied  by  6,  by  7,  and  by  9,  tho  sum 
of  the  products,  plus  8,  shall  be  equal  to  239  ." 

Assuming  4,  the  result  will  be  92.     Then  wo  cannot  say 

92  (844-8)  :  4  ::  239  (231-f8)  :  11. 

For  though  84  :  4  : :  231  :  11,  it  does  not  follow  that 
84+8  :  4  ::  231-4-8  :  11.  Since,  while  [Sec.  V.  29]  wo  may 
multiply  or  divide  the  first  una  third  terms  of  a  geometrical 
proportion  by  the  same  number,  we  cannot,  without  destrojr- 
nig  the  proportion,  add  the  same  number  to,  or  subtract  it 
from  them.  The  question  in  this  latter  form  belongs  to  tho 
rule  of  double  position. 

EXERCISES. 

1.  A  teacher  being  asked  bow  many  pupils  he  had, 
replied,  if  you  add  i,  J^,  and  ^  of  the  number  together, 
the  sum  will  be  18  ;  what  was  their  number  .?    Ans.  24. 

2.  What  number  is  it,  which,  being  increased  by  ^, 
^,  and  j  of  itself,  shall  be  125 .?     Ans.  60. 

3.  A  gentleman  distributed  78  pence  among  a  num- 
ber of  poor  persons,  consisting  of  men,  women,  and  chil- 
dren ;  to  each  man  he  gave  Qd.,  to  each  woman,  4d.y 
and  to  each  child,  2d.  ;  there  were  twice  as  many 
women  as  men,  and  three  times  as  many  children  aa 
women.  How  many  were  there  of  each  }  Ans.  3  men, 
6  women,  and  18  children. 

4.  A  person  bought  a  chaise,  horse,  and  harness,  for 
£60  ;  the  horse  came  to  twice  the  price  of  the  harness, 
and  the  chaise  to  twice  the  price  of  the  horse  and  har- 
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rtCRS.  What  did  lie  give  for  each  ?  Ans,  He  gave  for 
the  harnoHH,  £{]  ]3s.  4(1.  ;  for  the  horBO,  £\3  (is.  Hd.  ; 
uud  fur  thti  chaiwe,  JC40. 

5.  A'b  ago  is  double  tlmt  of  B'b  ;  B's  is  treble  that 
of  C'h  ;  and  the  sum  of  all  their  ages  is  140.  What  is 
the  ago  of  each  ?     Ans.  A's  is  84,  B's  42,  and  C's  14. 

6.  After  paying  away  \  of  my  money,  and  then  ^  of 
the  remainder,  I  had  72  guineat  left.  What  had  I  at 
first?     jIws.  120  guineas. 

7.  A  can  do  a  piece  of  work  in  7  drys  ;  B  can  do  the 
same  in  5  days  ;  and  C  in  G  days.  In  what  time  will 
all  of  thom  execute  it  ?     Ans.  in  \\^^  days. 

8.  A  and  15  can  do  a  i)ioco  of  work  in  10  days  ;  A 
by  himself  can  do  it  in  10  days.  In  what  time  will  B 
do  it }     Alls.  In  30  days. 

9.  A  cistern  has  throe  cocks  ;  when  the  first  is  opened 
all  the  water  runs  out  in  one  hour  ;  when  the  8«cond  is 
opened,  it  runs  out  in  two  hours  ;  and  when  the  third  is 
opened,  in  threo  hours.  In  what  time  will  it  run  out,  if 
all  the  cocks  are  kopt  open  together  .?    Arts.  In  /j-  hours. 

10.  What  is  tliat  number  whose  i,  ^,  and  \  parts, 
taken  together,  make  27  ?     Arts.  42. 

11.  There  arc  5  mills;  the  first  grinds  7  bushels  of 
corn  in  1  hour,  the  second  5  in  the  same  time,  the  third 
4,  the  fourth  3,  and  the  fifth  1.  In  v^hat  time  will  the 
five  grind  000  bushels,  if  they  work  together  I  Am. 
In  25  hours. 

V2.  There  is  a  cistern  which  can  be  filled  by  a  cock 
in  12  hours  ;  it  has  another  cock  in  the  bottom,  by 
which  it  can  be  emptied  in  18  hours.  Ir*  what  time  will 
it  be  filled,  if  both  are  left  open  ?    Ans.  In  36  hours. 

35.  Double  Position. — Rule  I.  Assume  two  con- 
venient numbers,  and  perform  upon  them  the  processes 
supposed  by  the  question,  marking  the  error  derived 
from  each  with  -|-  or  — ,  according  as  it  is  an  error  of 
sxcess,  ©r  of  defect.  M'^.ltiply  each  assumed  number  into 
the  error  which  belongs  to  the  other  ;  and,  if  the  errors 
are  both  plus,  or  both  minus,  divide  the  difference  of  the 
products  by  the  difference  of  the  errors.  But,  if  one  is 
a  plus,  and  the  other  is  a  minus  error,  divide  tho  svm  of 
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the  products  by  the  sum  of  the  errors.  In  either  case 
the  result  will  be  the  number  sought,  or  an  approxi- 
mation  to  it. 

Example  L— If  to  4  times  the  price  of  ray  horse  XIO  is 
added,  the  sum  will  be  £100.     What  did  it  cost  1 
Assuming  numbers  which  give  two  e'rrors  of  earcm— 
First,  let  28  be  one  of  them, 
Multiply  by»4 

112 
Add    10 

From  122,  the  result  obtained, 
subtract  100,  the  result  reqviired, 

and  the  remainder,  -f22,  is  an  error  of  excess. 

Multiply  by  31,  the  other  assumed  number 

and  682  will  be  the  product. 
N^xt,  let  the  assumed  number  be  31 

Multiply  by    4 

124 

Add    10 

From  134,  the  result  obtained, 
subtract  100,  the  result  required, 

and  the  remainder,  -f-34,  is  an  error  of  excess. 

Multiply  by  28,  the  other  assumed  imm. 

and  952  will  be  the  product. 
From  this  subtract   682,  the  product  found  nbove, 

divide  by  12)2^ 

and  the  required  quantity  is  22-5r=£22  10s. 

Difference  of  errors=34- 22^12,  the  number  b\  which 
we  have  divided. 

86.  Reason  of  the  Rule.— When  in  example  1,  we  mul- 
tiply 2cJ  and  31  by  4,  we  multiply  the  error  belonging  to  each 
by  4.  Hence  122  and  134  are,  respectively,  equal  to  the  true 
result,  plus  4  times  one  of  the  errors.  Subtractino-  lOO,  the 
true  result,  from  each  oi  them,  we  obtain  22  (4  times  (  xe  error 
m  28)  and  34  (4  times  the  error  in  31). 

But,  as  numbers  are  proportional  to  their  eguim^  ItixAes, 
the  error  m  28 :  the  error  in  31  : :  22  (a  multiple  of  the  for- 
mer) :  34  (an  equimultiple  of  the  latter). 

And  from  the  nature  of  proportion  [Sec.  V.  21]— 
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The  errorJn28x34=tIie  error  in  81 X22. 
But  682= 
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=the  error  in  Sr-j-tlie  required  number X 22. 
And  952=the  error  in  28-f-tae  required  number X34. 

Or,  since  to  multiply  quantities  under  the  vinculum  [Sec 
11.  31],  we  are  to  muUiply  each  of  them — 

682=22  times  the  error  in  P>l-f-22  times  the  required  number. 

962=34  times  the  error  in  28-J-34  times  the  required  number. 

Subtracting  the  upper  from  the  lower  line,  we  shall  have 
962—682=34  times  the  error  in  28—22  times  the  error  in 
31-1-34  ti,mca  the  required  number— 22  times  the  required 
number. 

But,  as  we  have  seen  above,  34  times  the  error  in  28=22 
times  the  error  in  31.  Therefore,  34  times  the  error  in  28—22 
times  the  error  in  31=0;  that  is,  the  two  quantities  cancel 
each  other,  and  may  be  omitted.     We  shall  then  have 

952—682=34  times  the  required  number— 22  times  the  re- 
quired number;  or  270=34-22  (=12)  times  the  required 
number.  And,  [Sec.  V.  6]  dividing  both  the  equal  quanti- 
ties by  12,  ^ 

270        ^        34-22 

12  (22"5)  =  -j2     times  (once)  the  required  number. 

37.  Example  2. — Using  the  same  example,  and  assuming 
numbers  which  give  two  errors  of  defect. 
Let  them  be  14,  and  16 — 
14  16 

4  4 


66 
10 

G6,  the  result  obtained, 
100,  the  result  required, 

—  34,  an  error  of  defed. 
16  '' 


544 
364 


64 
10 

74,  the  result  obtained, 
100,  the  result  required, 

—  26,  an  error  of  defect. 
14 

364 


Difference  of  errors  =  34  —  26  =  8. 


8)180 

22-5  =£22  IO5.,  is  the  required  quantity. 
In  this  example  34=four  times  the  error  (of  defect)  in  14-, 
and  26  =  four  times  the  error  (of  defect)  in  16.     And,  since 
(uumbers  are  proportional  to  their  equimultiples, 

The  error  in  14  :  the  error  in  16  :  :  34  :  23.     Therefore 

The  error  in  14x26=tho  error  in  16x34. 

But  544=the  required  number — the  error  inni6x34 


And  864=thA  rAnnirpf]  niimhon i-K 
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rAA  ^^f'^^^^^c^i  t^e  lower  from  the  upper  line,  ve  shall  havo 
544— 3b4==(removing  the  vinculum,  and  changing  the  sign 
iSec.  II.  16])  84  times  the  required  number— 26  times  the 
required  number— 34  times  the  error  in  16+26  times  the  error 
in  14. 

But  we  found  above  that  34  times  the  error  in  16=26  times 
the  error  in  14.  Therefore— 34  times  the  error  in  16,  and+26 
times  the  error  in  14=0,  and  may  be  omitted.  We  will  then 
have  644— 364=34  times  the  required  number— 26  times  the 
required  number  ;  or  180=8  tiroes  the  required  number:  and. 
<lividiag  both  these  equal  quantities  by  8, 
280  8  . 

g    (22-5)  =g  times  (once)  the  required  number. 

3&.  Example  3. —Using  still  the  same  example,  and  as- 
suming numb^3re  which  will  give  an  error  of  excess,  and  an 
error  of  defect. 

Let  them  be  15,  and  23 — 
15  23 

4  4 


\ 


60 
10 


70,  the  result  obtained. 
100,  the  result  required. 

~  30,  an  error  of  defect, 
,     23 

690 
30 


92 
10 

102,  the  result  obtained. 
100,  the  result  required. 

4-2,  an  error  of  excess. 
15 

30 


Sum  of  errors  =  30  4-  2  =  32. 
32)720 

-^25  =  .^22  10i\,  the  required  quantity. 

In  this  example  30  is  4  times  the  error  (<  defect)  in  15 ; 
and  1, 4  times  the  error  (of  excess)  in  23.  And,  since  numbers 
are  proportioned  to  the  equimultiples. 

The  error  in  23  :  the  error  in  16  :  :  2  :  30.     Therefore 
The  error  in  23 X30==the^rr^r  in  15  X 2. 
But  690=the  requiredlaumber+the  error  in  23x30. 
And  30=the  required  number — the  error  in  15x2. 
If  we  add  these  two  lines  together,  we  shall  have  690+30= 
(removing   the   vinculum)    30  times   the  required   number+ 
twice  the  required  number  +  30  times  the  error  in  23  ~  twice 
the  error  in  15. 

But  we  found  above  that  30  X  the  error  in  23=2  x the  error 
m  16.    Therefore  30  X  the  error  in  23 -2  X  the  error  in  16=0, 
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and  may  be  omitted.  We  shall  then  have  690-|-30=:the  re- 
quired number  x  30  +  the  required  number  X  2 ;  or  720=32 
times  the  required  number.  And  dividiug  each  of  these  equal 
quantities  by  82. 

720  32 

-g^  (22-5)=^  times  (once)  the  required  number. 

The  given  questions  might  be  changed  into  one  belonging 
to  single  position,  thus — 

Four  times  the  price  of  my  horse  is  equal  to  £100  —  £10; 
or  four  times  the  price  of  my  horse  is  equal  to  £90.  What  did 
it  cost?  This  change,  however,  supposes  an  effort  of  the  mind 
not  required  when  the  question  is  solved  by  double  position. 

39.  Example  4. — What  is  that  number  which  is  equal  to 
4  times  its  square  root  4-21 '? 

Assume  64  anr?  81 — 

^^64=8  y81=  9 


32 
21 

53,  reauft  obtained. 
64,  result  required. 

81 
891 


21 

57,  result  obtained 
81,  result  required 

64 


1536 
891 

13)645 


The  first  approximation  is  49-6154 
« 
It  is  evident  that  11  and  24  are  not  the  errors  in  the  assumed 
numbers  multiplied  ^r  divided  by  the  same  quantity,  and 
therefore,  as  the  reasoi;  upon  which  the  rule  is  founded,  does 
not  apply,  we  obtain  only  an  approximation.  Substituting 
this,  however,  for  one  of  the  assumed  numbers,  we  obtain  a 
still  nearer  approximation. 

40.  Rule — ^11.  Find  the  errors  by  the  last  rule  ;  then 
divide  their  difference  (if  they  are  both  of  the  same 
kind),  or  their  sura  (if  they  are  of  different  kinds),  into 
the  product  of  the  difference  of  the  numbers  and  one  of 
the  errors.  The  quotient  will  be  the  correction  of  that 
error  which  has  been  used  as  multiplier. 
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Example. — Taking  the  same  as  in  the  las*^  xule,  and  ft* 
Burning  19  and  25  as  the  required  number. 

19 
4 

76 
10 

86  the  result  obtained.  110  the  result  obtained. 

100  the  result  required.  100  the  result  required. 

—  14,  is  error  of  d(/erf.  -|- 10,  is  error  of  excess. 

The  errors  are  of  diffei-er.t  kinds ;  and  their  sum  is  14-}- 
if0=24;  and  the  difference  of  the  assumed  numbers  is  25— 
19:=6.     Therefore 

14  one  of  the  errors, 
is  multiplied  by  6,  by  the  difference  of  the  numbers.     Then 

divide    by   24)84 

and  3-5  is  the  correction  for  19,  the  number 
■which  gave  an  error  of  14. 

19-|-(the  error  being  one  of  defect,  the  correction  is  to  bo 
added)  3-5=22  6=£ 22  10s.  is  the  required  quantity. 

41.  Reason  of  the  Rule.— The  difference  of  the  results 
arising  from  the  use  of  the  different  assumed  numbers  (the 
difference  of  the  errors)  :  the  difference  between  the  result  ob- 
tained by  using  one  of  the  assumed  numbers  and  that  obtained 
by  using  the  true  number  (one  of  the  errors)  :  :  the  difference 
between  the  numbers  in  the  former  case  (the  difference  between 
the  assumed  numbers)  :  the  difference  between  the  numbers 
in  the  latter  case  (the  difference  between  the  true  number,  and 
that  assumed  number  which  produced  the  error  placed  in  the 
third  term— that  is  the  correction  required  by  that  assumed 
number). 

It  is  clear  that  the  difference  between  the  numbers  used 
produces  a  proportional  difference  in  the  results.  For  the 
results  are  different,  only  because  the  difference  between  the 
assumed  numbers  has  been  multiplied,  or  divided,  or  both— 
in  accordance  with  the  conditions  of  the  question.  Thus,  in 
the  present  instance,  25  produces  a  greater  result  than  19, 
because  6,  the  difference  between  19  and  26,  has  been  multi- 
plied by  4.  For  25x4=19x4-f6X4.  And  it  is  this  6X4 
which  makes  up  24,  the  real  difference  of  the  errors. — The 
difference  between  a  negative  and  positive  result  being  the 
sum  of  the  differences  between  each  of  them  and  no  result. 
Thus,  if  I  gain  10«.,  I  am  richer  to  the  amount  of  24».  than  if 
I  lose  14«. 
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13.  What  number  is  it  which,  being  multiplied  by  3, 
the  product  being  increased  by  4,  and  the  sum  divided 
by  8,  the  quotient  will  be  32  ^     Atis.  84. 

14.  A  son  asked  his  father  how  old  he  was,  and  re- 
ceived the  following  answer.,  Your  age  is  now  J-  of 
mine^  but  5  years  ago  it  was  only  |.  What  are  their 
ages  ?     Ans.  80  and  20 

15.  A  workman  was  hired  for  30  days  at  2s.  6d.  for 
every  day  he  worked,  but  with  this  condition,  that  for 
every  day  he  did  not  work,  he  should  forfeit  a  shilling. 
At  the  end  of  the  time  he  received  i^2  14*.,  how  many 
days  did  he  work  ?     Ans.  24. 

16.  Required  what  number  it  is  frdm  which,  if  34 
be  taken,  3  times  the  remainder  will  exceed  it  by  ^  of 
itself.?     Ans.  58f. 

17.  A  and  B  ge  out  of  a  town  by  the  same  road.  A 
goes  8  miles  each  day  ;  B  goes  1  mile  the  first  day, 
2  the  second,  3  the  third,  &c.  When  will  3  over- 
take A .? 


A. 

B. 

A. 

B. 

Suppose      5 

1 

•Suppose      7 

.1 

8 

2 

8 

2 

3 

— 

3 

40 

4 

56 

4 

15 

5 

28 

5 

5)25 

15 

7)28 

6 

7 

-5 

>-,■""**■ 

—4 

f 

7 

5 

28 

35 

20 

20 

1)15 


5-4=1 


We   divide  the  entire  error  by  the  number  of  days  iu  each 
case,  which  gives  the  errcr  in  one  day. 

18.  A  gentleman  h> .^s  two  labourers;  to  the  Oflie  he 
gives  9d.  each  day;  to  the  other,  on  the  first  day,  Jc»rf., 
on  the  second  day,  4d.,  on  the  third  day,  6d.^  &,e.  In 
how  many  days  will  they  earn  an  equal  sum  ?  Ans.  In  8. 

19.  What  are  those  numbers  which,  when  added, 
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make  25  ;  but  when  one  is  halved  and  the  other  doubled, 
give  equal  results  ?     Ans.,  20  and  5. 

20.  Two  contractors,  A  and  B,  are  each  to  build  a 
wall  of  equal  dimensions  ;  A  employs  as  many  men  as 
finish  22^  perches  in  a  day  ;  B  employs  the  first  day  as 
many  as  finish  6  perches,  the  second  as  many  as  finish 
9,  the  third  as  many  as  finish  12,  &c.  In  what  time 
will  they  have  built  an  equal  number  of  perches  ? 
A7iS.  In  12  days. 

21.  What  is  that  number  whose  -J,  |,  and  f,  multi- 
plied together,  make  24  ? 


Suppose    12 
4=6 


Suppose    4 


? 


=t3 


Product=18 
!         2=41 


J^=2 


Product=2 


81  result  ubtained. 
24  result  required. 

+57 
64,  the  cube  of  4. 


3648,  product. 

57-f21=78 
67-21=78. 


3  result  obtained. 
24  result  required, 

1728,  the  cube  of  12. 

36288  To  this  product 
3648  is  added. 


78)39936  is  the  sum. 
And  512  the  quotient. 


^512=8,  is  the  required  number. 

We  multiply  the  alternate  error  by  the  cube  of  the  supposed 
number,  because  the  errors  belong  to  the  g^^th  part  of  ti.e  cube 
of  the  assumed  numbers,  and  not  to  the  numbers  themselves  ; 
for,  in  reality,  it  is  the  cube  of  rfome  number  that  is  required 
— since,  8  being  assumed,  according  to  the  question  we  have 
8     8     8X8     „.  3 


gX^X 


8 


=24;  or-x8'=24. 
o4 


h 


A")    S) 


and  I,  multi- 


22.  What  number  is  it  whose 
plied  together,  will  produce  6998|7    'Ans.  36 

23.  A  said  to  B,  give  me  one  of  your  shilling'")  and 
I  shall  have  twice  as  many  as  you  will  nave  left.  B 
answered,  if  you  give  ine  Is.,  I  shall  have  as  many  as 
you.     How  many  had  each  .''     Ans\  A  7,  and  B  5. 


24.  Tl 

gother,  11 
are  equal 
Ans.  12  J 

25.  A 

jCoo.    t; 

will  mak( 
set  on  th 
value  tre 
each  hors 

26.  A 
gave  to  ( 
6^/.  to  ea 
many  beg 

It  is  so 
this  subje 
of  treatir 
afibrds  a 
questions 
it  necessa 


1 .  Whi 
position  ? 

2.  Inv 
these  rule 

3.  Whi 

4.  Whi 
40]. 


1.  A  f 

replied,  y 
It  was  on 
each }     1 

2.  Fine 
and  the  i 
58  and  26 

3.  Fin( 


equal. 


nei 
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24.  There  are  two  numbers  which,  when  added  to- 
golher^  make  30 ;  but  the  ^,  i,  and  J-,  of  the  greater 
are  equal  to  i,  5^  and  |-,  of  the  lesser.  What  are  they  > 
Ans.  12  and  18. 

25.  A  gentleman  has  2  horses  and  a  saddle  wortli 
jCoO.  The  saddle,  if  set  on  the  back  of  the  first  horse, 
will  make  his  value  double  that  of  the  second ;  but  if 
set  on  the  back  of  the  second  horse,  it  will  make  his 
value  treble  that  of  the  first.  What  is  the  value  of 
each  horse  ?     Ans.  iE30  and  i240. 

26.  A  gentleman  finding  several  beggars  at  his  door, 
gave  to  each  4d.  and  had  6d.  left,  but  if  he  had  given 
6^/.  to  each,  he  would  have  had  12d.  too  little.  How 
many  beggars  were  there  }     Aiis.  9. 

It  is  so  likely  that  those  who  are  desjrous  of  studying 
this  subject  further  will  be  acquainted  with  the  method 
of  treating  algebraic  equations — which  in  many  case? 
afibrds  a  so  much  simpler  and  easier  mode  of  solving 
questions  belonging  to  position — that  we  do  not  deem 
it  necessary  to  enter  further  into  it. 

QUESTIONS. 

1 .  What  is  the  difference  between  single  and  double 
position.?   [32]. 

2.  In  what  cases  may  we  expect  an  exact  answer  by 
ftese  rules  ?  [32] . 

3.  What  is  the  I'ule  for  single  position  ?   TSS] . 

4.  What  are  the  rules  for  double  positiua  .^  [35  audi 
40]. 

MISCELLANEOUS   EXERCISES. 

1 .  A  father  being  asked  by  his  son  how  old  he  was ; 
replied,  your  age  is  now  ^  of  mine ;  but  4  years  ago 
It  was  only  |  of  what  mine  is  now ;  what  is  the  age  of 
each  }     Ans.  70  and  14. 

2.  Find  two  numbers,  the  difierenoe  of  which  is  30, 
and  the  relation  between  them  as  7|-  is  to  3^ .''  Ans. 
58  and  28. 

3.  Find  two  numbers  whose  sum  and  product  are 
equal,  neither  of  ihem  being  2  ->     An^.  10  a-nd  1|-. 
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4.  A  person  being  asked  the  hour  of  the  day,  answered, 
It  is  between  5  and  6,  and  both  the  hour  and  minut<> 
hands  are  together,  llequired  what  it  was  ?  Ans, 
27|-\  minutes  past  5. 

5.  What  is  the  sum  of  the  series  ^,  I,  I,  &e.  ?  Ans.  1. 

6.  What  is  the  sum  of  the  series  f ,  tVj  t'i?  j*i%j  ^°-  - 
Ans.  1|. 

7.  A  person  had  a  salary  of  i£75  a  year,  and  let  it 
remain  unpaid  for  17  years.  How  much  had  he  to 
receive  at  the  end  of  that  time,  allowing  6  per  cent, 
per  annum  compound  interest,  payable  half-yearly? 
Ans.  £204  17s.  lO^^^. 

8.  Divide  20  into  two  such  parts  as  that,  when  the 
greater  is  divided  by  the  less,  and  the  less  by  the  greater, 
and  the  greater  quotient  is  multiplied  by  4,  and  the  less 
by  64,  the  pro^Jucts  shall  be  equal?     Ans.  4  and  16. 

9.  Divide  21  into  two  such  parts,  as  that  when  the 
less  is  divided  by  the  greater,  and  the  greater  by  the 
lo'S,  and  the  greater  quotient  is  multiplied  by  5,  and 
t'i»  less  by  125,  the  products  shall  be  equal?  Ans. 
31  and  17^. 

!•'  A,  B,  and  C,  can  finish  a  piece  of  work  in  10 
days;  B  and  C  will  do  it  in  16  days.  In  what  time  will 
A  Jo  it  by  himself?     A7is.  262.  days. 

1.  A  can  trench  a  garden  in  10  days,  B  in  12,  and 
C  m  14.  In  what  time  will  it  be  done  by  the  three  if 
they  work  together  ?     Ans.  In  3/o\  days. 

12.  What  number  is  it  which,  divided  by  16,  will 
leave  3  ;  but  which,  divided  by  9,  will  leave  4  ?  An^. 
67 

13.  What  number  is  it  which,  divided  by  7,  will 
leave  4;  but  divided  by  4,  will  leave  2  ?     An^.  18. 

14.  If  £100,  put  to  interest  at  a  certain  rate,  will, 
at  the  end  of  3  years,  be  augmented  to  £115-7625 
(compound  interest  being  allowed),  what  principal  and 
interest  will  be  due  at  the  end  of  the  first  year  ?  Ans. 
£105. 

15.  An  elderly  person  in  trade,  desirous  of  a  little 
respite,  proposes  to  admit  a  sober,  and  industrious  young 
person  to  a  share  in  the  business  ;  and  to  encourage 
him,  he  offers,  that  if  his  circumstances  allow  him  to 
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advance  ^100,  hi,  salary  shall  be  £40  a  year  •  that  if 
that  if'l'  '°  "'^T""  ^^"O-  ''^  «'"'ll  ^ave  £55     bit 

s'ar^fTpC:  •'  """■  ^-  '^ '"« p- o"»  aU: 

17.  Find  three  such  numbers  as  that  the  first  and  J 

tho  nT  'V^'  ''^''  '^^'  ^^^^  ««««»d  a.dT  the  sum  of 
the  other  two,  the  third  and  |  the  sumV  the  oTer 
two  will  make  34  ?     Ans.  10,  22,  26 
^u\  ^'l?^.  ft  number,  to  which,'if  you  add  1    the  sun, 

s"a^ii'biX':  Mi,"-  ^'  ^-  '<"'  3,  J'st  ri 

aud  having  sold  them  all  at  the  rate  of  five  for  3^  she 

w.'  i«i]r ''"'"""''■  ^"'^ -"^ ^^  ^' «^e 

20    A  person  was  desirous  of  givinff  3d.  a  niece  to 
Bome  beggars,  but  found  he  had  s/toolittle  ;  he  there- 

mg^     Required  the  number  of  beggars  ?     Am   11 
^1.  A  servant  agreed  to  live  with  bis  master  for  £8 

at  the  end  of  7  months,  he  received  onl|ie2  13*  4d 
22.  There  is  a  number,  consisting  of  two  places  of 

verted      WhJ-    ^^  ^^^'t  ^.  ^*'  '^  ^igi*«  ^ill  ^e  in- 
verted.     What  is  the  number  ?     Ans  24 

Jf  ^t  V'l'^^  *^  number  10  into  three  such  parts,  that 

thjrd  by  4,  the  three  products  wiU  be  equal.?     Ans. 
^i^y  ''tj?  -^tV' 

if  ^it  f^l^'  ^^^  ""^"^^'^  ^^  i°*«  ^««^  «^«^  Pai  ts  that, 

2  Ihl  1a  ''  uP'J:^'/^  ^y  ^'  *^«  second  diminished  b^ 
*»  tne  third  TnultmHo/l  Ktt  o   „,„j  xi-_  i- .i    i-  .,    ,  ,'^ 


^,  the  third  multiphed  bv  2.  and  tha  fn«.f». 
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2,  the  sum,  difference,  product,  and  (|UotiGnt  will  bo 
equal;      Ans.    18,22,10,40. 

25.  What  traction  is  tliat,  to  the  numerator  of  which, 
if  1  is  added,  its  value  will  be  ^  ;  but  if  1  be  added  to 
the  denominator,  its  value  will  bo  |  ?     Ans.  j\. 

26.  21  gallon  were  drawn  out  of  a  cask  of  wine, 
which  had  leaked  away  a  third  part,  and  the  cask 
being  then  guaged,  was  found  to  be  half  full.  How 
much  did  it  hold  ?     Ans.  126  gallons. 

27.  There  is  a  number,  i  of  which,  being  divided  by 
6,  ^  of  it  by  4,  and  j  of  "it  by  3,  each  quotient  will 
be  9  ?     Ans.  108. 

28.  Having  counted  my  books,  T  found  that  when  I 
multiplied  together  ^,  i-,  and  f  of  their  number,  the 
product  was  162000.     How  many  had  I  ?     Am.  120. 

29.  Find  the  sum  of  the  series  1+^  +  i  +  ij  &c.  ? 
Ans.  2. 

30.  A  can  build  a  wall  in  12  days,  by  getting  2  days' 
assistance  from  B  ;  and  B  can  build  it  in  8  days,  by 
getting  4  days'  assistance  from  A.  In  what  time  will 
both  together  build  it  t     Ans.  In  6f  days. 

31.  A  and  B  can  perform  a  piece  of  work  in  8  days, 
when  the  days  are  12  hours  long  ;  A,  by  himself,  can 
do  it  in  12  days,  of  16  hours  each.  In  how  many  days 
of  14  hours  long  will  B  do  it  ?     A71S.  13^. 

32.  In  a  mixture  of  spirits  and  water,  |  of  the  whole 
plus  25  gallons  was  spirits,  but  i  of  the  whole  minus  5 
gallons  was  water.  How  many  gallons  were  there  of 
each  }     Ans.  85  of  spirits,  and  35  of  water. 

33.  A  person  passed  }  of  his  age  in  childhood,  j\  of 
it  in  youth,  |  of  it  +5  years  in  matrimony  ;  he  had 
then  a  son  whom  he  survived  4  yea.  s,  and  who  reached 
only  ^  the  age  of  his  father.  At  what  age  did  this  per- 
son die  ?     Am.  At  the  age  of  84. 

34.  What  number  is  that  whose  ^  exceeds  its  ^  by 
72  .?     Am.  540. 

35.  A  vintner  has  a  vessel  of  wine  containing  500 
gallons  ;  drawing  50  gallons,  he  then  fills  up  the  cask 
with  water.  After  doing  this  five  times,  how  much 
wine  and  how  much  water  are  in  the  cask  ?  Ans. 
2953V0  gallons  of  wine,  and  204  ^f  ^  gallons  of  water. 
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<).  A  mother  and   two  daughters  working  together 

»au  spin  3  ft)  of  flax  in  one  diij ;  the  mothc,  by  hers.  If, 

iaii  do  it  in  2^  dayn ;   and  the  eldest  daughter  in  2| 

days.     In  what  time   can  the  youngest  do  it  ?     An*. 

In  6^1  days. 

37.  A  merchant  loads  two  vessels,  A  an^  B  ;  into 
A  he  puts  150  ho<r-^  ^ads  of  wine,  and  into  B  240  hogs- 
heads. The  shipa,  uaving  to  pay  toll,  A  gives  1  hogs- 
head, and  receives  12*.  ;  B  gives  1  hogshead  and  .joj. 
besides.  A  t  how  much  was  each  hogshead  valued  ? 
Ans.  £4  \     . 

38.  Three  merchants  traffic  in  company,  and  their 
stock  is  ie400  ;  the  money  of  A  continued  in  trade  5 
months,  that  of  B  six  months,  and  that  of  C  nine 
months;  and  they  pruned  ^£375,  which  they  divided 
equally.  What  stock  '  each  put  in?  Ans.  Aiei67i*, 
B  £139f  a,  and  C  ie93J^.  •* 

39.  A  fountain  has  4  cocks,  A,  B,  C,  and  D,  and 
under  it  stands  a  cistern,  which  can  be  filled  by  A  in  6, 
by  B  in  8,  by  C  in  10,  and  by  J)  in  12  hours  ;  the 
cistern  has  4  cocks,  E,  F,  (  ,  and  H;  and  can  be 
emptied  by  E  in  6,  by  F  in  5,  by  G  in  4,  and  by  H  in 

3  hours.  Suppose  the  cistern  is  full  of  water,  and  that 
the  8  cocks  are  all  open,  in  what  time  will  it  be  emptied  ? 
Ans.  In  2^  hours. 

40.  What  is  the  value  of  -2^97'  ?     Ans.  i|. 

41.  What  is  the  value  of  '5416'  >     Ans.  i|. 

42.  What  is  the  valii  >  of  '0^6923'  ?     Ans.  J^-. 

43.  There  are  three  fishermen.  A,  B,  and  C,  who 
have  each  caught  a  certain  number  of  fish  ;  when  A'a 
fish  and  B's  are  put  together,  they  make  110;  when 
B's  and  C's  are  put  together,  they  make  130  ;  and  when 
A's  and  C's  are  put  together,  they  make  120.  If  the 
fish  is  divided  equally  among  them,  what  will  be  each 
man's  share;  and  how  many  fish  did  each  of  them 
catch  ?  Ans.  Each  man  had  60  for  his  share  :  A  caught 
50,  B  60,  and  C  70. 

44.  There  is  a  golden  cup  valued  at  70  crowns,  and 
two  heaps  of  crowns.    The  cup  and  fii-st  heap,  are  worth 

4  times  the  value  of  the  second  heap  ;  but  the  cup  and 
second  heap,  are  worth  double  the  value  of  the  first 
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CXERCISE8. 


heap.   How  many  crowns  are  there  in  each  heap  ?   Atu 
60  in  one,  and  30  in  another. 

45.  A  certain  number  of  horse  and  foot  soldiers  are 
to  be  ferried  over  a  river  ;  and  they  agree  to  pay  2li 
for  two  horse,  and  S^d.  for  seven  foot  soldiers ;  seven 
foot  always  followed  two  horse  soldiers  ;  and  when  they 
were  all  5ver,  the  feriyman  received  £2d.  How  many 
horse  and  foot  soldiers  were  there  }  Ans.  2000  horse 
and  7000  foot.  * 

46.  The  hour  and  minute  hands  of  a  watch  are  to- 
gether at  12  ;  when  will  they  be  together  again .?  Ans, 
at  Sf'y  minutes  past  1  o'clock. 

47.  A  and  B  are  at  opposite  sides  of  a  wood  135 
fathoms  m  compass.  They  begin  to  go  round  it,  in  the 
same  direction,  and  at  the  same  time ;  A  goes  at  the 
rate  of  11  fathoms  in  2  minutes,  and  B  at  that  of  17 
m  3  mmutes.  How  many  rounds  will  each  make,  before 
one  overtakes  the  other .?     Ans.  A  will  go  17,  and  B 

48.  A,  B,  arid  C,  start  at  the  same  time,  from  the 
same  pomt,  and  in  the  same  direction,  round  an  island 

•  73  miles  in  circumference ;  A  goes  at  the  rate  of  6, 
B  at  the  rate  of  10,  and  C  at  the  rate  of  16  mUes  per 
day.  In  what  tune  will  they  be  all  together  aeain  •' 
Ans,  m  36^  days  ^       ' 
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LOGARITHMS    OF    NUMBERS    FROM    1    TO    10,000,    WITH 
DIFFERENCES  AND  PROPORTIONAL  PARTS. 
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t'lHMHlt 

t-ita4t7)i 
fi)4;ii>ii 
>():)ii:i4i 

flMW7ai 
ll)7<JOI)l 

rlM)()7'i7 
l()()(HH)0 
l-(mi)'J44 

loiKiaa 
ioa7(i.>u 
toaiitui 

l'()4M>4:t 
>'0M04H 

>(m4i-w 

l'07ai7H 

i- 00 1191) 
i- 100170 

i-iiHoau 
i-taa7i)'J 

i'!44Ka4 

j-KUiao 

M7100ft 
M7»7'17 
)-lHH4(ia 

i-m\()i 

}-'JOf)H-Jl 

j-waorti 
j-saiH:'t 

4->i40-iAI 

J-'iJI3H00 

j-aft7a-i4 

i-a71!»0.> 

j-aniiiM 
i-mm)4 

5-3079i)3 
}-31(i3O0 


Nh 


<iH 

'JM 
i.lJ 
J.1M 

^n» 

JlXl 

it)  I 

n:\ 
m 

J1I7 
J(M 

J7« 
i1\ 

•il'i 

'in 

i74 

•<7/) 

•iu\ 

•J  77 
•J7H 
■i7f» 
■itM 
•M 

•i&i 

•iHH 
Mi 

m 

iHH 
iHO 

m 
ifla 

Mi 

in 
.'(»« 

M7 
Wti 
1<X) 

;i()0 
:I0I 
M-i 
103 
!i)t 
10  > 
lOH 
t07 
.10)) 
MiU 
ilO 

a  12 
ai3 

314 

aid 


f>i|ii«r» 


Il40()tl 

ii.t.taii 
lirtoiii 

OMHI 

mum 

IHrti4 

roij.-) 

70  M« 

7 1  Jit* 
7l<^Ji4 
74!li|| 
7'J!lO(t 
7a(ii 

7a!H4 
74  )JI» 
7rt(l7H 
TMii\ 
7017(1 
70/'i»l 
7?iH4 
77HII 
7H400 
7H!ltll 
70M4 
HOOmi 
WIdiXI 

HI7f»rt 

H'.'am) 

H'iihU 

Ha.vii 

H4tOO 
H4HHI 
(iVi(14 
ti.')H4f* 

HOiatt 
Hrojft 

H7«ltU 
»-liO(l 
8^H()4 

H:itoi 

00000 
00001 
01-204 
)i|.>)0!) 
02410 

oaoj.i 
oauart 

04M0 
»4HI)4 
004H! 
OiilOO 

07344 
87009 
9859d 
9»a!)ft 


Ottbt. 


loartrnoi 

HI/>MI.17rt 
Hi;77llrt 

1007  Mua 
I7i7a>^i'i 
i7a7ao7o 

1 7 A7 0000 
I7770,>K| 

nm-MtH 

INIfll447 
lH.10ti744 
HOOOO'JA 
HriJIOOO 

iooaiioa 

104A.>IOO 

iOOHaooo 

lO'.IOJAII 

'joi'jaotM 

40310417 
•iO.>70Hi4 
•JO700rt7ft 

-li'iMimn 
'iiiHum 

it  1 7 17030 
'4I0VJ000 
•J'ilHH04l 
«J4jA7rtH 
■J.100ftlH7 
•J700(I304 
'J.li401'i^ 

vaaoiio.^H 
aaoaoooa 

'J3MM7H7'i 
'J4ta7fiOO 

«4;wnooo 

'i404';i71 
a4H070HH 
«.'.lft37ft7 
'IMl'ilM 

a/>«7!ja7rt 
'i.Mtaiaao 

•20108073 
aOlOS'iOJ 
'ifl73(tM!»0 
•17000000 
!27a7000l 
'J7A4300H 
'J7dl8l'J7 
38004404 

aHa7!io;A 

58034143 
30i!18IIV 
•20.V)30'2» 
79701000 


Mq.  Root, 


HMOW77  Irt-«0n07t57 


10' 
Irt- 
10- 
10' 
Irt' 
10' 
10' 

Irt- 

10- 
10- 

Irt' 
irt- 

10- 
!«■ 

Irt' 


(lltJM  Itllllt 


IAOH7»77n 
1AOOM7IU4 

trt -0000000 
irt-oai-jion 
irt-ort-^it;84 

0034700 
l'i4<MAA 
IA/>4ll44 
M01I4I 
■il7'2M7 
'MH07«H 
'i7M><700 
.H00.'>004 

a  to  I  a  10 
a707o,vi 
40 1-2 1  on 

4310707 
40JO77H 
'Wmiil) 
A'«7II0 

irt-nA-jo4vi 

Irt-rt83l'i40 
IOOia'J477|o 
100133170  0 


3637^3-iH 
00064-297 
80969144 
31206876 


irt'0733a'io 
i«-7oa'i03i 

IO'733'ilKm 
Irt -7030.1 10 
I0'7078.'>ft« 
lrt-8-2<i0038 
IO-8A'MOO.'i 
10 -8810430 
10-01 1 A34^ 
10  04 1 0743 

iflo7o.')rt'n 

17-0000000 

17-0'203HI|| 

17-OftK7-i'2l 

17-0880071 

17   117'21-iH 

1404-,28-2 

l7ftM(10 

'iOlOftO.'i 

'2330S70 

'2fl'207«2 

201010.^ 

S-JO.W^I 

3403>)10 

378147-2 


rt'3'24701 

rt- 3-230  JO 

rt '3113  JO 

0'H40tHI4 

0-3^7801 

30000.1 

374311 

3MJMII 

aotmro 

308'«2I 
400{l.-)H 

4;f)00'i 
4'jai;)M 

43l-J'2'4 

4aii'2;7 
44;ao* 

4.Vt3lrt 
403304 
471-274 
470'J'24 
487 1 M 
rt-40.'i00r( 

/)I0830 
.118081 

ft-jifini 
nana.") 
o-rti-jia» 
n-nmn-i 

0-W»70?'2 
0-ft«'i4|/; 
rt-A73l30 
0-680844 
rt-688/>3'2 
fl'ft0020'2 
0-0038/)4 
0' 01 1480 
rtOIOtOO 
«•  020706 
0-031-28? 
ti«4|H.Vi 
0-040300 
0-OM030 
0-004441 
0-07 1040 
0-0704-20 
0-08088-2 
0-0043-20 
«-70l7.V> 
0-700173 


Nil. 


310 
317 
118 


Ni|ii«r«, 


OkIw, 


oo8ftrt 

I004HII 
1011-24 

aiolioi7ni 

:i'20  102400 
321  103041 
32/1103084 
I'23!l04;i'20 

3ji;ioio70 

;»'20  IOO'2/rt 
127  I0002U 

;i'28  107081 

320  I08ji| 
30  108000 

III  100601 

332  IIO<2'24 

333  110880 
431  lll6.Vi 
336  11-2226 

112800 
Il3.')rt0 
11-1-241 
1140-21 
116000 
110281 


Mq.  ll«Mi(.     aiitit  |(4ini 


31661190  1 7  •77flJ|88M 


330 
337 
338 
330 
341) 
311 


400.81»6'2  0 -710.170 

43.V)O68  0-7-23!».>l 

4(j  1-2402  «-73l3IO 

19-iHW7  0-73800'. 

17-ft'2l4l66«-74.'i!)07 

l7-6400'288!fl-7633l3 

l?'6783068|tt  •700014 

17-«008lrt»  0-707800 


17083.V217  0-78-24-23 


l7-8918i)«0 
17 •7200461 
17-74B2393 


0-789681 
6- 798884 
8-8t)409-i 


312  1 1 0001 
3431 17819 

att'iiHaao 

346  1 100-26 
310  1 1 97 1 8 

347  l'20409 

318  I -HI  04 

319  l'2h'/01 


360 
36-2 


1*23600 
l'23^20l 
1-2.1004 
363.' I '240^1 
H6ljl-'r,310 
366  1*200-26 
3.')0|l20730 

1.67  1-27440 

3.68  128104 
3.-,9  128881 

300  I '29000 

301  I30:i-2I 

302  131044 
:)03!l31789 
301!  13-2498 
:»rt->|l332!26 
300  133068 
387  131089 
308  J  364-24 
300'l301«| 
370  130900 
371;  137041 
37-21 131384 
373|I391'29 

•>/  %'  2i5»i3/u 

375,l40«-26 
378  141370 
377il4-2l-2» 
378;i4-iHci4 


3l8,V'i013  17 
a-21671.12  17 
32481769 
3-2708000 
»3070I8I 
33388-248 
aart98'2A7 
3lOI'2-2'24 
3l328|'2f( 
3104.')970 
34006783 
3628766-2 
3.)0n'2H9 
31937000 
30204091 
30691388 
300-28037 
»7'269704 
37696376 
37933068 
3H'27'2763 
3801447-2 
.»8968'2I9 
30301000 
39061821 
40001088 
40363807 
40707.'»84 
410*13026 
414217.10 
417819-23 
4414410-2 
2608649 
42876000 
4a34366l 
438I4'208 
43980977 
44381801 
44738876 


M044(*38 

8326646 

I7'W106711 

l7'NMH64aM 

17-9lrt47'20 

I7'94436M4 

I7'»7'W<M)8 

IN-OOOOOOO 

1 8  0277681 

IH  0.164701 

180831418 

1107703 

1383)71 

I860IWI 

I0340.')4 

•2'2OM07-2 

'248*2878 

■2768880 

3»30O6'2 

3ao»oa8 

IM'3,67660H 
lH-3«47783 


'rt- Ml  I '284 


818482 
82682 1 
rt' 83-277 1 
rt'NaulHH 
8-H4702I 
8'M64N4 
rt'Hrtl9l'2 
8  888-286 
8-876314 
8'88'2>|88 
0'W«H4IU 
8 '80*1 136 
8'90a43rt 
8-9104-23 
8'917afMI 
8  9-J4366 
8 'Mm  HOI 
rt-9«M-23l 
rt- 946 149 
8'96'i06» 
rt-06M»4» 
8-986819 


l8-41l96'2rt8-07'2rti4» 
IH-439088o!o- 07063-2 


l8-4rt8l8.>3 
18  4932420 
l8-6'202692 
18-647'2»70 
18-6741760 
18-801076-2 
18 -8-279300 
IM-8647;i8l 
18'88164I7 
I8'7089>M0 
IH'714flf>40 
18-7810830 
18 -788-294-2 
18-8148877 
18-8414437 


0-988368 
8093101 
900000 
008790 
0I»679 
0-20340 
037108 
033860 
040681 
047«0« 
064004 
080008 
087878 
07-1044 
080009 


461181)10118-8079023  7'0«734l 
46499-293  18-8944438 


468M'J7l'2 
48208279 
48860000 
47046881 
474379-28 
4783-2147 
4+2*28644 
48027 1  !26 
49027890 
49430883 
4983003*2 
60213109 
50863000 
61084811 
61478848 
61896117 

O'i-i  !  iitt'i-i  

6'2734376  19-38-10187  7 
63167370  19-3007194  7 
A36i»d33  19-4104878  7 
64010103|l9-4432231 


1 8- 9-208879 
18-047-2963 
18-9730880 
19-0000000 
I0-0-20'2978 
19-06-26689 
l»-(/787810  7 
19- 104973-2 

l3Si'286 

167-2441 

IW33:281 

'20937'27 
l»-a3//3841 
lO- 281 3803 
1»'*287»016 
19-3132079  7- 19840^ 


003971 

■100688 

107194 

-113/88 

■1110387 

'  1-28938 

133492 

140037 

14848l> 

163090 

169600 

188098 

1726^0 

179064 

186610 

191908 


i'lS  »t>l/u<»u  < 

I. 


'2il-24» 
91766-2 
334040 
3304i7 


880 


SQUARES,  CUBES,  AND  ROOTS. 


No. 


Square. 


! 


370 
880 
381 
38j 
383 
384 
885 
386 
387 
388 
389 
S9U 
391 
39i 
303 
394 
396. 
396 
397 
39S 
399 
40U 
4U1 
iOi 
403 
404 
405 
406 
407 
408 
409 
410 
411 
41:2 
413 
414 
41d 
416 
417 
418 
419 
4:20 
421 
ii-2 
423 
4-J4 
■lid 
426 
427 
428 
429 
430 
431 
432 
•i33 
424 
435 
436 
437 
43b 
139 
440 
441 


143G41 

144400 

14516i 

145934 

146689 

147456 

148225 

148996 

149769 

150544 

151321 

152100 

152381 

153664 

154449 

155236 

156025 

156816 

167609 

158<*04 

159201 

160000 

100801 

161604 

16240^ 

163216 

164025 

164836 

165649 

166464 

167281 

168100 

163921 

169744 

170569 

171396 

172225 

173056 

17388i< 

174724 

175561 

176400 

177241 

1780S4 

178929 

179776 

180626 

181476 

182329 

183184 

184041 

184900 

185761 

186624 

187489 

188356 

189225 

190096 

1909691 

X9la44 

192721 

193600 

194481 


Cub*. 


64439939 
54873000 
65306341 

55742968 
56181H87 
66623104 
57066625 
67512456 
57960003 
68411072 
58863869 
59319000 
69776471 
60236288 
60698467 
61162934 
01629875 
62099136 
62670773 
63044792 
63.521199 
64000000 
64481201 
64964808 
65450827 
65939264 
66130125 
66923416 
67419143 
67917312 
68417929 
63921000 
69426531 
69934528 
70444997 
70957944 
71473376 
71991296 
72511713 
73034632 
73560059 
74088000 
74618461 
75151448 


Sq.  Root. 


75686967120 


76225024 

76765625 

77308776 

77854463 

78402752 

78953589 

79507000 

80062991 

80621568 

81i82737|20 

81746504  20 

82312875  20 

82881 836120 

63453453I2O 


b402.'672 
84604519 
85184C00 
85766121 


•4679223  7 

•4935887  7 
•6192213  7 
•5448203  7 
•5703858  7 
•6959179 
•6214169  7 
•6468827 
•6723156 
•6977156 
•7230829 
•7484177 
•7737199 
•7989899 
•824-2276 
■8494332 
•8746069 
•8997487 
•9248588 
•9499373 
•9749814 
•0000000 
•0219841 
•0499377 
•0748«)9 
•0997512 
•1246118 
•1494417 
•174-2410 
•1990099 
•2237434 
•2484567 
•2731349 
•2977831 
•32-24014 
•3469399 
•371.5438 
•3960781 
•4205779 
■4450483 
■4694893 
■4939015 
■6182846 
■6426336 
■5669638 
■691-2603 
■6155-231 
■6397674  7 
■6639783  7 
■6881609 
■71'23152  7 
■7364414  7 
■760<)3.95  7 
■7846097 
■80865-20  7 
8326667 
'8566536  7 
•8306130  7 
9045450  7 
■  92*1495 17 
9523263  ^ 
9761770 
0000000 


Cube  Hoot 


•236797 

•243156 

•249504 

••25.'-)841 

•262167 

•268482 

•274786 

•281079 

•287362 

••293633 

••299894  4 

-.306143 

•312383 

•313611 

•324829 

•331 037 

•337234 

•343420 

•349597 

•355762 

■361918 

•368063 

•374193 

•.380322 

•386437 

•392542 

■398636 

•404720 

•410793 

•416859 

•42-2914 

•428959 

•434994 

•441019 

•447034 

•453040 

•459036 

•465022 

•470999 

•476966 

•48-2924 

•4S8872 

•494811 

•600741 

•506661 

•51-2571 

•518473 

•6'2436o 

•63024*:. 

•536121 

■541986 

■5-1784-;; 

•65368fi 

•5595-26 

'565355 

•571174 

•^76935 

•682786 

•583579 

•594363 

•600138 

•605905 

'611662 


No.  Square 


Cube. 


443 
443 
444 
445 

446 
447 
448 
449 
450 
451 
52 
453 
454 
455 
456 
457 
458 
159 
460 
461 
462 
163 
464 
465 
466 
467 
168 
469 
470 
471 
472 
473 
474 
175 
476 
477 
478 
479 
480 
481 
482 
483 
184 
485 
486 
487 
188 
4S9 
490 
491 
492 
493 
494 
495 
496 
497 
498 
499 
500 
501 
502 
503 
504 


195364 
196249 
197136 
198026 
198916 
190809 
1300704 
I2OI6OI 
|30-2600 
203401 
1204304 
'205^209 
;-206116 
207025 
207986 
•208849 
1209764 
{210681 
211600 
1212521 
2I34'14 
214369 
215296 
216-225 
217156 
218089 
2190-24 
219961 
220900 
■221841 
222784 
223729 
224676 
225625 
•226576 
•227529 
228484 
229441 
230400 
231361 
232324 
233289 
234266 
235225 
236196 
237169 
238144 
239121 
240100 
•241081 
242064 
243049 
244036 
245025 
246016 
>47009 
248004 
•249001 
230000 
251001 
252004 
253009 
354016 


86350888 

86938807 

87528384 

88121135 

88716536 

89314638 

89915892 

90518849 

91136000 

91733861 

92345408 

92959677 

93576664 

94196375 

94818816 

95443993 

96071912 

96702579 

97336000 

97972181 

98611128 

99252847 

99897344 

100544625 

101194696 

101347563 

102503232 

103161709 

103823000 

104487111 

105154048 

105823817 

106496424 

107171875 

107850176 

108531333 

109215352 

109902239 

110592000 

111284641 

111980163 

112678587 

113379904 

114084125 

114791256 

115501303 

116214-272 

116930169 

117649000 

118370771 

119095483 

Ix  1^823 167 

1-20553784 

121-287.375 

122023936 

122763473 

123505992 

124251499 

125000000 

125751501 

126506003 

127-263527 

138024064 


Sq.  Root. 


•0337960 
•0476663 
•0713076 
•0960-231 
•1187131 
•1433745 
•1660105 
•1896201 
•3132034 
•2367606 

••2837967 
•3072758 
•3307*290 
•3541665 
•3775583 
•4009346 
•4242853 
•4476106 
•4709106 
•4941853 
•6174348 
•5406592 
•5638587 
•5870331 
•6101328 
•6333077 
•6564078 
■6794S34 
•7025344 
•7255610 
•7483632 
•7715411 
•  7944947  |v 
•8174-242 
•8403-297 
•8632111 
■8860636 
•9089023 
•9317122 
■9544984 
■9772610 
0000000 
■0-227155 
0454077 
0680765 
■0907220 
1133444 
1359436 
1685198'7 
1810730  7 
30360337 
-22611087 
2486955  7 
•27105767 
■3934968  7 
31591367 
33830797 
.Hfi06798  7 


Cube  rtooi 


3830-293' 7 
4053565;  7 
4-i766167 
44994437 


-617412 
■  6-23 153 

•638884 
•634607 
•640321 
•646027 
-6517-25 
-667414 
•663091 
•668766 
•674430 
•680086 
•695733 
•691372 
•697002 
•702623 
•708239 
•713843 
•719442 
■7-25032 
■7.30614 
■736188 
■741753 
■747311 
■762861 
■758402 
■763936 
■769462 
■774980 
■780490 
■78.5993 
■791487 
■796974 
•802454 
807925 
81.3389 
■818846 
■824294 
8-29735 
8.35169 
840595 
846013 
851424 
856828 
862234 
867613 
872994 
878368 
883733 
889095 
894447 
899792 
9051-29 
910460 
915783 
921100 
926408 
931710 
937005 
94-2293 
947574 
95-2848 
958114 


SQUARES,  CUBES,  AND  ROOTS. 


381 


•617419 

•6WM4 
■634607 
•6403J] 
•6460^7 
•6417-26 
•657414 
•663091 
•668766 
•674430 
•6800!JG 
•6S57S3 
•69l37'i 
•69700'i 
•70'i6>Jo 
•70Si?3<t 
•713846 
•71944-J 
•7-2d03.i 
•730614 
•7361t)6 
•741753 
•747311 
•752861 
•75840-i 
•763936 
•76946-i 
•774980 
•780490 
•785993 
•791487 
•796974 
•802454 
•8079-25 
•813389 
•818846 
•824294 
•8-29735 
•835169 
•840596 
■846013 
■851424 
■856829 
•862224 
-867613 
-872994 
-878368 
-88373;-' 
■88909:' 
•894447 
•899792 
■9051-29 
-910460 
•9157S3 
-921100 
-926408 
•931710 
•93700-5 
•94-2293 
•947574 
•95-2848 


No. 


505 
506 
507 

508 

509 

510 

511 

612 

J13 

514 

51.) 

516 

517 

518 

519 

520 

521 

522 

523 

524 

525 

326 

527 

52t> 

52!) 

530 

531 

53  i 

53:i 

534 

535 

536 

537 

53i5 

53i^ 

540 

541 

54i 

543 

544 

.545 

546 

547 

548 

549 

550 

551 

652 

653 


.SqiMre 


255029 

256036 

257049 

258064 

259081 

260100 

261121 

262144 

■263169 

264196 

265226 

2602.'J6 

2672S9 

268324 

269361 

270400 

•271441 

272484 

273529 

274576 

27.'J625 

276676 

277729 

278784 

279341 

280900 

281961 

283024 

284039 

2v85156 

286226 

28 J  296 

288369 

289444 

290521 

291600 

292681 

293764 

29484i) 

295936 

297025 

298116 

299209 

300304 

301401 

302500 

303601 

304704 

305809 


Cuba. 


1Q8787625 
129554216 
130323843 
131096513 
13187-2229 
13-3651000 
133432831 
134217728 
135005697 
13.5796744 
136590875 
137388096 
138188413 
138991832 
139798359 
140608000 
141420761 


8q.  Root. 


Cubt  Root 


14-2236648I-22 


554  306916 


555 
656 
557 
558 


308025 
309^  -^6 
310249 
311364 


559  312431 


560 
561 
562 


313600 
314721 
315844 
563:316969 
u64!31809ti 
56o3J9225 


566 
567 


320356 
321489 


14305666 

143877824 

1447031-25 

145531576 

146363183 

147197952 

148035889 

148877000 

149721-291 

150568763 

151419437 

15-2273304 

1531.^0375 

153990656 

I54S54153 

1557-20872 

156590819 

157464000 

158340421 

159220088 

160103007 

160989184 

161878625 

162771336 

163667323 

164566592 

165469149 

166375000 

167284151 

168196608 

169112377 

170031464 

170953875 

171879616 

172808693 

173741112 

1746768/9 

175616000 

176558481 

177504328 

178453547 

1  ?''406144 

180362126 

181.321496 

182284263 


22 

22 

22 

22 

22 

22 

23 

23 

23 

23 

23 

23 

23 

23 

•23 

•23 

23 

•23 

23' 

•23 

•23  ■ 

23 

23' 

23 

23' 

•23  • 

•23  ■ 

23- 

•23' 

•23- 

■23- 

'23  • 

•23  • 

'23  • 

23  • 

23- 

•23  • 

23  • 

23  • 

23  • 

23  • 

■23  • 

23  • 

23  • 

23  • 


• 47220ft 1 
•4944438 
•6166605 
'6388663J7 
•6610^i837 
583179617 
605309117 
6274170  8 
649.5033  8 
6715681 
6936114 
7156.334 
7376340 
7-596134 
7815715 
8035085 
82.54244 
•8473193 
8691933 
•8910463 
•9128785 
•9346899 
•9561806 
•9782500 
•0000000 
0217289 
•0434372 
•06512,52 
•0867928 
•1084400 
•1300670 
•1516738 
•1732605 
•1948270 
•21637.35 
•2379001 
■2594067 
■2808935 
■3023604 
3238076 
345-2351 
■3666429 
3880311 
40939.98 
4307490 
45-20788 
4733392 
4946802 
vl 59520 
6372046 
5584380 
5796522 
6008474 
62-20236 
6431808 
6643191 
6854386 
7065392 
7276210 
7486842 
7697286 
7907545 
8117618 


-963374 
-968627 
-973873 
•079112 


984844  572.1-27184 


-989570 
-994788 
-000000 
-005205 
■010403 
■015595 
■020779 
-  0-2.3957 
•03U29 
-036-293 
■041451 
•046603 
•051748 
■056836 
•062018 
067143 
07-2262 
077374 
082480 
087579 
092672 
097759 
102339 
107913 
11  •2980 
118041 
1 '23096 
128145 
13318? 
13322S 
143253 
143276 
1 63294 
158305 
163310 
168309 
173.302 
178289 
183269 
188244 
193213 
198175 
203132 
208032 
21302/ 
217966 
222898 
227825 
232746 
237661 
242571 
247474 
252371 
257  ■26.1 
262149 
267029 
271904 
286773 


No. 


Square 


068  3226-24 

569  3'23761 

570  {3-24900 
5711426041 


573I3-28329 
574:329476 
576330625 
576:331776 
577 1 3.32929 
578:334084 
J7  9 1335-241 
o80'336400 
581J337561 
5821338724 


Cub*. 


583 
384 
>85 


339889 
341056 
342225 
i86|343396 
587  344669 
i83345744 
589  346921 
590348100 
•J91  349281 


>92 

593 

594 

">95 

596 

597 

593 

599 

300 

601 

602 

603 

•304 

605 

606 

607 

608 

609 

510 

611 

612 

613 

614 

615 

616 

617 

618 

619 

620 

621 

622 

623 

624 

625 

olh 

627 

628 

629 

630 


350464 

351619 

352836 

354025 

355216 

356409 

357604 

358801 

360000 

361201 

362404 

363609 

364816 

366025 

367236 

363449 

369664 

370881 

372100 

373321 

374544 

375769 

376996 

378225 

379456 

330639 

381924 

383161 

334400 

385641 

336334 

3381-29 

339376 

390625 

:i9!876 

393129 

394334 

395641 

396900 


183260432 
184-2-20009 
185103000 
186169411 
87140246 
18813'2517 
189119'224 
190109375 
191102976 
19-2100033 
193100.552 
194104539 
19511 '2000 
19612-2941 
1971.37368 
198155-287 
199176704 
•200201625 
2012.30056 
202262003 
203-297472 
204336489 
205379000 
-206425071 
207474688 
-208527857 
209584584 
210614376 
211708736 
21-2776173 
213347192 
214921799 
216000000 
217081801 
218167-203 
219256227 
220348864 
•2214451-25 
222545016 
223648543 
•221755712 
225866529 
226981000 
2'28099131 
229220928 
230316397 
231475644 
232608375 
•233744896 
234885113 
2.16029032 
237176659 
238328000 
239483061 
240641848 
•241804367 
242970624 
244140625 


Aq.  Root. 


23 

23 

28 

23 

28 

28  • 

23 

23 

24 

24 

24 

24 

24 

24 

24 

24 

24 

24 

24 

24 

24 

•24 

24 

•24 

•24 

'24' 

■24 

■24  • 

'24' 

24' 

24' 

24- 

•24- 

24  • 

•24  • 

24- 

•24- 

24  • 

•24  • 

•24  • 

24 

24 

24 

24 

24 

24 

24 

24 

24 

24 

24 

24 

24 

-24 

24 

24 

24 

-25' 


8327006 
8087209 
8746728 
8906063 
9160-210 
9374184 
•9.58-2971 
■9791676 
0000000 
0208243 
0416306 
0624188 
0831892 
1039416 
1246762 
1403929 
1660919 
1867732 
-2074369 
2280S29 
2487113 
-2693222 
- -28991 06 
-3104916 
-.3310501 
•3515913 
•37211.52 
•3926218 
•4131112 
-4335834 
-4540385 
-4744766 
-4948974 
•0163013 
•6356883 
-5660.583 
•6764115 
-.5967478 
-6170673 
-6373700 
•6576560 
•6779264 
•6981781 
•7184142 
'7336338 
'7588368 
7790*234 
•7991935 
8193473 
■8394847 
■8596068 
8797106 
8997992 
9198716 
9399278 
9599679 
97999*20 
COOOOOO 


Cubt  Root 


6:24j3143?6!2a-Q199Q'20 


:246491883 
247673152 
248858189 
250047000 


25 
25 
20 
20 


-0399681 
•0599282 
■  0798724 
•0998008 


■218630 
■286498 
•201844 
■396190 
-801080 
-300860 
-310694 
-3id017 
-820830 
-820147 
-829904 
334700 
•339001 
344341 
349136 
'303900 
'808678 
363446 
368309 
372967 
377719 
882460 
387206 
391942 
S96673 
401398 
406118 
410833 
410542 
430-246 
424940 
439638 
484337 
439010 
443688 
448360 
403028 
457691 
462348 
467000 
471647 
476289 
4809-26 
480058 
490180 
494806 
499423 
504030 
608642 
013243 
017840 
532432 
537019 
531601 
536178 
040750 
945317 
649879 

058990 
563538 
568061 
673619 

_____ 


382 


SQUARES,  CUDE8,  AND  HOOTS. 


1 


(f«. 


Square 


Cub*. 


«SI  39fl](ll 

AJ-2  3904:24 

633  40008!) 

(i34;401!)otf 

iSd  403-2-25 

1*96  4044<m 

"-37  400769 

.38  407044 

;30  408321 

d40>40g0U0 

04l!4I0S8l 

64J4lilt>l 

643;41344!/ 

644:414736 

643!4I6(W.> 

640417316 

«47|418<>09 

648  410004 


flq.  Root. 


649 

650 

651 

6i}2 

dSS 

654 

635 

636 

657 

658 

659 

660 

661 

66-2 

663 


4'21i01 
4-22.>00 
4-23801 
4^5104 
4-26409 
437716 
4'2ftO!25 
430336 
431649 
43-2964 
434381 
435600 
4369-21 
438244 
439569 


664  440896 


<2A  I '239591 

•2.V24:)6968 

-253636137 

-254840104 

•256047875 

•257-2.')9406  W 

258474853j'25 

•25969407'2;;25 

•260917119125 

262 144000. '2ft 

263374721 125 

•i04«0«288l25 

265847707  !-25 

207089984125 

2tiS3361-26l25 

•269586136|23 

•270840023i'25 

2--209779a!'25 

273359449  25 

274625000 

275894451 

277167808 

278445077 

279726-264 

281011375 

•282300416125 

•283593393  j  25 

•284890312l':!5 

•2861911791-25 

287496000  25 


Cub*  Root 


25 
25 
25 
25 
-25 


665 
666 
667 
668 
669 
670 
671 
672 
673 
674 
676 
676 
677 
678 
679 


681 
682 
683 
684 
685 
386 
687 
688 
689 
60U 
691 
69-2 


442225 

443556 

444889 

446224 

447561 

448000 

450241 

451584 

462929 

454276 

455625 

450976 

458329 

459684 

461041 

463400 

463761 

4651 '24 

466489 

467856 

469225 

470596 

471969 

478344 

474721 

470100 

477481 

478S64 

480-249 


283804781 

-2901175-28 

•291434247 

2{'2764994 

294079625 

29540S29G 

296740963 

298077632 

■29941830!) 

300763000 

3021 1171 1 

303464448 

304821217 

3061S2024 

307546375 

308915776 

310288733 

311665752 

313046839 

314432000 

315821241 

317214568 

318611937 

320013504 

321419125 

322828356 

324242703 

|325660672 

{327082769 

3'2or»09000 

3-29939371 

3313738tsS 

S338I3557 


25 
25 
25 
25 
25 
25 
25 
25 
25 

25 

-25 

25 

•25 

•25' 

26- 

26- 

•26- 

26- 

26- 

-26 

26 

26 

26 

26 

26 

'26 

26 

•26 

26 

26 

36- 

26- 


■1197134 
-1396102 
■1694918 
•1798666 
■199206S 
■2190404 
■'2388589 
■2586619 
■3784498 
•2982213 
•8179778 
•3377189 
■3574447 
•3771661 
3968502 
4166301 
4361947 
4558441 
4764784 
4930976 
6147016 
5342907 
6533847 
6734237 
■5929678 
■61 '24969 
■63-20112 
•6515107 
•6709P53 
•6904652 
•7099-203 
•7-203607 
•7487864 
•7681975 
•7876939 
•8069758 
8-263431 
8456960 
8650343 
884;}582 
9036677 
•92'29688 
•9422435 
•9615100 
•9807621 
•0000000 
■0192'237 
•0384331 
•0576284J8 
•0768096 
•0959767 
•1151'297 
•134'268 
■1633937 
1725047 
1916017 
2106848 
2297541 
2488095 
■JoiSoli 
2868789 
3058929 
3248933 


Na 


699 
700 
701 


•877159 
■681681 
•686306 
■690724 
■695238 
•699747 
•604352 
■608763 
-613348  703 
■617739 
6>2*23'2« 
626706 
631188 
635665 
640133 
644685 
649044 
653497 


Squ&rt. 


694  481636 
693  483036 
696;4844I6 
6971485809 
608|487204 


Cub*. 


663391 
666831 
671366 
675697 
680134 
684640 
683963 
693376 
697784 
702188 
706587 
710983 
715373 


488601 
490000 
491401 
492804 
703494309 

704  496616 

705  4970-26 


706 


707 
708 
709 


498436 


499849 

601364 

69-2681 

7IO|604IOO 

711  605531 


716 
716 
717 
718 

19 
7'20 
721 
7-22 
723 
724 

25 


657946  713  606944 
713|508369 
714  509796 
611-2'25 
612656 
514089 
6155-24 
516961 
618400 
519841 
621284 
522729 
5-24176 
525626 
527076 
528539 
529984 
631441 
532900 
634361 
535834 
637289 


834355384 
836703376 
387153536 
338608878 
840068393 
341633009 
843000000 
344473101 
S46048408 


9<].  Root. 


■7I9759I7-26 


734141 
728518 
■73'2892 
•737260 
741634 
745965 
750340 
754691 
769038 
763381 
767719 
772053 


735 

36 

737 

738 


■776383  739 


8 
8 
8 
8 
8 
8 

af 

8 

8 

8 

8' 

8 

8 

8 

8 

8 

8 

8 

8 

8 

8' 

8' 

8^ 

8- 

8^ 

8- 

8-8408'23l754 


780708 
7850-29 


737 
728 
7-29 
730 
31 
782 
733 


734  W8756 


•789346  742 


793659 
■797968 
■802272 
806572 
810868 
815160 
819447 
8'2373I 
828009 
832285 
fci36536 


845085 
849344 


740 
741 


743 
744 
745 
746 
747 
74S 
749 
750 
751 
752 
753 


640225 
541696 
543169 
544644 
546131 
547600 
549081 
350364 
552049 
553536 
555025 
556516 
558009 
559504 
561001 


8474J8937 

348913664 

860402636 

861895816 

363393343 

364894913 

356400839 

367911000 

369436431 

360944138 

363467097 

363994344 

366636876 

367061606 

368601813 

370146232 

371694969 

373348000 

374805361 

376367048 

877933067 

379503434 

881078126 

882667176 

384240583 

385838363 

387430489 

389017000 

390617891 

393223168 

393833837 

396446904 

397065375 

398688256 

400315553 

401947272 

403583419 

4053'24000 

406869031 

4085I648S 

410172407 

411830784 

413493625 

41Si60936 

41683'2723 

418508993 

420189749 


•26 
36 
36 
36 
36 
36 
36 
>26 
36 


Cukt  Root 


36 

36 

36 

36 

36 

36 

36 

'26 

36 

36 

•26 

'26 

36 

36 

'28' 

'26- 

'26- 

36- 

36- 

36  • 

38 

36 

26 

36 

36 

36 

'27 

37 

37 

37 

37 

•27  ■ 

27 

37' 

•27- 

27  ■ 

37- 

27  ■ 

27  ■ 

37- 

27 

37 

37 

■27 

27 

27 

■27 


562500  431875000127 

5640011423564751 

563504'425259Hn8 


766 
766 


567009  426957777 
563516'4'28661064 
570035  430363876 
671636:432081316 


37 
•■17 

37 
27 
27 
27 


■8438797 
•36'286*2'/ 
•8818119 
•400757- 
■4196896 
■4386081 
■4676181 
-4764048 
■4963836 
•6141473 
6839983 
■6618881 
6706606 
6894718 
6083894 
83705891b 
6468362 
■6646838 
■6833381 
•7030698 
•  7-297784 
■7394839 
•7681763 
•7788667 
•7966330 
•8141764 
•8838167 
■8614483 
•8700677 
•8888693 
•9073481 
■9368240 
■9443873 
9839376 
9814761 
0000000 
01 851 33 
0370117 
0664985 
•0739737 
■0934344 
■1108834 
■1393199 
•1477489 
-1661564 
■1846644 
■3029410 
■3313163 
-3396769 
■3680283 
■3763634 
•2946881 
■3130006 
■8318007 
■3495887 
3678644 
3861279 
4043792 


4408456 
4690604 
4773833 
4964453 


•833608 
•867849 
•863095 
•866337 
■870576 
■874810 
879040 
883266 
■887488 
891706 
8969-20 
900180 
904336 
908638 
91'2737 
■916931 
■921121 
•925308 
•9-29490 
■933668 
•937843 
•942014 
■946181 
■950344 
634303 
■968638 
983809 
966967 
971101 
976340 
979376 
983509 
987637 
991763 
•996883 
•000000 
•004113 
-008328 
-012S29 
•016431 
•020529 
• 024624 
•028715 
•032802 
•086886 
•040965 
•0^5041 
■049114 
053183 
037248 
061310 
063367 
069422 
078473 
077620 
081563 
085603 
089639 


097701 
101736 
105748 
109768 


SQUARES,  CUBES,  AND  noOTS. 


767  47304!) 
759  J74.'>8 4 

7u!)p76081 
7(iO  077600 


43370aO!)3 
l.'WiI8.5li 


0791.21 
S80644 
68.2160 
.383096 

man 

J8675« 
■»8a.28!) 
768  .i8!J{ii24 
76!). MM  361 


»37i45470i/ 
438976000  a7 


440711081 
44i4.)07i8 
4441{»4947 
446943744 
447697136 
41946.'i0i)6 
461 21 7663 
46:298  483J 
464766609 


•27 

•i7 

■27 

•27 

•27 

•27 

•27 

■27 

•27 

27- 


770  69.'!)0O  456633000^, 
77l|j9114l|4.^  '14011  :27 
■""  ICOu.,  '648  27 

461889917^7 
46368482437 
465484376  27 
467-288676  27 


77-269j!W4 

773  j975-i» 

774  -.99076 
776600626 
77GU02176 


77/ 
778 
77<> 
7H0 
7»1 
78-2 


603729 
(i0o284 
600841 
008400 
o09!)6l 
till  624 
783J6I3089 
784i614656 
786  616225 


788 

787 

738 

78!) 

700 

7»i 

792 

793 

794 

796 

790 

797 

7')8 

799 

800 

801 

802 


617796 

619369 

620944 

622521 

624100 

626631 

627264 

628849 

630436 

632026 

633616 

63S209 

636804 

63840] 

640000 

641601 

643204 

803  644809 

804  646416 
806  648025 

|806|649636 
8071861249 
803852864 


469097433 

470910952 

472729139 

474553000 

476379541 

47821 176,i 

480048687 


4818903 

4837366 

4855876    . 

4874434.,! 

489303872 

491169069 

493039000 

494913671 

196793088 

198677257 

500566184 

502459876 

604358336 

506261573 

508169592 

510082399 

513000000 

613922401 

515849608 


27 
27 
27 
27 
'27 
27 
27 
'28' 
•28  ■ 
28- 
•28 

m 

28- 
28- 
28- 
'28- 
28- 

28 

28 

23 

28 

28 

'28- 

28' 

28 

28 


-5136330 
•6317998 
'54B0646 
•6680976 
•5«6^2284 
6043475 
6-224546 
6405499 
6686334 
•6767060 
•0947648 
•7128129 
•7308492 
■7488739 
•7668368  _ 
7848880  9 
•80287759 
■8^208556  9 
-83882189 
•8567766  9' 
•87471979- 
•  89-26514  9- 
91057159 
9284801  9 
9463772  9 
964-2629  9 


8-20 

821 
822 


-113781 

117793 

121301 

1 '26806 

129d06 

133803 
•137797 
141788 
146774 
149767 
153737 
167714  831 
161636  832 
165656  833 


672400  441368000 
«7404 1  563387661 
^.-i'JftdW  465412248 
8'2a  8773-29  467441767 
8-24  878976  449476224 
8'26  880634  66141 56-25 


9  1696 22  834 
"173586  886 


826882376 
837  683»^2B 
884684 
887241 
688900 
890581 
692324 


828 
839 
830 


177644  838 
•181600 
•1864.i3 
•189402 
•193347  aw 
■197'289|«41 
2012291842 
'206164J813 
2090961844 


8?7 
838 
830 
840 


895556 
6972-24 


563559976 

466609-283 

66766354*J 

469733789 

671787000 

6738.>619| 

575930368 

578009537 

480093704 

483182876 


698896  484277058 


700569 
703244 
703921 
705600 
707281 


486376253 
48&1 '40473 
490589719 
692704000 
594823321 


708964  498947688 


•9821372 
•0000000 
•0178515 
0360916 
0536203 
0713377  _ 
0891438  9 
1009336  9 
1'21722'2  9 
1424946  9 


710649 
712336 


21 30*25 
•216960 
•2-20873 
•224791 
■-2-2i-;707 
232619 
•237623 

240433 ...„„„, 

244336|8a3  7-27609 


345  7140-24 
714716 
717409 
719104 
720801 


846 
847 
848 
849 
850 
351 


499077107 
801211584 
603331120 
806495736  :.„ 
60764542329 


28 

28 

28 

23 

'28 

'28 

28- 

'28- 

!<8 

28 

•28 

28 

■23' 

•28- 

28 

28 

28 

28 

-28 

28 

-28 

■29- 

39 

29 

29 

29 

29 


-6366421  9 
■0.J30976  9 
•67054219 
•6879766  9 
7054002  9 
7-2-2813-2  9 
■7402157  9- 
•75760779- 
-7749891  9- 
•7923601 
■8097206 
a270706 
8444102 
8617394 
-8790582 
-8983666 
-9236646 
■9309523 
948-2-297  „ 
9664967  J 
9827535  9 


609800192 

611960049 

722600  614125000 

724201  616295061 


(^*2J726904  618470208 
620850477 


809 
810 
81! 
812 
813 
814 


054481 
656100 
667721 
659344 
660969 


517781627|28 
519718464 
531860134 
523606616 
526547943 
527614112  _„ 
429476129  28 
431441000  28 
53341173128 
533387328  28 
537367797  28 


'28 
28 
•28 
28 
28 


6«2596J5393d3144l28 
ui  ■•K>G4226j641 343374  28 
816|866856l5433at48d'23 
•17|667489|645338513  2S 
CIS  669134  547343432  38 
819  670761  549343349  28' 


1602657 
1780056 
1967444 
•2134720 
-3311884 
'3488938 
-2665881 
•2842712 
•3019434 
3196045 
3372546 
-3548938 
•3725219 
-3901391 
-4077454 
•4253408 
'4429243 
4604989 
4780817 
•4956137 
•4181549  . 
•530BS63!a 
-4483648J& 
•665713719 
•48331199 
6006993  9 
6181760  9 


248234J854  729316 
262130|855  731025 
"  /6022  356  732738 


357 
858 
869 
860 
861 


(•269911 
"•26379 
'•267630 
•271469 
■275436 
-279308  883 
-2831781863 
•387044  864 
•290907  865 
•294767  866 
•298524  807 
•302477  888 
•306328(869 


62-2835884 
6'2d026376 
-  637332016 
734449  639432793 
738164  831628712 
737881  633ai9779 
739600  636056000 


741321 
743044 
744769 
746498 
748226 
749956 
751689 
753424 
764161 


638277381 
640503928  .„ 
84273564729 


29 

29 

29 

29 

29 

29 

29 

•29- 

29  • 

29- 

29 

•29 

29 

39 

•29 


•0000000 
■0172868 
■0344623 
0516781 
0688337 
-0860791 
-1032644. 
-1204896  0 
-1376046  9 
1647596  9 
1719048  9 
1890390  9 
2061637  9 


•810176|870  766900 


•3140191871 
•817860|872 
•321 6971873 
•3266321874 
•32936a|875 
•3331921 


758641 


760884  863054848 


644972544 
647214634 
649461896 
651714363 
653972032 
646234909 
648503000 
6607763U 


29 
29 
39 
29 
29 
39 
39 
20  • 
29  • 
39- 
39 


'  762129  664338617 
763876  667627634  « 
765636  669921876  39 

..^Ar^K;;r!«I?I««ia22i376& 

•344657  879^772041  6791414355;. 
•348478  880  774400  68I472S0S. 
•36-22G6  831776J61683797«iS 
•fcM095  832  777924  686128968  29 


•2232784 
2403830 
2574777 
•2746623 
•2916370 
•3087018 _ 
•33575669 
•34-28015  9 
35983659 
3768616  9 
•393S769  9 
•4108S23{9' 
•4278779  9- 
-4448637  9 
-46183.979 
•4788059  9 
•4957634  P 
61270919 
43964619- 
•5466734  9- 
'4634910  9 
'AS03989  9 
•5973978I9 
-614185819 
•6310648'9 
'64793'24l9' 
•  664793919  ■ 
'68164439' 
'69848489 


359903 
363704 
■36740* 
371302 
'374096 
•378337 
3H2675 
336460 
390242 
}- 3940-20 
)- 397796 
>  401669 
'-4053391 
•  - 409105 
-412860 
-416630 
-4-20387 
-42414a 
'427894 
-431643 
•435383 
-439181 
■443870 
446607 
440341 
444073 
467800 
461535 
-465347 
-4689**^' 
•473& 
4763ft V 
480106 
483813 
-487618 
-491230 
-494910 
-498614 
■403308 
404998 
409684 
413370 
517051 
520730 


434406 

628079 

631749 

635417 

539083 

•542744 

-546403 

450069 

-563713 

547368 

461011 

464646 
•ahaooaI 

•6719381 

'474474 

■479308< 

683840 

486468 

690094 


384 


8qT^o.RE8,  CUBES,  AND  ROOTS. 


N*. 


88S 

M84 

tMA 

6M 

887 

888 

88D 

890 

891 

8IM 

803 

894 

89ft 

896 

897 

vnfo 

899 

900 

001 

90-a 

903 

904 

006 

906 

907 

908 

909 

910 

911 

913 

913 

914 

916 

916 

917 

918 

919 

930 

931 

933 

938 

934 

935 

936 

937 

93S 

939 

030 

931 

933 

933 

934 


a^«rt. 


770089 
7814M 
783336 
784096 
786769 
786644 
700331 
793100 
793881 
796664 
797449 
799336 
801036 
803816 
804609 
806404 
809301 


688466367 
600807104 
69»l»4136 
696606466 
607864103 
700337079 
703696369 
704969000 
707347971 
709733388 
713191967 
714616984 
716017376 
719333136 
731734373 
73416079-^ 
736A73699 


810000  739000000 


811801 
818604 


781431701 

733870806 


816409  736314337 


817316 
810036 
830886 
839640 
834464 
836381 
838100 
830931 
881744 
838669 
836396 
837336 
889066 
840889 
843734 
844661 
846400 
848341 
860084 
861939 
863776 
866636 
867476 


861184 
863041 
864900 
866761 
B68634 
870489 
673866 
936|874336 
936!  876096 
9371877969 
938J879844 
0?<>;  881731 
''M  883600 


Cub*. 


738763304 
741917036 
fr 4867741 6 
746143643 
748618313 
761080430 
768671000 
766068031 
738660638 
761048497 
763661944 
766060676 
768576396 
771096313 
773630633 
776161669 
778688000 
781339061 
783777448 
7d6330467 
788889034 
791453136 
794033776 


869339  796597983 


8q.  Root. 


799178753 
80i765089 
804357000 
806954491 
809567568 
813166337 
814780604 
817400375 
830036856 
83J6d6953 
335393673 
837936019 
830584000 


99' 

39 

39 

39 

39' 

39 

39 

39 

39' 

39 

39 

39 

39' 

39' 

39 

39 

39' 

30 

80 

30' 

30 

30' 

30 

30 

80 

80 

30 

30 

30 

80 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 

JU 

30 

30 

30 

30 

30 

30 

30 

30 

30 


% 


i: 


7168160  9 

7831876 

7489496 

7667631 

7836453 

79933H9 

8161030 

8338678 

8496331 

8663690 

8831056 

8998338 

916A606 

9833601 

9400583 

9666.181 

9883387 

0000000 

U166630 

0333148 

0499584 

0665938 

0833179 

0998339 

1164407 

1^30383 

1496369 

1663063 

19JT765 

1993377 

3158399 

3334339 

3489669 

3654919 

3830079 

3986148 

3160138 

3315018 

8479818 

3644539 

3809161 

8973663 

'4138137 

■4303481 

'4466747 

'4630934 

■479r>013 

■4969014 

■6133936 

•5336750 

■5400487 

■5614136 

•6777697 

•6941171 

•6104557 

•6?678o7 

•6431069 

■6694194 


Cub*  Root 


693716 

607887 

600966 

604570 

608183 

611791 

616398 

619003 

633603 

6-i630l 

639797 

6333901 

6369e*l 

640509 

644154 

647737 

651317 

664894 

658468 

66^040 

605609 

669176 

67-2740 

676303 

679860 

683416 

686970 

690531 

694069 

697615 

701158 

701099 

70833 

711773 

715306 

718835 

733363 

735838 

7-30411 

733931 

736448 

739963 

743476 

746986 

750493 

753998 

757500 

761000 

76449 

767993 

771484 

774974 

778462 

783946 

785439 

788909 

793386 

795861 


No. 


I!k]u«r« 


943 
943 
044 

945 
946 
947 
948 
94!) 
950 
9.)1 
953 
953 
954 
955 
956 
957 
958 
959 
960 
961 
963 
963 
904 
905 
966 
987 
968 
969 
970 
971 
973 
973 
974 
975 
970 
977 
978 
979 
980 
981 
983 
933 
984 
985 
936 
9?" 

99o| 

9H'r 

'.  I' 

'J^l 
993 
993 
994 
995 
996 
997 
993 
999 


flH7Ji64 
839349 
WMI:J6 
H93036 
804916 
896809 
H9H70.; 
900601 
903500 
904401 
906304 
903309 
910116 
91J0-i5 
913936 
915849 
917764 
919681 
031600 
933531 
935444 
937369 
939396 
931'«5 
933156 
935039 
9370-i4 
933961 
940900 
943841 
944731 
94672!> 
943676 
950635 
953576 
9545^i9 
956434 
953441 
960400 
963361 
964334 
966389 
963356 
970335 
973196 
174" 
;'<  i'  ti  i  44 
«:)'?•}  i 
U  '"  '.{* 
»a3081 
934064 
936049 
933036 
990035 
993016 
994009 
996604 
993001 


Cuba* 


835896888 
8.13561807 
841383384 
843(H)86id 
846590536 
849378133 
951971893 
8M670349 
857376000 
860035861 
86J801408 
8655-33177 
8683506<i4 
870983876 
H7373-J816 
876467493 
879317913 
381974079 
8H4736000 
887503631 
890377 1^23 
893056347 
895841344 
8936331  •id 
9014-28696 
904331063 
9070393*3 
9093d3^-/'  9 
9l-i673i  I) 
915498t}  i 
918330048 


931167317  31 


9-240104-34 
9363.)9376 
9-29714176 
933574333 
935441353 
938313789 
941193000 
944076141 
946966168 
949863087 
953763904 
955671636 
958586356 
961504803 
^4430-273 
67361669 
-70399000 
973-243371 
976191488 
979146057 
933107784 
985074875 
938047936 


8<|.  Root. 


30 

30 

30 

30 

30 

80 

80 

30 

80 

30' 

30 

80 

30  ■ 

30 

30 

',* 

30 

30 

30 

31 

31 

31 

31 

31 

31 

31 

31 

31 

31 

31 

31 


Cub*  Root 


9910'2697331 

P94011993  3I 

99700-3999131 

iOGOOSOGOwiSi 


60301B6 

7083051 

7315830 

7408533 

7671180 

7783651 

7896086 

8068486 

83-20700 

8383879 

8644973 

8706981 

88689€ I 

903074:«i 

'  9'249, 

'-  '-'51 
Utf77-251 
9838668 
0000000 
0161348 
0333413 
0433404 
0644491 
0806405 
0966336 
11369841 
138764a' 
1448330 
1603739 
1769145 
1939479 
3089731 
3349000 
3409987 
3569993 
37-29916 
3889757 
3049517 
3309196 
3368793 
8638308 
3687743 
8847097 
4006369 
4165661 
4334673 
4 .  J3704 
464-2654 
4301635 
4960315 
61i90>25 
6377655 
6436306 
6694677 
•6763068 
■5911380 
'606e<;i3 


803804 
806371 
800736 
813199 
816666 
8-20117 
838673 
837036 
830476 
883934 

881  ae* 

84o813 
84  .'!A4 
847693 
P.  138 
864563 
857993 
8614-23 
864848 
863373 
871694 
875113 
878530 
881945 
886357 
888767 
892175 
895680 
893983 
903383 
905783 
909178 
913671 
915963 
919361 
933788 
936133 
939604 
933884 
936361 
939636 
943009 
946380 
949748 
953114 
956477 
959839 
963198 
966566 
969909 
973-J63 
976613 
979960 
983305 
986649 
989990 
9933-29 
996666 


a  i  CO,  lu  'uuvvvi' 


1 

3 

3 

4 

6 

6 

7 

8 

9 

10 

II 

13 

13 

14 

16 

16 

17 

16 

19 

i 

33 
•23 
24 
35 


Ni».  <if 

P»y- 

3 

ineiila 

1 

1 

3 

o 

3 

3 

4 

4 

5 

5 

6 

6 

7 

7 

8 

3 

9 

10 

10 

11 

11 

13 

12 

14 

13 

Id 

14 

17 

15 

18 

16 

iO 

17 

21 

13 

23 

19 

26 

30 

26 

•^i 

m 

33 

30 

33 

33- 

34.. 

34- 

36 

38' 

9*809804 
0 -800971 
0- 800736 
D-813109 
0-8IMM 
9-890117 
9 -893079 
9-8-}709a 
9-630478 
0-883994 

9-8s?ar> 

9-840813 
0*84  i'\M 
I  9 ■847899 
9  P^>I98 
9 -864^09 
0-857903 
9-8tfl4-J9 
0-864848 
9-868-i79 
9-871094 
9-876113 
9-878630 
9  881945 
9-886367 
9-888707 
I  9-899176 
J  9-896680 
9-808983 
9-909383 
9-906789 
9-909178 
9-919671 
9-915969 
9-919361 
0-999788 
0*998199 
9-9-J9604 
0-983884 
0-936961 
9-939639 
9-943009 
9-940380 
9-949748 
9-963114 
9-966477 
C  959839 
9-963198 
9-066666 
9-969900 
9-973969 
9-976619 
9-979960 
9-983306 
9-986649 
9  989990 
9*9933*^9 
9*996666 


tin.  nt 
I'.y. 
mtiiia 


1 

9 

8 

4 

A 

6 

7 

8 

9 

10 

II 

19 

13 

14 

Id 

16 

17 

Id 

19 

9j 


TABLES.  3^5 

TABLE  OF  THE  AMOUNTS  OF  £1  AT  COMPOUND  INTKRRST. 

A  per  c« lit 


9  p«r  Mill 


4  IMr  etnl 


99 
23 
•i4 
96 


•O.ittOO 
•08090 
-09*973 
- 1-9661 
-169^27 
■19406 
•99987 
••J6877 
•80477 
-343W 
3d4*J3 
•4-W76 
-46863 
•6I'J69 
-66797 
•60471 
66-9«d 
7<Vi43 
763,.!  I 
80611 
H'JOiO 
9I6I0 
073.W 
O3-i70 
00378 


1-04000 

1-08160 

I    1-9486 

1- 16086 

1-91066 

1-96689 

1-31003 

1-86867 

1*4-2331 

1-480*94 

1-63946 

1-60103 

1-66.107 

1-73168 

1-80004 

1-87*908 

1-94700 

9*0-i.'>89 

9-|C(W6 

'^•19119 


1-06000 


'97877 
-36009 
•46179 
■66330 
■66684 


1  - 10960 
I  16769 
1-91661 
I -'97698 
1-84010 
1-40710 
1-47716 
1-66133 
l-6'2880 
1-71034 
1-70686 
1-88686 
1*97093 


t  per  etiit 


07893 
19987 
9090*i 
40669 
9- 69696 
9-6J330 
9-78600 
9-y*98*96 
9-07169 
3*'9-9,">IO 
3-38636 


00000 
1*9360 
10109 
'96948 
33893 
4 1 869 
60363 
60386 
68048 
79086 
80830 
019-90 
13903 
96000 
39666 
64036 
9-60*977 
9-85431 

3  09660 
3-90713 
3-39066 
3-60364 
3-81976 

4  01803 
4-90187 


No.  o( 

iMiita 


M 

97 

98 

99 

80 

31 

39 

83 

84 

86 

86 

87 

38 

80 

40 

41 

49 

43 

44 

45 

46 

47 

48 

49 

60 


SptrMiit 


'10660 
-99199 
•98793 
•36667 
•49796 
AOOOt) 

•o;60« 

-66'2»3 
73100 
81380 
89898 
■086*98 
07478 
16703 
96904 
86000 
46070 
66469 
67146 
78160 
80604 
01100 
139*96 
96699 
38391 


4  ptr  Mill 


•77947 
-88337 
-00870 
-11866 
-'94310 
■37318 
■60806 
-64838 
-79439 
•94600 
■10303 
96800 
■43881 
61637 
80109 
00306 
19978 
40040 
61661 
84118 
07489 
31789 
67063 
88336 
1066^ 


A  tf  <-«nl 


3 

a 

3 
4 
4 
4 
4 
6 
6 
6 
0' 
6 

a- 
fl- 

7- 

7- 

7- 

8- 

8 

8 

0 

9 

10 

10 

11 


00667 
73346 
»'9<>I8 
11614 
89104 
63804 
-76494 
•00810 
•96336 
•6160! 
-70189 
-08141 
•88648 
•70476 
-08999 
■89199 
76169 
14067 
55716 
98601 
48496 
90607 
40197 
99188 
46740 


•i- 


*p«rMal 


4 
4 
A 
A 
6 
6 
6 
6 
7 
7 
8 
8 
0' 
0' 

10- 

lO^ 

ll^ 

I9^ 

19 

18 

14 

15 

16 
7 

18 


A40S8 
8*9*984 
III69 
41839 
•74340 
•08810 
■ 163aa 
•84060 
'96109 
■88609 
•I47^M 
•63609 
•  154-96 
■70861 
•98679 
■00*988 
60703 
94046 
93648 
70461 
59049 
46699 
39387 
MlbO 
4.M)ld 


/I 


TABLE  OF  THE  AMOUNTS  OF  AN  ANNUITY  OF  £1. 


Nit.  .if 
ineiili 


3|wr  ctnti  4  prrMiit  6p«re<!nt 


I 

9 

8 

4 

6 

6 

7 

8 

0 

10 

11 

19 

13 

14 

16 

16 

17 

18 

19 

90 

99 
93 
94 
26 


1 
o 

3 

4 

6 

6 

7 

6 

10 

It 

19 

14 

16 

17 

18 

iO 

n 

i3 
95 
•i6' 
i» 
30- 
39^ 
34* 
36  ■ 


■00000 
•03000 
-09000 
•18363 
•30913 
•46841 
•60946 
-89934 
-16911 
-46388 
•80779 
•19903 
-61779 
•08639 
•69891 
•15088 
-76169 
41443 
116S7 
37037 
o7645 
63«78 
46*288 
49647 
46926 


1 

9 

8 

4 

6 

6 

7 

9 

10 

19 

Id 

16 

16 

18- 

*90^ 

91  ■ 

•93  ■ 

96  • 

-27- 

-20- 

31- 

34- 

36- 

39 

41 


•00000 
•04000 
-19160 
•'94646 
•41639 
•63'2»7 
•898-99 
•21493 
•68970 
■00611 
48636 
■09680 
6-2684 
*99igi 
09369 
89453 
69761 
64641 
67193 
77808 


1 

9 

3 

4 

4 

6 

8 

9 

1 

19 

14 

id 

17 

19 

91 

93 

96 

98 

30 

33 


I  per  Mm 


yon-iitaa 


•94797 
61789 
08960 
64591 


-00000 
-06000 
•16*260 
■31019 
•69663 
•80191 
•14*201 
•64911 
•09666 
•67739 
•90679 
•91713 
•71998 
•69863 
•87866 
•65749 
•84037  98 
-13238  ' 
■63900 
0659u 
■7iyj6 
50591 
43047 
60900 
72710 


1 

2 

3 

4 

6 

6 

8 

9 

II 

13 

14 

16 

18 

91 

93 

-95 


30 
33 
36 
39 
43 
46 
60 
54 


00000 
06000 
18360 
37469 
•63709 
•07039 
-39384 
•89747 
-49131 
•18079 
•97164 
-86994 
-&8914 
■01606 
■*97597 
67263 
■91988 
90666 
76999 
78659 
99273 
39299 
99683 
81558 
86461 


No  of 

Pny. 

ineiit* 


26 

27 

28 

29 

30 

31 

39 

83 

84 

36 

36 

37 

38 

39 

40 

41 

49 

43 

44 

df, 

46 

47 

48 

49 

60 


3  p«r  cent  4  p«r  mkI 


38 
40 
49 
45 
47 
60 
69 
56 
67 
60 
63 
66 
69' 
72' 
76- 
78  • 
89- 
86- 
89- 
oa< 

96 
100 
104 
108 
113 


•55304 
•70963 
•93009 
•21886 
•67641 
•00-268 
•50276 
■07784 
■73018 
46908 
97594 
17499 
16946 
234*23 
401*96 
66330 
02390 
48389 
04841 


44 
47 
40 
53 
66 
59 
62 
6C 
60 
78 
77' 
81- 
8A^ 
90  • 
95- 
99  • 
104- 
110/ 
116- 


•81174 
•08431 
•96768 
•96690 
•08494 
■89833 
■70147 
•30963 
'66791 
■65229 
50831 
70^296 
97034 
40015 
02551 
82664 
81060 
01238 
41288 


B  par  MDt 


6pcrccnl 


7]0<U<.l.it  •nunon 


50146 
39650 
40839 
54065 
79687 


1*96 
139 
130 
146' 
103' 


87057 
94539 
96391 
88873 

66708 

I 


61 
54 
08 
63 
66 
70 
76 
80 
85' 
90 
95' 
101- 
107- 
114^ 
l-90^ 
1-27 
135 
149 
161 


11340 
66918 
•40308 
•82371 
•43885 
•76079 
•39639 
•06877 
■06696 
■33031 
■83633 
63814 
70004 
09503 
79977 
83976 
93175 
99334 
14800 


Jw. 


09^I6688 

63  70676 

68-62811 

78-68980 

70-e0819 

84-80168 

90 '88978 

34316 

18370 

43478 

12087 

26819 

00490 

14d^06846 

I54^76196 

16004768 

170  06064 

187-00758 

100 •75803 


97- 
104  • 

iir 

llO^ 
137  • 
ISA' 


168-el&16 
178*1 1943 

(88  •03530  356 -56463 

198  43066 

909  •84709  390*88000 


936-50813 
*941  -09861 


w- 


wmm 


o 


386 


TABLE*. 


*    ^AIH.E  OR  »gE  PRESENT  VALUES  OF  AN  ANNUITY  OF  £l. 


•«|j«rMM    ftpwaut 


6 
7 
8 
9 
10 
U 
I'i 
13 
14 
la 
16 
17 
18 
Id 
30 
31 
22 
23 
34 

!3 


\t 


97037 
91347 
838«l 
3-71710 
4  5797 I 
6-41719 
6-33038 
<  01969 
7-78611 
8-53030 
9-30363 
9-9»400 
10-63496 
11-39607 
11 -93794, 
13-66110 
l^iedii 
13-7,)3»1 
14-32380 
14-87748 
td-41u03 
15-93693 
ifi-44361 
:d-93d54 
17-41818 


0 
1 
3 
3 
4 
6 
6- 
6- 
7- 
8- 
8 
9 
9 
10 
11 
U 
13- 
IS- 
IS- 
18- 
14 
14 
14 

Ik 


■90154 
-88619 
•77519 
-6J099  3 
'4j>l^  4 
34314.6 
•00-305  6 
■73374^  6 
-43533  7 
•llOStW  7 
'760a8  8 
38507 
986a« 
56313 

-11849 

'6^39 

• 16567 

-65940 

-13894 

-50033 

■  0-3916 

•4511 1 

'856S4 

34696 

63308 


6  per  eet:t 


•9A338 

'85941 

-75335 

-54595 

-33948 

'07569 

-78637 

•4d:m 

-10783 

•73178 

•3064J 

^«533d 

>'89357 

)'89864 

» -37965 

>-83n7 

•37406 

-68958 

!- 08533 

•46331 

-83115 

-1630Q13 

-48857  43 

-79864 

•09394 


6 
7 
7 
8 
8 
9 
9 
10 

to 

10 
11 
U 
U 


■94310 
-833S» 

•  67801 
•4ti<>10 
31338 
91732 

-58338 
-30979 
-80169 
■36{»0» 

•  88687 1 
33381 

-86i<68 
39493 
71-325 
-10589 
-4773^ 
•82780 
•15811 
-46992 
•76407 
•04158 
30338 
55936^ 
78386  1 


No.  o(j 

?«y.     3  per  cent 
menu 


r- 87684 
J -32703 
f- 7041 1 
»- 18846 
1-60044 
)-0CO43 
1-88877 
•76'>79 
-13184 
-43722 
-83-225 


-16724 
1-49246 
1-808-22 
J-11477 
1-41340 
t -70136 
t-98190 
;- 354-28 
-51871 
r-77i>4d 
•0-2471 
-26671 
-50166 
•72977 


15 
16 
16 
16 
17 
17 
17 
18' 
18' 
18- 
18- 


19 

19 

19 

19 

19 

20 

30 

30 

20' 

30- 

31 

31 

31 

31 


•98377 
'33953 
66306 
98371 
-39303 
-«?349 
•87355 
•14764 
'41119 
66461 
90838 
14-268 
36786 
-58448 
-793»7 
-99305 
-18562 
•37079 
-64884 
•72004 
'88465 
04293 
19513 
34147 
48318 


14'87318 
14-64303 
14-89812 
15-14107 
15-37-245 
15-69-281 
15-80267 
16-00255 
16-19-290 
16-37411 
16-54885 
16-71138 
16-86789 
17  01 704 
17-16908 
17-39436 
17-43320 
17-54691 
17-66-377 
17-77407 
17-88006 
17-981D1 
18-0/715 
■"  16872 
!5593 


18- 1« 
18^6 


13-00316 

13-31053 

13-40616 

13-59073 

13-76403 

13-92908 

14-08404 

14-23023 

14-36814 

14-49824 

14-6209'^ 

14-73678 

14-84603 

14-94907 

15-04630 

15-13801 

15-32454 

15-30617 

15-38313 

15-46583 

15-53437 

15-68903 

15-65002 

16-70767 

15-76186 


IRISH  CONVERTED  INTO  STATUTE  ACRES 


Iriih. 


R. 

0 

0 

0 

0 

a 


r. 
1 
3 
8 
4 
6 


0  10 

0  30 

1  0 
3  0 
3    0 


^taturt.  I    iri»h. 

zrr — — 1^^^^ — 

*.     "v.  T.       T.'*  A. 


-0*0 
0  0 
0  0 
0  9 
0  Q 
0    0 

e 
e 

0 

1 


8 

4 

6 

8 
16 
ft  83 
1  34  34 
8  9 
0    84 


96 
MJ 

6 
13 


171 


1 

3 
8 

4 
fl 
6 
7 
8 
9 


Statuu. 


A. 

1 

3 

4 

6 

8 

9 
11 
19 
14    3 


r^.    p. 
U    19 
0    88 
8     17 
1 
0 
3 
1 
3 


33 
13 
16    0    81 


r. 
lol 

15} 

86   ai 

15    36 

35       i; 
14      6 


Iriih. 


Ill 

17 

23j 


I 


A. 

20 

30 

40 

50 

100 

300 

800 

400 

000 

1000 


VALUE  OF  FOREIGN  MONEY  IN  BRITISH, 


Silrer  being  6*.  per  ouiiee. 


1 
16 

1  M^k 

l,FraBo  .  -,, 
1  Milnse  (Li«b«n) 
8  Re«J*^  .^  .,.,,^ 


"■■^-•t- 


•\' 


1  Dollar  (New  York)    ■ . 
96  Skillingi  (C^eobagen) 
1  Lira  (Venice)-     . 
1  Lira  (Genoa)       .  " .    . 
1  Lira  (Leghorn)  ,        ^ 
1  Ruble  .        .        .' 


t. 
4 
3 
0 
0 
0 
4 


■V 


ii  I'i  *  .  >ltMNi 


F- 

^ 

i 

atatute. 

A. 

R.    r. 

T 

S3 

1    23 

14 

48 

3    15 

-   6 

64 

8      6 

38 
30 
10^ 

80 

8    38 

161 

8     87 

333 

3    34 

21 

485 

3    33 

2* 

647 

3    39 

123 

8oa 

8    36 

23 

1619 

3     13 

163 

1 


►F  £1. 


cent 


6  per  Mat 


r518  13 
13 
13 
13 
13 
13 
14 
14 
14 
14- 
14- 
14- 
14- 
14 
15 
15 
Id 
15 
15 
15 
15 
15 
15 
15 
IS 


1303 
)813 
1107 
'•243 

fiSl 

mi 

1-^90 

4IC 

585 

128 

789 

704 

908 

436 

3-20 

\)9l 

277 

407 

)06 

IDl 

ri5 

J7a 

)93 


■00316 
-31053 
'40616 
•69073 
76403 
92908 
08404 
•23033 
•36814 
•498^4 
•6209<> 
•73678 
•84603 
•94907 
•04630 
■13801 
•22454 
30617 
38313 
45583 
52437 
56P03 
65003 
70757 
7618(t 


i 


Statute. 


R.  P.      T 

1  as  14} 

3  Id  6]. 

8  6  38 

3  38  30 

8  87  10 

3  34  31 

3  33   3 

3  39  13} 

3  36  33 

3  13  16| 


«.  i. 

4  3 

3  3 

U  8 


0 
0 

4 


1 


7 


/ 


'^.\ 


^, 


!•*  ■■ 


^  ^  ^  .  ■. 


\ 


«" 


£^/-^j3# 


K 


t  •'■ 


i^aX^ 
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